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PREFACE. 


SINCE the publication of the first edition of this work, six subsequent 
editions have been issued ; but, although from time to time many additions 
to its pages and revisions of its subject-matter have been made, still its sev- 
eral issues have always been printed substantially from the original stereotype 
plates. In this edition, however, the book has been extensively remodelled 
and expanded, the greater portion of it rewritten, and the whole put in a new 
dress by being newly set up in type uniform in style with that of the late 
author’s recent work, Transverse Strains. To this revision—a labor of love to 
him—he devoted all the time he could spare from his other pressing engage- 
ments for a year or more, and by close and arduous application brought the 
book to a successful termination, notwithstanding the engrossing nature of 
his customary business avocations. Although essentially an elementary work, 
and intended originally for a class of minds not generally favored with oppor- 
tunities for securing a very extended form of education, either in the store of 
information acquired or in the discipline of mind which culture confers, still 
it has been his aim to embody in its pages so complete and exhaustive a treat- 
ment of the various subjects discussed, and so practical and useful a collection 
of data and the rules governing their application, as to make it also not un- 
worthy the attention of those who have been more highly favored in that 
respect. 

In all the various trades connected with building it is the intelligent 
workman that commands the greatest respect, and who receives in all cases 
the highest remuneration. As apprentice, journeyman, and master-builder, 
his course is upward and onward, and success crowns his efforts in all that he 
undertakes, There is a kind of freemasonry in the very air that surrounds 
the skilful, intelligent man, that gives him a pass at once into the appreciation 
and recognition of all those whose regard is valuable. We admire and respect 
the plodding toil of the honest, patient laborer, whose humble task may tax 
his muscles though not his mind, but we yield a deeper homage to the skilful 
hand and tutored eye that accomplish wonders in art and science through per- 
severance in aspiring studies. It was to excite in the minds of workmen like 
these an ambition to excel in their calling, and to point out to them the surest 
path to that consummation, that the preparation of this volume was under- 


taken ; that all its tendencies are in that direction, and that it cannot well fail 
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of its purpose when judiciously used, must be the conviction of all who will 
take the trouble to examine its pages. 

In the first part of the book matters more particularly relating to building 
are treated of. The first section is in the nature of an introduction, serving 
by its historical references to excite an interest in the general subject, while 
in the second are presented the methods of erecting edifices in accordance 
with the acknowledged principles of sound construction. In the remaining 
sections of Part I. the several well-defined branches of house-building, as 
stairs, doors and windows, etc., are illustrated and explained. In the second 
part the more useful rules and simple problems of mathematics are reduced 
to an easily acquired form, and adapted to the necessities of the ordinary 
workman. By studying the latter, the young mechanic may not only improve 
and strengthen his mind, but grow more self-reliant daily, demonstrating in 
his own experience that scientific knowledge gives power. By carefully 
studying this part of the book he will see how easy it is to acquire the knowl- 
edge of solving problems by signs and symbols, commonly called Algebra 
(although looked upon by the uninitiated as almost incomprehensible), and 
thus find it easy to understand all the illustrations of the various subjects 
wherein those condensed forms of expression are used. Useful problems in 
geometry, described in simple language, and hints upon the subject of draw- 
ing and shading, are also to be found in Part II. A glossary of architectural 
terms and many useful tables are provided in the Appendix, and finally, an 
Index is added to aid in referring to special subjects. The full-plate illustra- 
tions are inserted to make it attractive to the general reader, and at the same 
time to serve as explanatory of the historical portion of the volume. 

It will not be denied that the class of information herein furnished is one 
of the most instructive and useful that can be presented to the practical mind 
of a workingman, or to any mind engaged in mechanical pursuits. The im- 
press stamped upon it by the author’s peculiar line of study is not to be 
effaced, but this has given it characteristics of originality and strength not 
to be found in a mere compilation. 


THE EDITOR. 


New York, 31 Pine Street, 
January 6, 1880. 
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THE PARTHENON, ATHENS. 


PART I. 


SECTION I.—ARCHITECTURE. 


ART. l.— Building Definea.— Building and Architecture 
are technical terms by some thought to be synonymous ; 
but there is a distinction. Architecture has been defined to 
be—“ the art of building ;’ but more correctly it is—“ the 
art of designing and constructing buildings, in accordance 
with such principles as constitute stability, utility, and 
beauty.” The literal signification of the Greek word archz- 
tecton, from which the word architect is derived, is chief- 
carpenter; and the architect who designs and builds well 
may truly be considered the chief builder. Of the three 
classes into which architecture has been divided—viz., Civil, 
Military, and Naval—the first is that which refers to the 
construction of edifices known as dwellings, churches, and 
other public buildings, bridges, etc., for the accommodation 
of civilized man—and is the subject of the remarks which 
follow. 


2.—Antique Buildings; Tower of Babel.— Building is 
one of the most ancient of the arts: the Scriptures inform 
us of its existence at a very early period. Cain, the son of 
Adam, “builded a city, and called the name of the city 
after the name of his son, Enoch;” but of the peculiar style 
or manner of building we are not informed. It is presumed 
that it was not remarkable for beauty, but that utility and 
perhaps stability were its characteristics. Soon after the 
deluge — that memorable event, which removed from ex- 
istence all traces of the works of man—the Tower of Babel 
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was commenced. This was a work of such magnitude that 
the gathering of the materials, according to some writers, 
occupied three years; the period from its commencement 
until the work was abandoned was twenty-two years; and 
the bricks were like blocks of stone, being twenty feet long, 
fifteen broad, and seven thick. Learned men have given it 
as their opinion that the tower in the temple of Belus at 
Babylon was the same as that which in the Scriptures is 
called the Tower of Babel. The tower of the temple of 
Belus was square at its base, each side measuring one 
furlong, and consequently half a mile in circumference. Its 
form was that of a pyramid, and its height was 660 feet. It 
had a winding passage on the outside from the base to the 
summit, which was wide enough for two carriages. 


3.—Ancient Cities and Monuments.— Historical accounts 
of ancient cities, such as Babylon, Palmyra, and Nineveh of 
the Assyrians; Sidon, Tyre, Aradus, and Serepta of the 
Phoenicians; and Jerusalem, with its splendid temple, of 
the Israelites—show that architecture among them had 
made great advances. Ancient monuments of the art are 
found also among other nations ; the subterraneous temples 
of the Hindoos upon the islands Elephanta and Salsetta; 
the ruins of Persepolis in Persia; pyramids, obelisks, tem- 
ples, palaces, and sepulchres in Egypt—all prove that the 
architects of those early times were possessed of skill and 
judgment highly cultivated. The principal characteristics 
of their works are gigantic dimensions, immovable solidity, 
and, in some instances, harmonious splendor. The extra- | 
ordinary size of some is illustrated in the pyramids of Egypt. 
The largest of these stands not far from the city of Cairo: 
its base, which is square, covers about 114 acres, and its 
height is nearly 500 feet. The stones of which it is built 
are immense—the smallest being full thirty feet long. 


4.—Architecture in Greece.—Among the Greeks, archi- - 
tecture was cultivated as a fine art. Dignity and grace 
were added to stability and magnificence. In the Doric 
order, their first style of building, this is fully exemplified. 
Phidias, Ictinus, and Calicrates are spoken of as masters in 
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the art at this period: the encouragement and support of 
Pericles stimulated them to a noble emulation. The beauti- 
ful temple of Minerva, called the Parthenon, erected upon 
the acropolis of Athens, the Propyleum, the Odeum, and 
others, were lasting monuments of their success. The Ionic 
and Corinthian orders were added to the Doric, and many 
magnificent edifices arose. These exemplified, in their 
chaste proportions, the elegant refinement of Grecian taste. 
Improvement in Grecian architecture continued to advance 
until perfection seems to have been attained. The speci- 
mens which have been partially preserved exhibit a com- 
bination of elegant proportion, dignified simplicity, and 
majestic grandeur. Architecture among the Greeks was at 
the height of its glory at the period immediately preceding 
the Peloponnesian war; after which the art declined. An 
excess of enrichment succeeded its former simple grandeur ; 
yet a strict regularity was maintained amid the profusion of 
Gmmament, After the death of Alexander, 323 B.C., a love 
of gaudy splendor increased: the consequent decline of the 
art was visible, and the Greeks afterwards paid but little 
attention to the science. 


5.—Architecture in Rome.— While the Greeks illustrated 
their knowledge of architecture in the erection of their 
temples and other public buildings, the Romans gave their 
attention to the science in the construction of the many 
aqueducts and sewers with which Rome abounded; build- 
ing no such splendid edifices as adorned Athens, Corinth, 
and Ephesus, until about 200 years B.c., when their inter- 
course with the Greeks became more extended. Grecian 
architecture was introduced into Rome by Sylla; by whom, 
as also by Marius and Cesar, many large edifices were 
erected in various cities of Italy. But under Cæsar Augus- 
tus, at about the beginning of the Christian era, the art 
arose to the greatest perfection it ever attained in Italy. 
Under his patronage Grecian artists were encouraged, and 
many emigrated to Rome. It was at about this time that 
Solomon’s temple at Jerusalem was rebuilt by Herod—a 
Roman. This was 46 years in the erection, and was most 
probably of the Grecian style of building—perhaps of the 
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Corinthian order. Some of the stones of which it was built 
were 46 feet long, 21 feet high, and 14 thick; and others 
were of the astonishing length of 82 feet. The porch rose 
to a great height; the whole being built of white marble 
exquisitely polished. This is the building concerning which 
it was remarked: “ Master, see what manner of stones, and 
what buildings are here.” For the construction of private 
habitations also, finished artists were employed by the 
Romans: their dwellings being often built with the finest 
marble, and their villas splendidly adorned. After Augus- 
tus, his successors continued to beautify the city, until the 
reign of Constantine, who, having removed the imperial 
residence to Constantinople, neglected to add to the splen- 
dor of Rome; and the art, in consequence, soon fell from its 
imehibexcellence. 


6.—Rome and Greece.—Thus Rome was indebted to 
Greece for her knowledge of architecture—not only for the 
knowledge of its principles, but also for many of the best 
buildings themselves; these having been originally erected 
in Greece, and stolen by the unprincipled conquerors— 
taken down and removed to Rome. Greece was thus rob- 
bed of her best monuments of architecture. Touched by 
the Romans, Grecian architecture lost much of its elegance 
and dignity. The Romans, though justly celebrated for 
their scientific knowledge as displayed in the construction 
of their various edifices, were not capable of appreciating 
the simple grandeur, the refined elegance of the Grecian 
style; but sought to improve upon it by the addition of 
luxurious enrichment, and thus deprived it of true elegance. 
'In the days of Nero, whose palace of gold is so Paad, 
buildings were lavishly adorned. e did much to en- 
courage the art; but not satisfied with the simplicity of the 
Grecian style, the artists of his time aimed at inventing new 
ones, and added to the already redundant embellishments of 
the previous age. Hence the origin of the pedestal, the 
great variety of intricate ornaments, the convex frieze, the 
round and the open pediments, etc. The page worse uy 
continued until Alexander Severus, who made some im- 
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provement; but very soon after his reign the art began 
rapidly to decline, as particularly evidenced in the mean 
and trifling character of the ornaments. 


7.—Architecture Debased.—The Goths and Vandals 
overran Italy, Greece, Asia, and Africa, destroying most 
of their works of ancient architecture. Cultivating no art 
but that of war, these savage hordes could not be expected j 
to take any interest in the beautiful forms and proportions! 
of their habitations. From this time architecture assumed 
an entirely different aspect. The celebrated styles of Greece 
were unappreciated and forgotten; and modern architec- 
ture made its first appearance on the stage of existence. 
The Goths, in their conquering invasions, gradually ex- 
tended it over Italy, France, Spain, Portugal, and Ger- 
many, into England. From the reign of Galienus may be 
reckoned the total extinction of the arts among the Romans. 
From this time until the sixth or seventh century, architec- 
ture was almost entirely neglected. The buildings which 
were erected during this suspension of the arts were very 
rude. Being constructed of the fragments of the edifices 
which had been demolished by tke Visigoths in their unre- 
strained fury, and the builders being destitute of a proper 
knowledge of architecture, many sad blunders and exten- 
sive patch-work might have been seen in their construction 
—entablatures inverted, columns standing on their wrong 
ends, and other ridiculous arrangements characterized their 
clumsy work. The vast number of columns which the ruins 
around them afforded they used as piers in the construction 
of arcades—which by some is thought, after having passed 
through various changes, to have been the origin of the 
plan of the Gothic cathedral. Buildings generally, which 
are not oi the classical styles, and which were erected after 
the fall of the Roman empire, have by some been indiscrim- 
inately included under the term Gothic. But the changes 
which architecture underwent during the Mediæval age 
show that there were then several distinct modes of building. 


§.—The Ostrogoths.—Theodoric, a friend of the arts, 
who reigned in Italy from A.D. 493 to 525, endeavored to 


IO ARCHITECTURE. 


restore and preserve some of the ancient buildings; and 
erected others, the ruins of which are still seen at Verona 
and Ravenna. Simplicity and strength are the character- 
istics of the structures erected by him ; they are, however, 
devoid of grandeur and elegance, or fine proportions. 
These are properly of the GOTHIC style; by some called 
the o/d Gothic, to distinguish it from the pointed Gothic. 


9.—The Lombards, who ruled in Italy from A.D. 568, 
had no taste for arcbitecture nor respect for antiquities. 
Accordingly, they pulled down the splendid monuments of 
classic architecture which they found standing, and erected 
in their stead huge buildings of stone which were greatly 
destitute of proportion, elegance, or utility—their charac- 
teristics being scarcely anything more than stability and 
immensity combined with ornaments of a puerile character. 
Their churches were decorated with rows of small columns 
along the cornice of the pediment, small doors and win- 
dows with circular heads, roofs supported by arches having 
arched buttresses to resist their thrust, and a lavish display 
of incongruous ornaments. This kind of architecture is 
called the LOMBARD style, and was employed in the seventh 
century in Pavia, the chief city of the Lombards; at which 
city, as also at many other places, a great many edifices 
were erected in accordance with its peculiar forms. 


10.— The Byzantine Architects, of Byzantium, Constan- 
tinople, erected many spacious edifices; among which are 
included the cathedrals of Bamberg, Worms, and Mentz, 
and the most ancient part of the minster at Strassburg ; in 
all of these they combined the classic styles with the crude 
Lombardian. This style is called the LOMBARD-BYZANTINE. 
To the last style there were afterwards added cupolas sim- 
ilar to those used in the East, together with numerous slen- 
der pillars with elaborate capitals, and the many minarets 
which are the characteristics of the proper Byzantine, or 
Oriental style. 


{!.—Fhe Moors.—When the Arabs and Moors destroyed 
the kingdom of the Goths, the arts and sciences were mostly 
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in possession of the Musselmen-conquerors; at which time 
tieneewere three kinds oi architecture practised; viz.: the 
Arabian, the Moorish, and the Lombardian. The ARABIAN 
style was formed from Greek models, having circular arches 
added, and towers which terminated with globes and mina- 
rets. Ihe MOoRISH is very similar to the Arabian, being 
distinguished from it by arches in the form of a horseshoe. 
It originated in Spain in the erection of buildings with the 
ruins of Roman architecture, and is seen in all its splendor 
in the ancient palace of the Mohammedan monarchs at 
Grenada, called the A/hamoéra, or red-house. The style which 
was originated by the Visigoths in Spain by a combination 
of the Arabianand Moorish styles, was introduced by Charle- 
magne into Germany. On account of the changes and im- 
provements it there underwent, it was, at about the 13th or 
14th century, termed the German or romantic style. It is ex- 
hibited in great perfection in the towers of the minster of 
Strassburg, the cathedral of Cologne and other edifices. 
The most remarkable features of this lofty and aspiring style 
are the lancet or pointed arch, clustered pillars, lofty towers, 
and flying buttresses. It was principally employed in eccle- 
siastical architecture, and in this capacity introduced into 
France, Italy, Spain, and England. 


(2.—The Architecture ef England: is divided into the 
Norman, the Early-English, the Decorated, and the Perpendw- 
ular styles. The Norman is principally distinguished by 
the character of its ornaments—the chevron, or zzgzag, being 
the most common. Buildings in this style were erected in 
the 12th century. The Early-English is celebrated for the 
beauty of its edifices, the chaste simplicity and purity of 
design which they display, and the peculiarly graceful char- 
acter of its foliage. This style is of the 13th century. The 
Decorated style, as its name implies, is characterized by a 
great profusion of enrichment, which consists principally of 
the crocket, or feathered-ornament, and ball-flower. It was 
mostly in use in the 14th century. The Perpendicular style, 
which dates from the 15th century, is distinguished by its 
high towers, and parapets surmounted with spires similar in 
number and grouping to oriental minarets. 
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(3.—Arehitecture Progressive.—The styles erroneously 
termed Gothic were distinguished by peculiar characteris- 
tics as well as by different names. The first symptoms of a 
desire to return to a pure style in architecture, after the 
ruin caused by the Goths, was manifested in the character 
of the art as displayed in the church of St. Sophia at Con- 
stantinople,! which was erected by Justinian in the 6th 
century. The church of St. Mark at Venice, which arose 
„in the roth or r1th century, is a most remarkable building; 
a compound of many of the forms of ancient architecture. 
Whe cathedral at Pisa, a wonderful structure for the age, 
was erected by a Grecian architect in 1016. The marble 
with which the walls of this building were faced, and of. 
which the four rows of columns that support the roof are 
composed, is said to be of an excellent character. The 
Campanile, or leaning-tower as it is usually called, was 
erected near the cathedral in the 12th century. Its inclina- 
tion is generally supposed to have arisen from a poor foun- 
dation ; although by some it is said to have been thus con- 
structed originally, in order to inspire in the minds of the 
beholder sensations of sublimity and awe. In the 13th cen- 
tury, the science in Italy was slowly progressing ; many fine 
churches were erected, the style of which displayed a de- 
cided advance in the progress towards pure classical archi- 
tecture. In other parts of Europe, the Gothic, or pointed 
style was prevalent. The cathedral at Strassburg, designed 
by Irwin Steinbeck, was erected in the 13th and 14th cen- 
turies. In France and England during the 14th century, 
many very superior edifices were erected in this style. 


(4.—Architecture in Italy.—In the 14th and 15th cen- 
turies, architecture in Italy was greatly revived. The mas- 
ters began to study the remains of ancient Roman edifices ; 
and many splendid buildings were erected, which displayed 
a purer taste in the science. Among others, St. Peter’s of 
Rome, which was built about this time, is a lasting monu- 
ment of the architectural skill of the age. Giocondo, Mi- 
chael Angelo, Palladio, Vignola, and other celebrated archi- 
tects, each in their turn, did much to restore the art to its 
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former excellence. In the edifices which were erected under 
their direction, however, it 1s plainly to be seen that they 
studied not from the pure models of Greece, but from the 
remains of the deteriorated architecture of Rome. The 
high pedestal, the coupled columns, the rounded pediment, 
the many curved-and-twisted enrichments, and the convex 
frieze, were unknown to pure Grecian architecture. Yet 
their efforts were serviceable in correcting, to a good de- 
gree, the very impure taste that had prevailed since the over- 
throw of the Roman empire. 


15..The Renaissance.—The Italian masters and numer- 
ous artists who had visited Italy for the purpose, spread the 
Roman style over various countries of Europe; which was 
gradually received into favor in place of the pointed Gothic. 
This fell into disuse; although it has of late years been 
again cultivated. It requires a building of great magnitude 
and complexity for a perfect display of its beauties. In 
America, the pure Grecian style was at first more or less 
studied ; and perhaps the simplicity of its principles would 
be better adapted to a republican country than the more 
intricate medizeval styles ; yet these, during the last quarter 
of a century, have been extensively studied, and now wholly 
supersede the Grecian styles. 


[6.—Styles of Architecture.—It is generally acknowl- 
edged that the various styles in architecture were the results 
of necessity, and originated in accordance with the different 
pursuits of the early inhabitants of the earth; and were 
brought by their descendants to their present state of per- 
fection, through the propensity for imitation and desire of 
emulation which are found more or less among all nations. 
Those that followed agricultural pursuits, from being em- 
ployed constantly upon the same piece of land, needed a 
permanent residence, and the wooden %uź was the offspring 
of their wants; while the shepherd, who followed his flocks 
and was compelled to traverse large tracts of country for 
pasture, found the ¢exz¢ to be the most portable habitation ; 
again, the man devoted to hunting and fishing—an idle and 
vagabond way of living—is naturally supposed to have been 
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content with the cavern as a place of shelter. The latter is 
said to have been the origin of the Egyptian style; while 
the curved roof of Chinese structures gives a strong indica- 
tion of their having had the tent for their model; and the 
simplicity of the original style of the Greeks (the Doric) 
shows quite conclusively, as is generally conceded, that its 
original was of wood. The pointed, or ecclesiastical style, 
is said to have originated in an attempt to imitate the bower, 
or grove of trees, in which the ancients performed their idol- 
worship. But it is more probably the result of repeated 
scientific attempts to secure real strength with apparent 
lightness; thus giving a graceful, aspiring effect. 


17.—Orders: or styles, in architecture are numerous; 
and a knowledge of the peculiarities of each is important to 
the student in the art. An ORDER, in architecture, is com- 
posed of three principal parts, viz.: the Stylobate, the Col- 
umn, and the Entablature. This appertains chiefly to the 
classic styles. 


18.-—_Khe Stylobate: is the substructure, or basement, 
upon which the columns of an order are arranged. In 
Roman architecture—especially in the interior of an edi- 
fice—it frequently occurs that each column has a separate 
substructure ; this is called a pedestal. If possible, the ped- 
estal should be avoided in all cases; because it gives to the 
column the appearance of having been originally designed 
fora small building, and afterwards pieced out to make it 
long enough for a larger one. 


(9.—Whe Column: is composed of the base, shaft, and 
capital. 


20.—The Entablature: above and supported by the 
columns, is horizontal; and is composed of the architrave, 
frieze, and cornice. These principal parts are again divided 
into various members and mouldings. 


21.—The Base: of a column is so called from basis, a 
foundation or footing. 
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PARTS OF AN ORDER. in 


22.—The Shaft: the upright part of a column standing 
upon the base and crowned with the capital, is from sha/ro, 
to dig—in the manner of a well, whose inside is not unlike 
the form of a column. 


23.—The Capital: from sephale or caput, the head, is the 
uppermost and crowning part of the column. 


24.—The Arehitrave: from archz, chief or principal, 
and ¢rabs, a beam, is that part of the entablature which lies 
in immediate connection with the column. 


25.—The Frieze: from fbron, a fringe or border, is that 
part of the entablature which is immediately above the 
architrave and beneath the cornice. It was called by some 
of the ancients zophorus, because it was usually enriched 
with sculptured animals. 


26.—The Cornice: from corona, a crown, is the upper 
and projecting part of the entablature—being also the upper- 
most and crowning part of the whole order. 


27.—The Pediment: above the entablature, is the tri- 
angular portion which is formed by the inclined edges of 
the roof at the end of the building. In Gothic architecture, 
the pediment is called a gadle. 


28.—The Tympanum: is the perpendicular triangular 
surface which is enclosed by the cornice of the pediment. 


29.—The Attic: isa small order, consisting of pilasters 
and entablature, raised above a larger order, instead of a 
pediment. An attic story is the upper story, its windows 
being usually square. 


30.— Proportions in an @rder,—An order has its several 
members proportioned to one another by a scale of 60 equal 
parts, which are called minutes. If the height of buildings 
were always the same, the scale of equal parts would be a 
fixed quantity—an exact number of feet and inches. But as 
buildings are erected of different heights, the column and 
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its accompaniments are required to be of different dimen- 
sions. To ascertain the scale of equal parts, it is necessary 
to know the height to which the whole order is to be 
erected. This must be divided by the number of diameters 
which is directed for the order under consideration. Then 
the quotient obtained by such division is the length of the 
scale of equal parts—and is, also, the diameter of the column 
next above the base. For instance, in the Grecian Doric 
order the whole height, including column and entablature, 
is 8 diameters. Suppose now it were desirable to construct 
an example of this order, forty feet high, ineno 
divided by 8 gives 5 feet for the length of the scale; and 
this being divided by 60, the scale is completed. The up- 
right columns of figures, marked H and P, by the side of 
the drawings illustrating the orders, designate the height 
and the projection of the members. The projection of each 
member is reckoned from a line passing through the axis of 
the column, and extending above it to the top of the entab- 
lature. The figures represent minutes, or Goths, of the 
major diameter of the shaft of the column. 


3!.—Grecian Styles.—The original method of building 
among the Greeks was in what is called the Doric order: 
to this were afterwards added the onic and the Corinthian. 
These three were the only styles known among them. Each 
is distinguished from the other two by not only a peculiar- 
ity of some one or more of its principal parts, but also by a 
particular destination. The character of the Doric is robust, 
manly, and Herculean-like; that of the Ionic is more deli- 
cate, feminine, matronly; while that of the Corinthian is 
extremely delicate, youthful, and virgin-like. However 
they may differ in their general character, they are alike 
famous for grace and digu:ty, elegance and grandeur, to a 
high degree of perfection. 


32.—The Doric Order: (Fig 2,) is so ancient that its 
origin is unknown—although some have pretended to have 
discovered it. But the most general opinion is, that it is 
an improvement upon the original wooden buildings of the 
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Grecians. These no doubt were very rude, and perhaps 
not unlike the following figure. 
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Fic. 1.—SUPPOSED ORIGIN oF Doric TEMPLE. 


The trunks of trees, set perpendicularly to support the 
roof, may be taken for columns; the tree laid upon the 
tops of the perpendicular ones, the architrave; the ends 
of the cross-beams which rest upon the architrave, the 
triglyphs; the tree laid on the cross-beams as a support for 
the ends of the rafters, the bed-moulding of the cornice ; the 
ends of the rafters which project beyond the bed-moulding, 
the mutules; and perhaps the projection of the roof in 
front, to screen the entrance from the weather, gave origin 
to the portico. 

The peculiarities of the Doric order are the trigly hee 
those parts of the frieze which have perpendicular channels 
cut in their surface; the absence of a base to the column— 
as also of fillets between the flutings of the column ; and the 
plainness of the capital. The triglyphs should be so dis- 
posed that the width of the metopes—the space between 
the triglyphs—shall be equal to their height. 


3 lation: or space between the col- 
umns, is regulated by placing the centres of the columns 
under the centres of the triglyphs—except at the angle of 
the building ; where, as may be seen in /7g. 2, one edge of 
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PECULIARITIES OF THE DORIC. Ig 


the triglyph must be over the centre of the column.* 
Where the columns are so disposed that one of them stands 
beneath every other triglyph, the arrangement is called 
mono-triglyph and is most common. When a column is 
placed beneath every third triglyph, the arrangement is 
called diastyle ; and when beneath every fourth, a7@ostyle. 
This last style is the worst, and is seldom adopted. 


34.—The Doric Order: is suitable for buildings that 
are destined for national purposes, for banking-houses, etc. 
Its appearance, though massive and grand, is nevertheless 
rich and graceful. The Patent Office at Washington, and 
the Treasury at New York, are good specimens of this 
order. | 


35.—The Ionic Order. (/7g. 3.)— The Doric was for 
some time the only order in use among the Greeks. They 
gave their attention to the cultivation of it, until perfection 
seems to have been attained. Their temples were the prin- 


* GRECIAN Doric ORDER. When the width to be occupied by the whole front 
is limited, to determine the diameter of the column, 
The relation between the parts may be expressed thus : 


eee 60 a 
~ ab +c) + (60 — c) 


Where a equals the width in feet occupied by the columns, and their inter- 
columniations taken collectively, measured at the base ; 4 equals the width 
of the metope, in minutes ; ¢ equals the width of the triglyphs in minutes ; æ 
equals the number of metopes, and x equals the diameter in feet. 

Exanple.—A front of six columns—hexastyle—61 feet wide; the frieze 
having one triglyph over each intercolumniation, or mono-triglyph. In this 
case, there being five intercolumniations and two metopes over each, therefore 
there are 5 x 2=I10 metopes. Let the metope equal 42 minutes and the 
triglyph equal 28. Then a = 61; ò = 42 ; c = 28; and Z = 10; and the formula 
above becomes 
<= S ea = E A = et =5 feet =the diameter 

10 (42 + 28) + (60 — 28) 10x 70+ 32 732 
required. 

Example.—An octastyle front, 8 columns, 184 feet wide, three metopes 
over each intercolumniation, 21 in all, and the metope and triglyph 42 and 
28 as before. Then 

60 x 184 __ 11040 


= ———— aa 1 5 > ao DE = 7 : i 
x mO EE) Te 7-35ïrġ07z fect = the diameter required 
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cipal objects upon which their skill in the art was displayed ; 
and as the Doric order seems to have been well fitted, by its 
massive proportions, to represent the character of their 
male deities rather than the female, there seems to have 
been a necessity for another style which should be emble- 
matical of feminine graces, and with which they might 
decorate such temples as were dedicated to the goddesses. 
Hence the origin of the Ionic order Pihis was imventecs 
according to historians, by Hermogenes of Alabanda; and 
he being a native of Caria, then in the possession of the 
lonians, the order was called the Ionic. 

The distinguishing features of this order are the volutes 
or spirals of the capital; and the dentzls among the bed- 
mouldings of the cornice: although in some instances 
dentils are wanting. The volutes are said to have been 
designed as a representation of curls of hair on the head of 
a matron, of whom the whole column is taken as a sem- 
blance. 

The Ionic order is appropriate for churches, colleges, 
seminaries, libraries, all edifices dedicated to literature and 
the arts, and all places of peace and tranquillity. The front 
of the Custom-House, New York City,is a good specimen 
of this order. 


36.—The Intercolumniation: of this and the other 
orders—both Roman and Grecian, with the exception of 
the Doric—are distinguished as follows. When the interval 
is one and a half diameters, it is called pycuostyle, or columns 
thick-set; when two diameters, systyle; when two and a 
quarter diameters, eustyle ; when three diameters, dzastyle ; 
and when more than three diameters, aræostyle, or columns 
thin-set. In all the orders, when there are four columns in 
one row, the arrangement is called ¢etrastyle ; when there 
are six in a row, Aexastyle ; and when eight, octastyle. 


37.—To. Describe the Konic Volute.—Draw a perpen- 
dicular from a to s (Figs. 4), and make as equal to 20 min. 
or to 4 of the whole height, ac; draw s o at right angles to 
sa, and equal to 14 min.; upon o, with 24 min. for radius, 
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describe the eye of the volute; about 0, the centre of the 
eye, draw the square, 771 2, with sides equal to half the 
diameter of the eye, viz. 24 min., and divide it into 144 equal 
parts, as shown at /7g. 5. The several centres in rotation are 
at the angles formed by the heavy lines, as figured, 1, 2, 3, 
4, 5,6, etc. The position of these angles is determined by ` 
commencing at the point, 1, and making each heavy line one 
part less in length than the preceding one. No.1 is the 


(è 


Fic. 4.—Ionic VOLUTE. 
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centre tor the arc a 6 (Fig. 4;) 2 is the centre for the arc 
bc, and so onto the last. The inside spiral line is to be 
fecemued@irom the centres, 7, 2, 2, etc. (72g. 5), being the 
centre of the first small square towards the middle of the 
eye from the centre for the outside arc. The breadth of the 
fillet at a 7 isto be made equal to 2,8, min. This is for a spiral 
of three revolutions; but one of any number of revolutions, 
as 4 or 6, may be drawn, by dividing o f (Fig. 5) into a cor- 
responding number of cqual parts. Then divide the part 
nearest the centre, o, into two parts, asat #, join o and 1, 
also o and 2; draw / 3 parallel to o 1, and & 4 parallel to o 
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2; then the lines o 1, o 2, 4 3, #4 will determine the length 
aihe heavy lines, and the place of the centres. (See Arz. 
288.) 


38.—The Corinthian Order; (/7g. 7,) is in general like 
the Ionic, though the proportions are lighter. The Corin- 
thian displays a more airy elegance, a richer appearance ; 
but its distinguishing feature is its beautiful capital. This 
is generally supposed to have had its origin in the capitals 
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of the columns of Egyptian temples, which, though not ap- 
proaching it in elegance, have yet a similarity of form with 
the Corinthian. The oft-repeated story of its origin which 
is told by Vitruvius—an architect 
who flourished in Rome in the days 
of Augustus Czsar—though pretty 
generally considered to be fabu- 
lous, 1s nevertheless worthy of be- 
ing again recited. It 1s this: A 
AN i: young lady of Corinth was sick, and 
PAW) WY Au finally died. Her nurse gathered 
a intoa deep basket such trinkets and 
keepsakes as the lady had been 
fond of when alive, and placed them upon her grave, cover- 
ing the basket with a flat stone or tile, that its contents 
might not be disturbed. The basket was placed accident- 
ally upon the stem of an acanthus plant, which, shooting 
forth, enclosed the basket with its foliage, some of which, 
reaching the tile, turned gracefully over in the form of a 
volute. . 

A celebrated sculptor, Calimachus, saw the basket thus 
decorated, and from the hint which it suggested conceived 
and constructed a capital for a column. This was called 
Corinthian, from the fact that it was invented and first made 
use of at Corinth. 

The Corinthian being the gayest, the richest, the most 
lovely of all the orders, it is appropriate for edifices which 
are dedicated to amusement, banqueting, and festivity—for 
_all places where delicacy, gavety, and splendor are desir- 
able. 
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39.—Persians and Caryatides.—In addition to the three 
regular orders of architecture, it was customary among the 
Greeks and other nations to employ representations of the 
human form, instead of columns, to support entablatures ; 
these were called Perszans and Carjatides. 


40.—Persians: arc statues of men, and are so called in 
commemoration of a victory gained over the Persians by 
Pausanias. The Persian prisoners were brought to Athens 
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and condemned to abject slavery ; and in order to represent 
them in the lowest state of servitude and degradation, the 
statues were loaded with the heaviest entablature, the Doric. 


41.—Caryatides: are statues of women dressed in long 
robes after the Asiatic manner. Their origin is as follows: 
In a war between the Greeks and the Caryans, the latter 
were totally vanquished, their male population extinguished, 
and their females carried to Athens. To perpetuate the 
memory of this event, statues of females, having the form 
and dress of the Caryans, were erected, and crowned with 
the Ionic or Corinthian entablature. The caryatides were 
generally formed of about the human size, but the persians 
much larger, in order to produce the greater awe and 
astonishment in the beholder. The entablatures were pro- 
portioned to a statue in like manner as toa column, of the 
same height. 

These semblances of slavery have been in frequent use 
among moderns as well as ancients; and, as a relief from 
the stateliness and formality of the regular orders, are capa- 
ble of forming a thousand varieties; yet in a land of liberty 
such marks of human degradation ought not to be perpetu- 
ated. 


4.2.—Roman Styles.—Strictly speaking, Rome had no 
architecture of her own; all she possessed was borrowed 
from other nations. Before the Romans exchanged inter- 
course with the Greeks, they possessed some edifices of 
considerable extent and merit, which were erected by archi- 
tects from Etruria; but Rome was principally indebted to 
Greece for what she acquired of the art. Although there 1s 
no such thing as an architecture of Roman invention, yet 
no nation, perhaps, ever was so devoted to the cultivation 
of the art as the Roman. Whether we consider the number 
and extent of their structures, or the lavish richness and 
splendor with which they were adorned, we are compelled 
to yield to them our admiration and praise. At one time, 
under the consuls and emperors, Rome employed 400 ar- 
chitects. The public works—such as theatres, circuses, 
baths, aqueducts, etc.— were, in extent and grandeur, be- 
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yond anything attempted in modern times. Aqueducts 
were built to convey water from a distance of 6o miles or 
more. In the prosecution of this work rocks and mountains 
were tunnelled, and valleys bridged. Some of the latter 
descended 200 feet below the level of the water; and in 
passing them the canals were supported by an arcade, or 
succession of arches. Public baths are spoken of as large as 
cities, being fitted up with numerous conveniences for ex- 
ercise and amusement. Their decorations were most splen- 
did; indeed, the exuberance of the ornaments alone was 
offensive to good taste. So overloaded with enrichments 
were the baths of Diocletian that on one occasion of public 
festivity great quantities of sculpture fell from the ceilings 
and entablatures, killing many of the people. 


43.—Greeian Orders modified by the Romans.—The 
orders of Greece were introduced into Rome in all their 
perfection. But the luxurious Romans, not satisfied with 
the simple elegance of their refined proportions, sought to 
improve upon them by lavish displays of ornament. They 
transformed in many instances the true elegance of the 
Grecian art into a gaudy splendor, better suited to their 
less refined taste. The Romans remodelled each of the 
orders: the Doric (/7zg. 8) was modified by increasing the 
height of the column to 8 diameters; by changing the 
echinus of the capital for an ovolo, or quarter-round, and 
adding an astragal and neck below it; by placing the ceztre, 
instead of one edge, of the first triglyph over the centre of 
the column ; and introducing horizontal instead of inclined 
mutules in the cornice, and in some instances dispensing: 
with them altogether. The Ionic was modified by diminish- 
ing the size of the volutes, and, in some specimens, intro- 
ducing a new capital in which the volutes were diagonally 
arranged (/zg. 9). This new capital has been termed modern 
Ionic. The favorite order at Rome and her colonics was 
the Corinthian (Fig. 10). But this order the Roman artists, 
in their search for novelty, subjected to many alterations— 
especially in the foliage of its capital. Into the upper part 
of this they introduced the modified Tonic capital; thus 
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combining the two in one. This change was dignified with 
the importance of an order, and received the appellation 
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of COMPOSITE, or Roman: the best specimen of which is 
found in the Arch of Titus (Fige. 11). This style was not 
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much used among the Romans themselves, and is but 
slightly appreciated now. 


44.—The Tuscan Order: is said to have been intro- 
duced to the Romans by the Etruscan architects, and to 
have been the only style used in Italy before the introduc- 
tion of the Grecian orders. However this may be, its simi- 
larity to the Doric order gives strong indications of its 
having been a rude imitation of that style : this is very prob- 
able, since history informs us that the Etruscans held inter- 
course with the Greeks at a remote period. The rudeness 
of this order prevented its extensive use in Italy. All that 
is known concerning it is from Vitruvius, no remains of 
buildings in this style being found among ancient ruins. 

For mills, factories, markets, barns, stables, etc., where 
utility and strength are of more importance than beauty, 
the improved modification of this order, called the modern 
Tuscan (77g. 12), will be useful; and its simplicity recom- 
mends it where economy is desirable. 


45.—Egyptian Style.—The architecture of the ancient 
Egyptians—to which that of the ancient Hindoos bears 
some resemblance—is characterized by boldness of outline, 
solidity, and grandeur. The amazing labyrinths and exten- 
sive artificial lakes, the splendid palaces and gloomy ceme- 
teries, the gigantic pyramids and towering obelisks, of the 
Egyptians were works of immensity and durability; and 
their extensive remains are enduring proofs of the enlight- 
ened skill of this once-powerful but long since extinct na- 
tion. The principal features of the Egyptian style of archi- 
tecture are—uniformity of plan, never deviating from right 
lines and angles; thick walls, having the outer surface 
slightly deviating inwardly from the perpendicular; the 
whole building low ; roof flat, composed of stones reaching 
in one picce from pier to pier, these being supported by 
enormous columns, very stout in proportion to their height ; 
the shaft sometimes polygonal, having no base but with a 
great variety of handsome capitals, the foliage of these being 
of the palm, lotus, and other leaves; entablatures having 
simply an architrave, crowned with a huge cavetto orna- 
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mented with sculpture; and the intercolumniation very nar- 
row, usually 14 diameters and seldom exceeding 24. In the 
remains of a temple the walls were found to be 24 feet thick ; 
and at the gates of Thebes, the walls at the foundation were 
50 feet thick and perfectly solid. The immense stones of 
which these, as well as Egyptian walls generally, were built, 
had both their inside and outside surfaces faced, and the 
oints throughout the body of the wall as perfectly close as 
upon the outer surface. For this reason, as well as that the 
buildings generally partake of the pyramidal form, arise 
their great solidity and durability. The dimensions and ex- 
tent of the buildings may be judged from the temple of 
Jupiter at Thebes, which was 1400 feet long and 300 feet 
wide—exclusive of the porticos, of which there was a great 
Humber. . 

It is estimated by Mr. Gliddon, U. S. Consul in Egypt, 
that not less than 25,000,000 tons of hewn stone were em- 
ployed in the erection of the Pyramids of Memphis alone— 
or enough to construct 3000 Bunker Hill monuments. Some 
of the blocks are 40 feet long, and polished with emery toa 
surprising degree. It is conjectured that the stone for these 
pyramids was brought, by rafts and canals, from a distance 
of six or seven hundred miles. 

The general appearance of the Egyptian style of archi- 
tecture is that of solemn grandeur—amounting sometimes to 
sepulchral gloom. For this reason it is appropriate for cem- 
eteries, prisons, etc.; and being adopted for these purposes, 
it is gradually gaining favor. 

A great dissimilarity exists in the proportion, form, and 
general features of Egyptian columns. In some instances, 
there isno uniformity even in those of the same building, 
each differing from the others either in its shaft or capital. 
For practical use in this country, Azg. 13 may be taken as a 
meomeard Of this style. The Halls of Justice in Centre 
Street, New York City, is a building in general accordance 
with the principles ef Egyptian architecture. 


46.— Buildings in General.—In selecting a style for an 
edifice, its peculiar requirements must be allowed to govern. 
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That style of architecture is to be preferred in which utility, 
stability, and regularity are gracefully blended with gran- 
deur and elegance. But as an arrangement designed for a 
warm country would be inappropriate for a colder climate, 
it would seem that the style of building ought to be modified 
to suit the wants of the people for whom it is designed. 
High roofs to resist the pressure of heavy snows, and ar- 
rangements for artificial heat, are indispensable in northern 
climes; while they would be regarded as entirely out of 
place in buildings at the equator. 

Among the Greeks, architecture was employed chiefly 
upon their temples and other large buildings; and the pro- 
portions of the orders, as determined by them, when exccu- 
ted to such large dimensions, have the happiest effect. But 
when used for small buildings, porticos, porches, etc., espe- 
cially in country places, they are rather heavy and clumsy ; 
in such cases, more slender proportions will be found to pro- 
duce a better effect. The English cottage-style is rather 
more appropriate, and is becoming extensively practised for 
small buildings in the country. 


47.—Expression.—Every building should manifest its 
destination. If it be intended for national purposes, it 
should be magnificent—grand ; for a private residence, neat 
and modest; for a banqueting-house, gay and splendid; for 
a monument or cemetery, gloomy—melancholy ; or, if for a 
church, majestic and graceful—by some it has been said, 
“somewhat dark and gloomy, as being favorable to a devo- 
tional state of feeling ; but such impressions can only re- 
sult from a misapprehension of the nature of true devotion. 
“Her ways are ways of p/easaniness, and all her paths are 
peace.’ Vhe church should rather be a type of that 
brighter world to which it leads. Simply for purposes of 
contemplation, however, the glare of the noonday light 
should be excluded, that the worshipper may, with Milton— 


“ Love the high, embowéd roof, 
With antique pillars massy proof, 
And storied windows richly dight, 
Casting a dim, religious light.” 
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However happily the several parts of an edifice may be 
disposed, and however pleasing it may appear as a whole, 
yet much depends upon its sze, as also upon the character 
and style of the structures in its immediate vicinity, and the 
degree of cultivation of the adjacent country. A splendid 
country-seat should have the out-houses and fences in the 
same style with itself, the trees and shrubbery neatly 
trimmed, and the grounds well cultivated. 


48.—Durability.—Europeans express surprise that we 
build so much with wood. And yet, in a new country, 
where wood is plenty, that this should be so is no cause for 
wonder. Stillthe practice should not be encouraged. Build- 
ings erected with brick or stone are far preferable to those 
of wood: they are more durable; not so liable to injury by 
fire, nor to need repairs; and will be found in the end quite 
as economical. A wooden house is suitable for a temporary 
residence only; and those who would bequeath a dwelling 
to their children will endeavor to build with a more dura- 
ble material. Wooden cornices and gutters, attached to 
brick houses, are objectionable—not only on account of their 
frail nature, but also because they render the building liable 
to destruction by fire. 


49,—Dwelling-Houses: are built of various dimensions 
and styles, according to their destination; and to give de- 
signs and directions for their erection, it is necessary to know 
their situation and object. A dwelling intended for a gar- 
dener would require very different dimensions and arrange- 
ments from one intended fora retired gentleman—with his 
servants, horses, etc.; nor would a house designed for the 
city be appropriate for the country. For city houses, ar- 
rangements that would be convenient for one family might 
Dbervery inconvenient for two or morc. figs. 14, 15, 16, 17, 
18, and 19 represent the tchnographical projection, or ground- 
plan, of the floors of an ordinary city house, designed to be 
occupied by one family only. zg. 21 is an clevation, or 
front view, of the same house. All these plans are drawn at 
the same scale—which is that at the bottom of Zie. 21. 
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fie. 141s a Plan of the Under-Cellar, 


@, 15 the coal-vault, 6 by to feet. 
6, is the furnace for heating the house. 
e nont and rear areas, 


Fig. 15 is a Plan of the Basement. 


a, is the library, or ordinary dining-room, 15 by 20 feet. 
Oise kitchen, 15 by 22 feet, 

c, 1s the store-room, 6 by g feet. 

Picstie pantry, 4 by 7 dect: 

a ihe china closet 4uby eel 

J, is the servants’ water-closet. 

£, 1s a closet. 

fh, is a closet with a dumb-waiter to the first story above. 
27, is an ash closet under the front stoop. 

J, 1s the kitchen-range. 

k, is the sink for washing and drawing water. 

/, are wash-trays. 


fig, 16 is a Plangot the First sien 


a, is the parlor, 15 by 34 feet. 

oie the dining-room, TOD eot 

c, is the vestibule. 

c, is the closet containing the dumb-waiter from the base- 
ment. 

J, is the closet containing butler’s sink. 

2, &, are closets. 

AAS a closet for hatstamdmeloales: 

gy sare tront and rear baleomes. 


fig. 17 is the Secondi COn. 


eeaeere Chambers, 15 by aniei 

b, is a bedroom, 7% by 13 feet. 

ovis the bath-room, 74 by 13 feet. 

d, d, are dressing-rooms, 6 by 74 feet. 
oee (Closets. 

J; f; are wardrobes. 

£, & are cupboards. 
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FIG. 17. 
SECOND STORY. 


16. 


Fic: 


FIRST STORY. 


City DWELLING. 
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Fig. 18 is the Third Story. 


fee are chambers, 15 by to feet: 
#0, are bed-rooms, 74 by 13 icet. 


face are closets. 


Val MULE 


fis a linen-closet, 5 by 7 feet. 
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b, 6, are bed-rooms, 84 by 17 feet. 
©, be & AWS Closes 
d, is the step-ladder to the roof. 


fig. 20 is the Section of the House showing the heights 
of the several stories. 


Fig. 21 is the Front Elevation. 


The size of the house is 25 feet front by 55 feet deep; this 
is about the average depth, although some are extended to 
6o and 65 feet in depth. 

These are introduced to give some general ideas of the 
principles to be followed in designing city houses. In plac- 
ing the chimneys in the parlors, set the chimney-breasts 
equidistant from the ends of the room. The basement 
chimney-breasts may be placed nearly in the middle of the 
side of the room, as there is but one flue to pass through 
the chimney-breast above; but in the second story, as there 
are two flues, one from the basement and one from the par- 
lor, the breast will have to be placed nearly perpendicular 
over the parlor breast, so as to receive the flues within the 
jambs of the fire-place. As it is desirable to have the chim- 
ney-breast as near the middle of the room as possible, it may 
be placed a few inches towards that point from over the 
breast below. So in arranging those of the stories above, 
always make provision for the flues from below. 


50.—Arranging the Stairs and Windows.— There should 
be at least as much room in the passage at the side of the 
stairs as upon them; and in regard to the length of the pas- 
sage in the second story, there must be room for the doors 
which open from each of the principal rooms into the hall, 
and more if the stairs require it. Having assigned a posi- 
tion for the stairs of the second story, now generally placed 
in thescentre of the depth of the house, let thean oi 
the other stories be placed perpendicularly over and under 
them; and be careful to provide for head-room. To ascer- 
tain this, when it is doubtful, it is well to draw a vertical 
section of the whole stairs; but in ordinary cases this is not 
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City DWELLING. 
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necessary. To dispose the windows properly, the middle 
window of cach story should be exactly in the middle of the 
front; but the pier between the two windows which light 
the parlor should be in the centre of that room; because 
when chandeliers or any similar ornaments hang from the 
centre-pieces of the parlor ceilings, it is important, in order 
to give the better effect, that the pier-glasses at the front 
and rear be in a range with them. If both these objects 
cannot be attained, an approximation to each must be at- 
tempted. The piers should in no case be less in width than 
the window openings, else the blinds or shutters, when 
thrown open, will interfere with one another; in general 
Practice, itis well to make the outside piero So mrur mead 
of one of the middle piers. When this is desirable, deduct 
the amount of the three openings from the width of the 
front, and the remainder will be the amount of the width of 
all the piers; divide this by 10, and the product will be } of 
a middle pier; and then, if the parlor arrangements do not 
interfere, give twice this amount fo each commemspicr em 
three times the same amount to each of the middle piers. 


5{.—Prineciples of Architecture.—To build well requires 
close attention and much experience. The science of build- 
ing is the result of centuries of study. Its progress towards 
perfection must have been exceedingly slow. In the con- 
striction of the first frail and rude habitation ao Poe maie 
primary object was, doubtless, utility—a mere shelter from 
sun and rain. But as successive storms shattered his poor 
tenement, man was taught by experience the necessity of 
building with an idea to durability. And as the symmetry, 
proportion, and beauty of nature met his admiring gaze, 
contrasting so strangely with the misshapen and dispropor- 
tioned work of his own hands, he was led to make gradual 
changes, till his abode was rendered not only commodious 
and durable, but pleasant in its appearance ; and building 
became a fine art, having utility for its basis. 


52,—Arrangemenmt.—In all designs for buildings of im- 
portance, utility, durability, and beauty, the first great prin- 
ciples, should be pre-eminent. In order that the edifice be 
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useful, commodious, and comfortable, the arrangement of the 
apartments should be such as to fit them for their several 
destinations ; for publio assemblies, oratory, state, visitors, 
retiring, eating, reading, sleeping, bathing, dressing, etc.— 
these should each have its own peculiar form and situation. 
Siapaccomplish this, and at the same time to make their 
relative situation agreeable and pleasant, producing regu- 
larity and harmony, require in some instances much skill 
and sound judgment. Convenience and regularity are very 
important, and each should have due attention; yet when 
both cannot be obtained, the latter should in most cases 
@ive place to the former. A building that is neither con- 
venient nor regular, whatever other good qualities it may 


possess, will be sure of disapprobation. 


53.—Ventilation.—Attention should be given to such 
arrangements as are calculated to promote health: among 
these, ventilation is by no means the least. For this pur- 
pose, the ceilings of the apartments should have a respect- 
able height; and the sky-lght, or any part of the roof that 
can be made movable, should be arranged with cord and 
pullies, so as to be easily raised and lowered. Small open- 
ings near the ceiling, that may be closed at pleasure, should 
be made in the partitions that separate the rooms from the 
passages -— especially for those rooms which are used for 
sleeping apartments. All the apartments should be so ar- 
ranged as to secure their being easily kept dry and clean. 
In dwellings, suitable apartments should be fitted up for 
bathing with all the necessary apparatus for conveying 
mater. 


54.—Stability.—To secure this, an edifice should be de- 
signed upon well-known geometrical principles: such as 
science has demonstrated to be necessary and sufficient for 
firmness and durability. Jt is well, also, that it have the 
appearance of stability as well as the reality; for should it 
Teni tottering and unsafe, the sensation of fear, rather than 
those of admiration and pleasure, will be excited in the be- 
holder. To secure certainty and accuracy in the applica- 
tion of those principles, a knowledge of the strength and 
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other properties of the materials used is indispensable ; and 
in order that the whole design be so made as to be capable 
of execution, a practical knowledge of the requisite mechan- 
ical operations is quite important. 


55.—Decoration.—The elegance of a design, although 
chiefly depending upon a just proportion and harmony of 
the parts, will be promoted by the introduction of orna- 
ments, provided this be judiciously performed ; for enrich- 
ments should not only be of a proper character to suit the 
style of the building, but should also have their true posi- 
tion, and be bestowed in proper quantity. The most com- 
mon fault, and one which is prominent in Roman architec- 
ture, is an excess of enrichment: an error which is carefully 
to be guarded against. But those who take the Grecian 
models for their standard will not be liable to go to that 
extreme. In ornamenting a cornice, or any other assem- 
blage of mouldings, at least every alternate member should 
be left plain ; and those that are near the eye should be more 
finished than those which are distant. Although the charac- 
teristics of good architecture are utility and elegance, in 
connection with durability, yet some buildings are designed 
expressly for use, and others again for ornament: in the 
former, utility, and in the latter, beauty, should be the gov- 
erning principle. 


56,—Elementary Parts of a Buildimg.— The builder 
should be acquainted with the principles upon which the 
essential, elementary parts of a building are founded. A 
scientific knowledge of these will insure certainty and secu- 
rity,and enable the mechaiie to erect the mOst cacaen = 
and lofty edifices with confidence. The more important 
parts are the foundation, the column, the wall, the lintel, 
the arch, the vault, the dome, and the teem) separate 
description of the peculiarities of each would seem to be 
necessary, and cannot perhaps be better expressed than in 
the following language of a modern writer on this subject, 


slightly modified : 
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57.—The Foundation: of a building should be begun 
dA erain depth in the earth, to secure a solid basis, below 
the reach of frost and common accidents. The most solid 
basis is rock, or gravel which has not becn moved. Next 
to these are clay and sand, provided no other excavations 
have been made in the immediate neighborhood. From 
this basis a stone wall is carried up to the surface of the 
ground, and constitutes the foundation. Where it is in- 
tended that the superstructure shall press unequally, as at 
its piers, chimneys, or columns, it is sometimes of use to 
occupy the space between the points of pressure by an 
inverted arch. This distributes the pressure equaily, and 
prevents the foundation from springing between the differ- 
ent points. In loose or muddy situations, it is always un- 
safe to build, unless we can reach the solid bottom below. 
In salt marshes and flats, this is done by depositing timbers, 
or driving wooden piles into the earth, and raising walls 
upon them. The preservative quality of the salt will keep 
these timbers unimpaired for a great length of time, and 
makes the foundation equally secure with one of brick or 
stone. 


58.—The Column, or Pillar: is the simplest member in 
any building, though by no means an essential one to all. 
This is a perpendicular part, commonly of equal breadth 
and thickness, not intended for the purpose of enclosure, 
but simply for the support of some part of the superstruc- 
ture. The principal force which a column has to resist is 
that of perpendicular pressure. In its shape, the shaft of a 
column should not be exactly cylindrical, but, since the 
lower part must support the weight of the superior part, in 
addition to the weight which presses equally on the whole 
column, the thickness should gradually decrease from bot- 
tom to top. The outline of columns should be a little 
curved, so as to represent a portion of a very long spheroid, 
or paraboloid, rather than of a cone. This figure is the joint 
result of two calculations, independent of beauty of appear- 
ance. One of these is, that the form best adapted for sta- 
bility of base is that of a cone; the other is, that the figure, 
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which would be of equal strength throughout for support- 
ing a superincumbent weight, would be generated by the 
revolution of two parabolas round the axis of the column, 
the vertices of the curves being at its extremitic Hig 
swell of the shafts of columns was called the ezżasis by the 
ancients. It has been lately found that the columns of the 
Parthenon, at Athens, which have been commonly supposed 
straight, deviate about an inch from a straight line, and that 
their greatest swell is at about one third of their height. 
Columns in the antique orders are usually made to diminish 
one sixth or one seventh of their diameter, and sometimes 
even one fourth. The Gothic pillar is commonly of equal 
thickness throughout. 


59.—The Wall: another elementary part of a building, 
may be considered as the lateral continuation of the column, 
answering the purpose both of enclosure and support. A 
wall must diminish as it rises, for the same reasons, and in 
the same proportion, as the column. It must diminish still 
more rapidly if it extends through several stories, support- 
ing weights at different heights. A wall, to possess the 
greatest strength, must also consist of pieces, the upper and 
lower surfaces of which are horizontal and regular, not 
rounded nor oblique. The walls of most of the ancient 
structures which have stood to the present time are con- 
structed in this manner, and frequently have their stones 
bound together with bolts and clamps of iron. The same 
method is adopted in such modern structures as are intended 
to possess great strength and durability, and, in some cases, 
the stones are even dovetailed. together, as in the hght- 
houses at Eddystone and Bell Rock. But many of our 
modern stone walls, for the sake of cheapness, have only one 
face of the stones squared, the inner half of the wall being 
completed with brick; so that they can, in reality, be con- 
sidered only as brick walls faced with stone. Such walls are 
said to be liable to become convex outwardly, from the dif- 
ference in the shrinking of the cement. Kubod walls are 
made of rough, irregular stones, laid in mortar. The stones 
should be broken, if possible, so as to produce horizontal 
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surfaces. The coffer walls of the ancient Romans were made 
by enclosing successive portions of the intended wall in a 
box, and filling it with stones, sand, and mortar promis- 
cuously. This kind of structure must have been extremely 
insecure. The Pantheon and various other Roman build- 
ings are surrounded with a double brick wall, having its 
vacancy filled up with loose bricks and cement. The whole 
has gradually consolidated into a mass of great firmness. 


60.—The Reticulated Walls: of the Romans—com- 
posed of bricks with oblique surfaces—would, at the present 
day, be thought highly unphilosophical. Indeed, they could 
not long have stood, had it not been for the great strength 
of their cement. Modern brick walls are laid with great 
precision, and depend for firmness more upon their position 
than upon the strength of their cement. The bricks being 
laid in horizontal courses, and continually overlaying each 
other, or breaking joints, the whole mass is strongly inter- 
woven, and bound together. Wooden walls, composed of 
timbers covered with boards, are a common but more per- 
ishable kind. They require to be constantly covered with a 
coating of a foreign substance, as paint or plaster, to pre- 
serve them from spontaneous decomposition. In some parts 
of France, and elsewhere, a kind of wall is made of earth, 
rendered compact by ramming it in moulds or cases. This 
method is called building in zsé, and is much more durable 
than the nature of the material would lead us to suppose. 
Walls of all kinds are greatly strengthened by angles and 
curves, also by projections, such as pilasters, chimneys, and 
buttresses. These projections serve to increase the breadth 
of the foundation, and are always to be made use of in large 
buildings, and in walls of considerable length. 


61.—Tihe Lintel, or Beam: extends ina right line over 
a vacant space, from one column or wall to another. The 
strength of the lintel will be greater in proportion as its 
transverse vertical diameter exceeds the horizontal, the 
strength being always as the square of the depth. The 
Jloor is the lateral continuation or connection of beams by 
means of a covering of boards. 
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62.—The Arch: is a transverse member of a building, 
answering the same purpose as the lintel, but vastly exceed- 
ing it in strength. The arch, unlike the lintel, may consist 
of any number of constituent pieces, without impairing its 
strength. Itis, however, necessary that all the pieces should 
possess a uniform shape,—the shape of a portion of a 
wedge,—and that the joints, formed by the contact of their 
surfaces, should point towardsa common centre. In this 
case, no one portion of the arch can be displaced’ Gr moroed 
inward ; and the arch cannot be broken by any force which 
is not sufficient to crush the materials of which it is made. 
In arches made of common bricks, the sides of which are 
parallel, any oze of the bricks might be forced inward, were 
it not for the adhesion of the cement. Any zwo of the bricks, 
however, by the disposition of their mortar, cannot collect- 
ively be forced inward. An arch of the proper form, when 
complete, is rendered stronger, instead of weaker, by the 
pressure of a considerable weight, provided this pressure be 
uniform. While building, however, it requires to be sup- 
ported by a centring of the shape of its internal surface, 
until it is complete. The upper stone of an arch is called 
the keystone, but is not more essential than any other. In 
regard to the shape of the arch, its most simple form is that 
of the semicircle. It is, however, very frequently a smaller 
arc of a circle, or a portion of an ellipse. l 


63.—Hooke’s Theory of an Arch.—The simplest theory 
of an arch supporting itself only is that of Dr. Hooke. 
The arch, when it has only its own weight to bear, may be 
considered as the inversion of a chain, suspended at each 
end. The chain hangs in such a form that the weight of 
each link or portion is held in equilibrium by the result of 
two forces acting at its extremities; and these forces, or 
tensions, are produced, the one by the weight of the portion 
of the chain below the link, the other by the same weight 
increased by that of the link itself, both of them acting ori- 
ginally in a vertical direction. Now, supposing the chain 
inverted, so as to constitute an arch of the same form and 
weight, the relative situations of the forces will be the same, 
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only they will act in contrary directions, so that they are 
compounded in a similar manner, and balance cach other on 
the same conditions. 

The arch thus formed is denominated a catenary arch. 
In common cases, it differs but little from a circular arch of 
the extent of about one third of a whole circle, and rising 
{from the abutments with an obliquity of about 30 degrees 
from a perpendicular. But though the catenary arch is the 
best form for supporting its own weight, and also all addi- 
tional weight which presses in a vertical direction, it is not 
the best form to resist lateral pressure, or pressure like that 
of fluids, acting equally in all directions. Thus the arches 
of bridges and similar structures, when covered with loose 
stones and earth, are pressed sideways, as well as vertically, 
in the same manner as if they supported a weight of fluid. 
In this case, it is necessary that the arch should arise morc 
perpendicularly from the abutment, and that its general fig- 
ure should be that of the longitudinal segment of an ellipse. 
In small arches, in common buildings, where the disturbing 
force is not great, it is of little consequence what is the 
dape Of the curve. The outlines may even be perfectly 
straight, as in the tier cf bricks which we frequently see 
over a window. This is, strictly speaking, a real arch, pro- 
vided the surfaces of the bricks tend toward a common 
centre. It is the weakest kind of arch, and a part of it 
is necessarily superfluous, since no greater portion can act 
in supporting a weight above it than can be included be- 
tween two curved or arched lines. 


64.— Gothic Arches.— Besides these arches, various 
others are in use. The acute or lancet arch, much used in 
Gothic architecture, is described usually from two cen- 
tres outside the arch. It is a strong arch for supporting 
vertical pressure. The rampant arch is one in which the two 
ends spring from unequal heights. The Aorseshoe or Moorish 
arch is described from one or more centres placed above the 
base line. In this arch, the lower parts are in danger of 
being forced inward. The ogee arch is concavo-convex, and 
therefore fit only for ornament. 
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65.-—Arch: Definitions; Principles.— The upper sur- 
face is called- the ertrados, and the inner, the zzzrados. 
The spring is where the intrados meets the abutments. The 
span is the distance between the abutments. The wedge- 
shaped stones which form an arch are sometimes called 
voussoirs, the uppermost being the keystone. The part ofa 
pier from which an arch springs is called the zipost, and the 
curve formed by the upper side of the voussoirs, the archz- 
volt. It is necessary that the walls, abutments, and piers on 
which arches are supported should be so firm as to resist the 
lateral ¢/rus7, as well as vertical pressure, Of ihe archi 
It will at once be seen that the lateral or sideway pressure 
of an arch is very considerable, when we recollect that every 
stone, or portion of the arch, is a wedge, a part of whose 
force acts to separate the abutments. For want of attention 
to this circumstance, important mistakes have been commit- 
ted, the strength of buildings materially impaired, and their 
ruin accelerated. Jn some cases, the want of lateral firmness 
in the walls is compensated by a bar of iron stretched across 
the span of the arch, and connecting the abutments, like the 
tie-beam of a roof. This is the case in the cathedral of Milan 
and some other Gothic buildings. 


66.—An Areade: or continuation of arches, needs only 
that the outer supports of the terminal arches should be 
strong enough to resist horizontal pressure. In the inter- 
mediate arches, the lateral force of each arch is counter- 
acted by the opposing lateral force of the one contiguous to 
it. In bridges, however, where individual arches are liable 
to be destroyed by accident, it is desirable that each of the 
piers should possess sufficient horizontal strength to resist 
the lateral pressure of the adjoining arches. 


67.—The Vault: is the lateral continuation of an arch, 
serving to cover an area or passage, and bearing the same 
relation to the arch that the wall does tothe column. A 
simple vault is constructed on the principles of the arch, and 
distributes its pressure equally along the walls or abutments. 
A complex or groimed vault is made by two vaults intersect- 
ing each other, in which case the pressure is thrown upon 
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springing points, and is greatly increased at those points. 
The groined vault is common in Gothic architecture. 


68.—The Dome: sometimes called cupola, is a concave 
covering to a building, or part of it, and may be cither a 
segment of a sphere, of a spheroid, or of any similar figure. 
When built of stone, itis a very strong kind of structure, 
even more so than the arch, since the tendency of each part 
to fall is counteracted, not only by those above and below it, 
but also by those on each side. It is only necessary that 
the constituent pieces should have a common form, and that 
this form should be somewhat like the frustum of a pyra- 
mid, so that, when placed in its situation, its four angles may 
point toward the centre, or axis, of the dome. During the 
erection of a dome, it is not necessary that it should be sup- 
ented by a centring, until complete, as is done in the arch. 
Each circle of stones, when laid, is capable of supporting 
itself without aid from those above it. It follows that the 
dome may be left open at top, without a keystone, and 
p De perfectly secure in this respect, being the reverse of 
the arch. The dome of the Pantheon, at Rome, has been 
always open at top, and yet has stood unimpaired for nearly 
2000 years. The upper circle of stones, though apparently 
the weakest, is nevertheless often made to support the addi- 
tional weight of a lantern or tower above it. In several of 
the largest cathedrals, there are two domes, one within the 
other, which contribute their joint support to the lantern, 
which rests upon the top. In these buildings, the dome 
rests upon a circular wall, which is supported, in its turn, by 
arches upon massive pillars or piers. This construction is 
called building upon fendentives, and gives open space and 
room for passage beneath the dome. The remarks which 
have been made in regard to the abutments of the arch 
apply equally to the walls immediately supporting a dome. 
They must be of sufficient thickness and solidity to resist 
the lateral pressure of the dome, which is very great. The 
walls of the Roman Pantheon are of great depth and solid- 
ity. In order that a dome in itself should be perfectly 
secure, its lower parts must not be-too nearly vertical, since, 


54 ARCHITECTURE. 


in this case, they partake of the nature of perpendicular 
walls, and are acted upon by the spreading force of the 
parts above them. The dome of St. Pauls Church, in Lon- 
don, and some others of similar construction, are bound with 
chains or hoops of iron, to prevent them from spreading at 
bottom. Domes which are made of wood depend, in part, 
for their strength on their internal carpentry. The Halle 
du Bled, in Paris, had originally a wooden dome more than 
200 feet in diameter, and only one foot in thickness. This 
has since been replaced by a dome of iron secu 
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69.—The Roof: is the most commen and cheap method 
of covering buildings, to protect them from rain and other 
effects of the weather. It is sometimes flat, but more fre- 
quently oblique, in its shape. The flat or platform roof is 
the least advantageous for shedding rain, and is seldom used 
in northern countries. The esit roof, consisting of two 
oblique sides meeting at top, is the most common form. 
These roofs are made steepest in cold climates, where they 
are liable to be loaded with snow. Where the four sides of 
the roof are all oblique, it is denominated a hipped roof, and 
where there are two portions to the roof, of different ob- 
liquity, it is a curb, or mansard roof. In modern times, roofs 
are made almost exclusively of wood, though frequently 
covered with incombustible materials. The internal struc- 
ture or carpentry of roofs is a subject of considerable me- 
chanical contrivance. The roof is supported by rafters, 
which abut on the walls on each side, like the extremities of 
an arch. If no other timbers existed except the raic 
they would exert a strong lateral pressure on the walls, 
tending to separate and Overthrow them. To counteract 
this lateral force, a ¢ze-6eam, as it is called, extends across, 
receiving the ends of the rafters, and protecting the wall 
from their horizontal thrust. To prevent the tie-beam from 
sagging, or bending downward with its own weight, a $rng- 
post is erected from this beam, to the upper angle of the 
rafters, serving to connect the whole, and to suspend the 
weight of the beam. This is called ¢russing. Queen-posts 
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are sometimes added, parallel to the king-post, in large roofs: 
also various other connecting timbers. In Gothic buildings, 
where the vaults do not admit of the use of a tie-beam, the 
rafters are prevented from spreading, as in an arch, by the 
strength of the buttresses. 

In comparing the lateral pressure of a high roof with 
that of a low one, the length of the tie-beam being the same, 
it will be seen that a high roof, from its containing most 
materials, may produce the greatest pressure, as far as 
weight is concerned. On the other hand, if the weight of 
both be equal, then the low roof will exert the greater press- 
ure; and this will increase in proportion to the distance of 
the point at which perpendiculars, drawn from the end of 
each rafter, would meet. In roofs, as well as in wooden 
domes and bridges, the materials are subjected to an inter- 
nal strain, to resist which the cohesive strength of the ma- 
terial is relied on. On this account, beams should, when 
possible, be of one piece. Where this cannot be effected, 
two or more beams are connected together by splicing. 
eed beams are never so strong as whole ones, yet they 
may be made to approach the same strength, by affixing lat- 
eral pieces, or by making the ends overlay each other, and 
connecting them with bolts and straps of iron. The ten- 
dency to separate is also resisted, by letting the two pieces 
into each other by the process called scarfing. Mortices, in- 
tended to ¢vzss or suspend one piece by another, should be 
formed upon similar principles. 

ioois in the United States, after being ‘boarded, receive 
a secondary covering of shingles. When intended to be 
incombustible, they are covered with slates or earthen tiles, 
Smith sheets of lead, copper, or tinned iron. Slates arc 
preferable to tiles, being lighter, and absorbing less moisture. 
Metallic sheets are chiefly used for flat roofs, wooden domes, 
and curved and angular surfaces, which require a flexible 
material to cover them, or have not a sufficient pitch to shed 
the rain from slates or shingles. Various artificial composi- 
tions are occasionally used to cover roofs, the most common 
of which are mixtures of tar with lime, and sometimes with 
sand and gravel._—L£iucy. Am. (See Art. 202.) 


SECTION IL—CONSTRUCTION. 


ART. 70.—Construction Essential.—Construction is that 
part of the Science of Building which treats of the Laws of 
Pressure and the strength of materials. To the architect 
and builder a knowledge of it is absolutely essential. It de- 
serves a larger place in a volume of this kind than is genc- 
rally allotted to it. Something, indeed, has been said upon 
the styles and principles, by which the best arrangements 
may be ascertained; yet, besides this, there is much to be 
learned. For however precise or workmanlike the several 
parts may be made, what will it avail, should the system of 
framing, from deficient material, or an erroneous position of 
its timbers, fail to sustain even its own weight? Hence the 
necessity fora knowledge of the laws of pressure and the 
strength of materials. These being once understood, we 
can with confidence determine the best position and dimen- 
sions for the several pieces which compose a floor or a roof, 
a partition or a bridge. As systems of framing are more or 
less exposed to heavy weights and strains, and, in case of 
failure, cause not only a loss of labor and material, but fre- 
quently that of life itself, it is very important that the mate- 
rials employed be of the proper quantity and quality to serve 
their destination. And, on the other hand, any superfluous 
material is not only useless, but a positive injury, as it is an 
unnecessary load upon the points of support. It is neces- 
sary, therefore, to know the Xas’ quantity of material that 
will suffice for strength. Not the least common fault in 
framing is that of using an excess of material. Economy, at 
least, would seem to require that this evil be abated. 

Before proceeding to consider the principles upon which 
a system of framing should be constructed, let us attend to 
a few of the elementary laws in Mechanics, which will be 
found to be of great value in determining those principles. 
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7{.—lLaws of Pressure.—(1.) A heavy body always cx- 
erts a pressure equal to its own weight in a vertical direc- 
tion. Example: Suppose an iron ball weighing 100 lbs. be 
supported upon the top of a perpendicular post (Fig. 22-A); 
then the pressure exerted upon that post will be equal to 
the weight of the ball, viz., rco lbs. (2.) But if two inclined 
posts (Fig. 22-8) be substituted for the perpendicular sup- 
port, the united pressures upon these posts will be more 
than equal to the weight, and will be in proportion to their 
position, The farther apart their fect are spread the greater 
will be the pressure, and «ce versa. Hence tremendous 
strains may be exerted by a comparatively small weight. 
md it follows, therefore, that a piece of timber intended 
for a strut or post should be so placed that its axis may 
coincide, as nearly as possible, with the direction of the 
pressure. The direction of the pressure of the weight IV 
(Fig. 22-5) is in the vertical line 6 d; and the weight IV 
would fall in that line if the two posts were removed; hence 
the best position for a support for the weight would be in 


A. 


that linc. But as it rarcly occurs in systems of framing 
that weights can be supported by any single resistance, they 
requiring generally two or more supports (as in the case of 
a roof supported by its rafters), it becomes important, there- 
fore, to know the exact amount of pressure any certain 
weight is capable of exerting upon oblique supports. Now, 
it has been ascertained that the three lines of a triangle, 
drawn parallel with the direction of three concurring forces 
in equilibrium, are in proportion respectively to these 
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forces. For example, in Fig. 22-8, we have a representation 
of three forces concurring in a point, which forces are in 
equilibrium and at rest; thus, the weight IV is one force, 
and the resistances exerted by the two pieces of timber are 
the other two forces. The direction in which the first force 
acts is vertical—downwards; the direction of the two other 
forces is in the axis of each piece of timber respectively. 
These three forces all tend towards the point 6. 

Draw the axes a 6 and dc of the two supports; make bd 
vertical, and from æ draw de and d f parallel with the axes 
bc and 6 æ repectively. Then the triangle 4 d @ Nas its 
lines parallel respectively with the direction of the three 
forces; thus, ód is in the direction of the weight W, d c paral- 
lel with the axis of the timber D,and e å is in the direction of 
the timber C. In accordance with the principle above stated, 
the lengths of the sides of the triangle g e are in propor- 
tion respectively to the three forces aforesaid ; thus— 

As the length of the line dd 
Is to the number of pounds in the weight IV, 
So is the length of the lime 2 2 
To the number of pounds’ pressure resisted by the 
umber C. 
Again—-— 
As the length of the line 6d 
Is to the number of pounds in the weight IV, 
So is the length of the line de 
Lothe number of pounds’ pressure resisted by the 
timber D. 
And again— 
As the length of the line 6 e 
Is to the pounds’ pressure resisted by C, 
So is the length of the line de 
To the pounds’ pressure resisted by D. 


These proportions are more bricfly stated thus— 
Tee ba: iV 2: 0 come 


P being used as a symbol to represent the number of pounds’ 
pressure resisted by the timber C. 
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2a. CEM sd es 0, 


—_ 


C representing the number cf pounds’ pressure resisted by 
the timber D. 


Ra. De ee es. 0), 


72.—Parallelogram of Forces.—This relation between 
lines and pressures is applicable in ascertaining the pres- 
sures induced by known weights throughout any system of 
framing. The parallelogram ded/ is called the Parallelo- 
eram of Forces; the two lines ġe and f being called the 
components, and the line 6 d the resultant. Where it is re- 
quired to find the components from a given resultant (Fig. 
22-8), the fourth line d f need not be drawn, for the triangle 
bde gives the desired result. But when the resultant is to 
be ascertained from given components (/7zg. 28), it is more 
convenient to draw the fourth line. 


73.—The Resolution of Forces: is the finding of two 
or more forces which, acting in different directions, shai! 
exactly balance the pressure of any given szzg/e force. To 
make a practical application of this, let it be required to 
ascertain the oblique pressure in /zg. 22-8. In this figure the 
line dæ measures half an inch (0-5 inch), and the line de 
three tenths of an inch (0-3 inch). Now if the weight IV 
be supposed to be 1200 pounds, then the first stated propor- 
tion above, 


eee F becomes O-5 2 120022 0-3 : 2 


And since the product of the means divided by one of the 
extremes gives the other extreme, this proportion may Le 
put in the form of an egzatzon, thus— 


1200 X 0-3__ p 
0:5 Í 


Performing the arithmetical operation here indicated—that 
is, multiplying together the two quantities above the line, 
` and dividing the product bv the quantity under the line—the 
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quotient will be equa! to the quantity represented by P, viz., 
the pressure resisted by the timber C. Thus— 


The strain upon the timber C is, therefore, equal to 720 
pounds; and since, in this case (the two timbers being in- 
clined equally from the vertical), the line e 1s equal to the 
line ġ ¢, therefore the strain upon the other timber D is 
also 720 pounds. 


Ld 


74.—Inclination of Supports Unequal.—In Fig. 23 the 
pressures in the two supports are unequal. The supports 
are also unequal in length. The length of the supports, 
however, does not alter the amount of pressure from the 
concentrated load supported; but generally long timbers 
are not so capable of resistance as shorter ones. For, not 
being so stiff, they bend more readily, and, since the com- 
pression is in proportion to the length, they therefore 
shorten more.’ To ascertain the pressures in Fg. 23, let the 
weight suspended from 4d be equal to two and three quarter 
tons (2-75 tons). The line 6@ measuresmive and) a hall 
tenths of an inch (0-55 inch), and the line de half an inch 
(o-5 inch). Therefore, the proportion 


Da ie: P becomesO- 55) a2 az elo gee. 
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2°75 5 == 2 
anr 


and 


2°75 
0:5 


Crs 5 le y5 (eas =. 
I 10 


275 
275 
Give stram upon the timber A is, therefore, equal to two 
and a half tons. 
Again, the line ¢ d measures four tenths of an inch (0-4 
inch); therefore, the proportion 


Ui: Wied: Q becomes O 55°: 257514: O74 20, 


2-75 x 0: 
and T OPaE ; 


0-55 


2:75 
o4 


oS Too = O. 
TO 


ihe ean upon the timber Z is, therefore, cqual to two 
tons. 


75.— The Strains Exceed the Weights.—Thus the united 
pressures upon the two inclined supports aiways exceed the 
weight. In the last case, 2? tons exert a pressure of 24 and 
2 tons, equal together to 44 tons; and in the former case, 
1200 pounds exert a pressure of twice 720 pounds, equal to 
1440 pounds. The smaller the angle of inclination to the 
horizontal, the greater will be the pressure upon the sup- 
ports. So, in the frame of a roof, the strain upon the rafters 
decreases gradually with the increase of the angle of inch- 
nation to the horizon, the length of the rafter remaining the 
same. 
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This is true in comparing one system of framing with 
another ; but in a system where the concentrated weight to 
be supported is not in the middle (see Fzg. 23), and, in con- 
sequence, the supports are not inclined equally, the strain 
will be greatest upon that support which has the greatest 
inclination to the horizon. 


76.—Minimum Thrust of Rafters.——Ordinarily, as in 
roofs, the load is not concentrated, it being that of the fram- 
ing itself. Here the amount of the load will be in proportion 
to the length of the rafter, and this will increase with ihe 
increase of the angle of inclination, the span remaining the 
same. So it is seen that in enlarging the angle of inclina- 
tion to the horizon in order to lessen the obiique thrust, the 
load is increased in consequence of the elongation of the 
rafter, thus increasing the obliquc thrust. Hence there is 
an economical angle of inclination. A rafter will have the 
least oblique thrust when its angle of inclination to the 
horizon is 35° 16’ nearly. This angle is attained very nearly 
when the rafter rises 84 inches per foot, or when the height 
B C (Fig. 32) is to the base A C as 84 is to 120r as oT O ME 
[O T-O. 


77.—Practical Method of Determining Strains.— A com- 
parison of pressures in timbers, according to their position, 
may be readily made by drawing various designs of framing 
and estimating the several strains in accordance with the 
parallelogram of forces, always drawing the triangle ð d e 
so that the three lines shall be parallel with the three forces 
or pressures respectively. The /eng¢h of the lines forming 
this triangle is unimportant, but it will be found more con- 
venient if the line drawn parallel with the £vowx force is 
made to contain as many inches as the known force contains 
pounds, or a3 many tenths of an inch as pounds, or as many 
inches as <0 is, or tenths of an inch aS tons Orm Senca 
as many divisions of any convenient scale as there are units 
of weight or pressure in the known force. If drawn in this 
manner, then the number of divisions of the same scale 
found in the other two lines of the triangle will equal the 
units of pressure or weight of the other two forces respect- 
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ively, and the pressures sought will be ascertained simply by 
applying the scale to the lines of the triangle. 

omexample, in 7¢. 23, the vertical line 6 d, of the tri- 
angle, measures fifty-five hundredths of an inch (0-55 inch); 
the line 4c, fifty hundredths (0-50 inch); and the line e g, 
forty (0-40 inch). Now, if it be supposed that the vertical 
pressure, or the weight suspended below @ d, is equal to 55 
pounds, then the pressure on 4 will equal 50 pounds, and 
that on Z will equal 40 pounds; for, by the proportion above 
stated, 


DUES NaS TN ee 
Se O50, 


and so of the other pressure. 

If a scale cannot be had of equal proportions with the 
forces, the arithmetical process will be shortened somewhat 
by making the line of the triangle that represents the $xzowz 
weight equal to unity of a decimally divided scale, then the 
other lines will be measured in tenths or hundredths; and 
in the numerical statement of the proportions between the 
lines and forces, the first term being unity, the fourth term 
will be ascertained simply by multiplying the second and 
third terms together. 

Poeweexaimple, if the three lines are 1, 0-7, and 1-3, and 
the known weight is 6 tons, then 


bd: M: be: FP becomes 
MeO a a =D, 


equals four and two tenths tons. Again— 


bd: W:: ed: O becomes 


Al 


O e O acts 
equals seven and eight tenths tons. 


78.—Horizontal Thrust.—In 77g. 24, the weight IV presses 
Miewstruts im tle direction of their length; their feet, z x, 
therefore, tend to move in the direction zo, and would so 
move were they not opposed by a sufficient resistance from 
the blocks, 4 and 4. If a piece of cach block be cut off at 
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the horizontal line, æ z, the feet of the struts would slide 
away from each other along that line, in the direction za; 
but if, instead of these, two pieces were cut off at the verti- 
cal line, zò, then the struts would descend vertically. To 
estimate the horizontal and the vertical pressures exerted by 
the struts, let zo be made equal (upon any scale of equal 
parts) to the number of tons with which the strut is pressed ; 
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construct the parallelogram of forces by drawing o¢ parallcl 
to az,and of parallel to dx, then xf (by the same scalc) 
shows the number of tons pressure that is exerted by the 
strut in the direction z a, and ze shows the amount exerted 
in the direction zd. By constructing designs similar to this, 
giving various and dissimilar positions to the struts, and 
then estimating the pressures, it will be found in every case 
that the horizontal pressure of one strut is exactly equal to 
that of the other, however much one strut may be inclined 
more than the other; and also, that the united vertical 
pressure of the two struts is exactly cqual to the weight IV. 
(In this calculation the weight of the timbers has not been 
taken into consideration, simply to avoid complication to 
the learner. In practice it is requisite to include the weight 
of the framing with the load upon the framing.) 

Suppose that the two struts, B and D (Mig. 24), were 
rafters of a roof, and that instead of the blocks, A and A, the 
walls of a building were the supports: then, to prevent 
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the walls from being thrown over by the thrust of B and B, 
it would be desirable to remove the horizontal pressure. 
This may be done by uniting the feet of the rafters with a 


FIG, ASe 


rope, iron rod, or piece of timber, as in Fig. 25. This figure 
is similar to the truss of a roof. The horizontal strains on 
the tice-beam, tending to pull it asunder in the direction of 
its length, may be measured at the foot of the rafter, as was 
shown at Fig. 24; but it can be more readily and as accu- 
rately measured by drawing from fand e horizontal lines to 
the vertical line, dd, mecting it in o and o; then fo will be 
the horizontal thrust at Z, and eo at A; these will be found 
to equal one another. When the rafters of a roof are thus 
connected, all tendency to thrust out the walls horizontally 
is removed, the only pressure on them is in a vertical direc- 
tion, being equal to the weight of the roof and whatever it 
has to support. This pressure is beneficial rather than 
otherwise, as a roof having trusses thus formed, and the 
trusses weil braced to cach other, tends to steady the walls. 


79.—Position of Supports.—/7gs. 26 and 27 exhibit two 
methods of supporting the equal weights, Wand W. Let 
it be required to measure and compare the strains produced 
on the pieces, A Band AC. Construct the parallelogram of 
forces, e b fd, according to Art. 71. Then &/ will show the 
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strain on A B, and ġe the strain on A C. By comparing the 
figures, d being equal in each, it will be seen that the 
strains in /zg. 26 are about three times as great as those in 
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fig. 27; the position of the pieces, A B and A C, in Fig. 27, 
is therefore far preferable. 


Fic. 28. 


80,—The Composition of Forces: consists in ascertain- 
ing the direction and amount of ove force which shall be 
just capable of balancing two or more given forces, acting in 
different directions. This is only the reverse of the resolu- 
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tion of forces; and the two are founded on one and the 
same principle, and may be solved in the same manner. For 
example, let A and # (/zg. 28) be two pieces of timber: 
pressed in the direction of their length towards J—A bya 
force equal to 6 tons weight, and Æ g tons. To find the 
direction and amount of pressure they would unitedly exert, 
draw the lines Je and f in a line with the axes of the 
timbers, and make Je equal to the pressure exerted by J, 
viz., 9; also make 4 f equal to the pressure on J, viz., 6, and 
complete the parallelogram of forces eb fd, then bd, the 
diagonal of the parallelogram, will be the direction, and its 
length, 9-25, will be the amount, of the united pressures of 
A and of 8. The line dd is termed the resultant of the two 
forces df and ve. If A and Bare to be supported by one 
post, C, the best position for that post will be in the direc- 
tion of the diagonal 4d; and it will require to be sufficiently 
strong to support the united pressures of 4 and of 4, which 
are equal to 9-25 or g¢ tons. 


FIG. 20. 


81.—Another Example.—Let Fig. 29 represent a piece of 
f.aming commonly called a crane, which is used for hoist- 
ing heavy weights by means of the rope, B bf, which passes 
over apulleyat ó. This, though similar to Fzgs. 26 and 27, Is, 
however, still materially different. In those figures, the 
strain is in one direction only, viz., from 4 to d; but in this 
there are two strains, from A to Band from A to W. The 
strain in the direction 4 B is evidently equal to that in the 
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direction A IV. To ascertain the best position for the strut 
A C, make ġe equal to 4f,and complete the parallelogram of 
forces eb fd, then draw the diagonal Jd, and it will be the 
position required. Should the foot, C, of the strut be placed 
either higher. or lower, the strain on AC would be in- 
creased. In constructing cranes, it is advisable, in order 
that the piece BA may be under a gentle pressure, to place 
the foot of the strut a trifle lower than where the diagonal 
bd would indicate, but never higher. 


82.—Ties and Struts.—Timbers in a state of tension are 
called fies, while such as are in a state of compression are 
termed s¢vuts. This subject can be illustrated in the follow- 
ing manner : 

Let A and B (Fig. 30) represent beams of timber sup- 
porting the weights IV, IV, and W; A having but one sup- 
port, which is in the middle of its length, and Z two, one at 
cach end. To show the nature of the strains, let each beam 
be sawed in the middle from ato 4. The effects are obvious: 
the cut in the beam A will open, whereas that in & will 
close. If the weights are heavy enough, the beam 4 will 
break at 6; while the cut in 2 will be closed perfectly tight 
at a, and the beam be very little injured by it. But if, on 
the other hand, the cuts be made in the bottom edge of the 
timbers, from c to 4, B will be seriously injured, while 4 
will scarcely be affected. By this it appears evident that, 
in a piece of timber subject to a pressure across the direction 
of its length, the fibres are exposed to contrary strains. If 
the timber is supported at both ends, as at B, those from the 
top edge down to the middle are compressed in the direction 
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of their length, while those from the middle to the bottom 
cdge are in a state of tension; but if the beam is supported 
as at A, the contrary effect is produced; while the fibres at 
the middle of either beam are not at all strained. The strains 
in a framed truss are of the same nature as those in a single 
beam. The truss for a roof, being supported at each end, 
has its tie-beam in a state of tension, while its rafters are 
compressed in the direction of their length. By this, it 
appears highly important that pieces in a state of tension 
should be distinguished from such as are compressed, in 
order that the former may be preserved continuous. A strut 
may be constructed of two or more pieces ; yet, where there 
are many joints, it will not resist compression so well. 


83.—To Distinguish Ties from Struts.—This may be done 
by the following rule. In Fig. 22-8, the timbers C and D are 
the sustaining forces, and the weight IV is the straiuzng force: 
and if the support be removed, the straining force would 
move from the point of support 4 towards d. Let it be 
required to ascertain whether the sustaining forces are 
stretched or pressed by the straining force. Rule.: Upon the 
direction of the straining force 4 d,as a diagonal, construct 
a parallelogram ¢ 4 fd whose sides shall be parallel with the 
direction of the sustaining forces C and D; through the 
point 6 draw a line parallel to the diagonal ef; this may 
then be called the dividing line between ties and struts. 
Because all those supports which are on that side of the 
dividing line which the straining force would occupy if 
unresisted are compressed, while those on the other side of 
the dividing line are stretched. 

In Fig. 22-8, the supports are both compressed, being on 
that side of the dividing line which the straining force would 
occupy ifunresisted. In figs. 26 and 27, in which A Z and 
A C are the sustaining forces, A C is compressed, whereas 
A Gis in a state of tension; AC being on that side of the 
line £2 which the straining force would occupy if unresisted, 
and A B on the opposite side. The place of the latter might 
be supplied by a chain or rope. In Fig. 25, the foot of the 
rafter at A is sustained by two forces, the wall and the tie- 
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beam, one perpendicular and the other horizontal: the 
direction of the straining force is indicated by the line da. 
The dividing line + 7, ascertained by the rule, shows that the 
wall is pressed and the tie-beam stretched. 


84,.—Another Example.—Let £ A P F (Fig. 31) represent 
a gate, supported by hinges at A and Æ. In this case, the 
straining force is the weight of the materials, and the direc- 
tion of course vertical. Ascertain the dividing line at the 
several points, G, 8, J, F7, H, and A. It will then appear that 
the force at G is sustained by 4 G and G £, and the dividing 
line shows that the former is stretched and the latter com- 
pressed. The force at 7 is supported by 4 and H £—the 
former stretched and the latter compressed. The force at B 
is opposed by Æ B and A 4, one pressed, the other stretched. 
The force at F is sustainedi by CF and FZ C ems 
stretched and FÆ pressed. By this it appears that A 2 is in 
a state of tension, and Æ F of compression; also, that A Æ 
and GF are stretched, while b H and G & are compressed : 
which shows the necessity of having A H and G F each in 
one whole length, while BH and GE may be, as they are 
shown, each in two pieces. The force at ¥ is sustained by 
G F and F H, the former stretched and the latter compressed. 
The piece C D is neither stretched nor pressed, and could 
be dispensed with if the joinings at F and 7 could be made 
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dee wally without it. In case A Z should fail, then C D 
would be in a state of tension. 


85.—Centre of Gravity.—The centre of gravity of a uni- 
form prism or cylinder is in its axis, at the middle of its 
length; that of a triangle is in a line drawn from one angle 
to the middle of the opposite side, and at one third of the 
length of the line from that side; that of a right-angled tri- 
angle, at a point distant from the perpendicular equal to one 
third of the base, and distant from the base equal to one 
third of the perpendicular ; that of a pyramid or cone, in 
the axis and at one quarter of the height from the base. 

The centre of gravity of a trapezoid (a four-sided figure 
having only two of its sides parallel) is ina line joining the 
centres of the two parallel sides, and at a distance from the 
longest of the parallel sides equal to the product of the 
length in the sum of twice the shorter added to the longer 
_ of the parallel sides, divided by three times the sum of the 
two parallel sides. Algebraically thus: 


where @ equals the distance from the longest of the parallel 
sides, / the length of the line joining the two parallel sides, 
and a the shorter and @ the longer of the parallel sides. 
Example—x rafter 25 feet long has the larger end 14 
inches wide, and the smaller end 10 inches wide: how far 
iom~ethe larger end is the centre of gravity located ? 
Jerod = 25,4=— 19, and d= 14, 


P(2a@+b)_ 25(2x49+45) _ 25x95 _ 25 x34 
3 (a+b) 34$+48) 8x5, 3% 24 


hence d = 


oe = 11-8 = 11 feet 9% inches nearly. 

In irregular bodics with plain sides, the centre of gravity 
may be found by balancing them upon the edge of a prism 
—-upon the edge of a table—in two positions, making a linc 
each time upon the body ina line with the edge of the prism, 
and the intersection of those lines will indicate the point re- 
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quired. Or suspend the article by a cord or thread attached 
to one corner or edge; also from the same point of suspen- 
sion hang a plumb-linc, and mark ifs position on the face of 
the article; again, suspend the article from another corner 
or side (nearly at right angles to its former position), and 
mark the position of the plumb-line. upon its face; then the 
intersection of the two lines will be the centre of gravity. 


RIG 32 


86.—Effect of the Weight of Inclined Beams.—An in- 
clined post or strut supporting some heavy pressure applied ` 
at its upper end, as at zg. 25, exerts a pressure at its foot in 
the direction of its length, or nearly so. But when such a 
beam is loaded uniformly over its whole length, as the rafter 
of a roof, the pressure at its foot varies considerably from 
the direction of its length. Por example let Ae (eae, 
be a beam leaning against the wall Zc, and supported at its 
foot by the abutment A, in the beam A ¢, and let @ be the 
centre of gravity of the beam. Through o draw the verti- 
cal line 6d, and from Z draw the horizontal line Z 4, cutting 
6din 6; join 6 and 4, and ò A will be the drectzon of the 
thrust. To prevent the beam from loosing its footing, the 
joint at A should be made at right angles to, 6A. The 
amount of pressure will be found thus: Let 4d (by any scale 
of equal parts) equal the number of tons upon the beam 
T; draw d e parallelto 2 6: then @e@ (by the sime eo ik; 
equals the pressure in the direction 6 A; and ¢d the pres- 
sure against the wall at 2—and also the horizontal thrust at 
A, as these are always equal in a construction of this kind. 

The horizontal thrust of an inclined beam (Fig. 32)—the 
effect of its own weight—may be calculated thus: 

Rule.—Multiply the weight of the beam in pounds by 
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Ee MC, m feet, and by the distance in fect of its centre 
G@ieeravity, a (sce A77. 83), from the lower end, at A, and 
divide this product by the product of the length, 4 B, into 
the height, C, and the quotient will be the horizontal 
dow 
ne 
where Z equals the distance of the centre of gravity, o, from 
the lower end; & equals the base, A C; w equals the weight 
Meme beam; 4 equals the height, Z C, ¢ equals the length 
of the beam; and Æ equals the horizontal thrust. 

Example—A beam 20 feet long weighs 3c0 pounds; its 
centre of gravity is at 9 feet from its lower end ; it is so in- 
emed that its base is 16 feet and its height 12 feet: what is 
the horizontal thrust? 


thrust in pounds. This may be stated thus: Z = 


d bw oOx 30O Oa «25 
H F ee ea e = j 
F becomes ee : Crea E 


= I$o =% = the horizontal thrust. 


This rule is for cases where the centre of gravity does 
not occur at the middle of the length of the beam, although 
W applicable when it docs occur at the middle; yet a 
shorter rule will suffice in this case, and it is thus: 

Kule—Multiply the weight of the rafter in pounds by 
twe base, 4 C (fz. 32), in feet, and divide the product by 
Ea ec ine height, 6 C, in fect, and the quotient will be the 
horizontal thrust, when the centre of gravity occurs at the 
middle of the beam. : 

If the inclined beam is loaded with an equally distributed 
load, add this load to the weight of the beam, and use this 
total weight in the rule instead of the weight of the beam. 
fea generally, if the centre of gravity of the combined 
weights of the beam and load does not occur at the centre 
of the length of the beam, then the former rule is to be used. 

In Fig. 33, two equal beams are supported at their feet by 
the abutments in the tie-beam. This case is similar to the 
last; for it is obvious that each beam is in precisely the 
position of the beam in /7g. 32. The horizontal pressures at 
D, being equal and opposite, balance one another ; and their 
horizontal thrusts at the tic-beam are also equal. (See Ari. 
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78—fig. 25.) When the height of a roof (Fig. 33) is one 
fourth of the span, or of a shed (Fig. 32) is one halt the 
span, the horizontal thrust of a rafter, whose centre of grav- 
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ity is at the middle of its length, is exactly equal to the 
weight distributed uniformly over its surface. 

In shed or /ean-to roofs, as Fig. 32, the horizontal pressure 
will be entirely removed if the bearings of the rafters, as d 
and B (Fig. 34), are made horizontal—provided, however, 


B 


E 


that the rafters and other framing do not bend between the 
points of support. Ifa beam or rafter have a natural curve, 
the convex or rounding edge should be laid uppermost. 


EG 34 


87.—Effect of Load on Beam. —The strain in a uniformly 
loaded beam, supported at each end, is greatest at the 
middle of its length. Hence mortices, large knots, and other 
defects should be kept as far as possible from that point; 
and in resting a load upon a beam, asa partition upon a 
floor-beam, the weight should be so adjusted, if possible, 
that it will bear at or near the ends. 

Twice the weight that will break a beam, acting at the 
centre of its length, is required to break ıt when equally 
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@metributed over its length; and precisely the same deflec- 
tion or sag will be produced on a beam by a load equally 
distributed that five cighths of the load will produce if act- 
ing at the centre of its length. 


88.—Effect on Bearings.—When a uniformly loaded 
beam is supported at each end on level bearings (the beam 
itself being either horizontal or inclined), the amount of 
pressure caused by the load on each point of support is 
equal to one half the load; and this 1s also the ase when 
the load is concentrated at the middle of the beam, or has 
its centre of gravity at the middle of the beam; but when 
the load is unequally distributed, or concentrated so that its 
centre of gravity occurs at some other point than the middle 
of the beam, then the amount of pressure caused by the 
load on one of the points of support is unequal to that on 
the other. The precise amount on each may be ascertained 
by the following rule. 

Rule.— Multiply the weight IV (Fzg. 35) by its distance, 
C B, from its nearest point of support, 4, and divide the pro- 
duct by the length, 4S, of the beam, and the quotient will 
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be the amount of pressure on the remote point of support, A. 
Again, deduct this amount from the weight IV, and the re- 
mainder will be the amount of pressure on the near point of 
support, £; or, multiply the weight IV by its distance, dC, 
from the remote point of support, A, and divide the pro- 
duct by the length, A B, and the quotient will be the amount 
of pressure on the wear point of support, ZB. 

When / equals the length between the bearings A and B, 
jai 0, 7P—=C L,and IV =the load: then 
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W 
L- = B = the amount of pressure at B. 


Example. —A beam 20 feet long between the bearings 
has a load of 100 pounds concentrated at 3 feet from one of 
the bearings: what is the portion of this weight sustained by 
each bearing ? 

ee EO 7, 17: 72, 3: and A 20. 
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pr = ee 
aa 20 
Load on A = 15; pounds: 
Load on b = 85 pounds. 
Total weight = 100 pounds. 
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89.—Weight—Strength.— Preliminary to designing a roof- 
truss or other piece of framing, a knowledge of two Fly ees 
is essential: one is, the effect of gravity acting upon the 
various parts of the intended structure ; the other, the power 
of resistance possessed by the materials of which the framing 
is to be constructed. The former subject having been 
treated of in the preceding pages, it remains now to call at- 
tention to the latter. 


90. ‘of Materials.— Materials used in construc- 
fion are constituted in their structure either-of fibres 
(threads) or of grains, and are termed, the former fibrous, 
the latter granular. All woods and. wrought metals are 
fibrous, while cast iron, stone, glass, etc., are granular. The 
strength of a granular material lies in the power of attrac- 
tion acting among the grains of matter of which the mate- 
rial is composed, by which it resists any attempt to separate 
its grains or particles of matter. A fibre of wood or of 


——— a 
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wrought metal has a strength by which it resists being com- 
pressed or shortened, and finally crushed; also a strength 
by which it resists being extended or made longer, and 
finally sundered. There is another kind of strength in a 
fibrous material: it is the adhesion of one fibre to another 
along their sides, or the lateral adhesion of the fibres. 


9!.—Manner of Resisting.—In the strain applied to a 
post supporting a weight imposed upon it (zg. 36), we 
have an instance of an essay to shorten the fibres of which 
the timber is composed. The strength of the timber in 
this case is termed the reszstance to compression. In the strain 
ona piece of timber like a king-post or suspending piece 
(A, Fig. 37), we have an instance of an essay to extend or 
lengthen the fibres of the material. The strength here ex- 
hibited is termed the resistance to tension. When a piece of 
timber is strained like a floor-beam or any horizontal piece 
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carrying a load (Fig. 38). we have an instance in which the 
two strains of compression and tension are both brought 
into action; the fibres of the upper portion of the beam bc- 
ing compressed, and those of the under part being stretched. 
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This kind of strength of timber is termed reststance to cross- 
strains. In each of these three kinds of strain to which tim- 
ber is subjected, the power of resistance is in a measure duc 
to the /atcral adhesion of the fibres, not so much perhaps in 
the simple tensile strain, yet to a considerable degree in the 
compressive and cross strains. But the power of timber, 
by which it resists a pressure acting compressively in the 
direction of the length of the fibres, tending to separate the 
timber by splitting off a part, as in the case of the end of a 
tie-beam, against which the foot of the rafter presses, is 
wholly due to the lateral adhesion of the fibres. 


92.—Strength and Stiffness.—The strength of materials 
is their power to resist fracture, while the s¢zffuess of mate- 
rials is their capability to resist deflection or sagging. A 
knowledge of their strength 1s useful, in order to determine 
their limits of size to sustain given weights safely; but a 
knowledge of their stzffuess is more important, as in almost 
all constructions it is desirable not only that the load be safely 
sustained, but that no appearance of weakness be manifested 
by any sensible deflection or sagging. 


93.—Experiments: Constants.— In the investigation of 
the laws applicable to the resistance of materials, it is found 
that the dimensions—length, breadth, and thickness—bear 
certain relations to the weight or pressure to which the 
piece is subjected. These relations are general, they menist 
quite independently of the peculiarities of any specific piece 
of material. These proportions between the dimensions 
and the load are found to exist alike in wood, metal, stone, 
and glass, or other material. One law applies alike to all 
materials ; but the capability of materials to resist differs in 
accordance with the compactness and cohesion of particles, 
and the tenacity and adhesion of fibres, those qualities upon 
which depends the superiority of one kind of material over 
another. The capability of each particular kind of material 
is ascertained by experiments, made upon several specimens, 
and an average of the results thus obtained is taken as an 
index of the capability of that material, and is introduced 
in the rules as a constant number, each specific kind of ma- 
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terial having its own special constant, obtained by cx- 
perimenting on specimens of that peculiar material. The 
results of experiments made to test the resistance of various 
materials useful in construction—their capability to resist 
the three strains before named—will now be introduced. 


94.—Resistance to Compression.—The following table 
exhibits the results of experiments made to test the resist- 
ance to compression of such woods as are in common use in 
this country for the purposes of construction. 


TABLE I.—RESISTANCE TO COMPRESSION. 


: C. ie 2 g P: 
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eee AP INE . 4... cece sees 0-613 9500 840 2250 goo 
OC DS( 435 0-762 11700 1160 2800 1120 
Winte Ori N 0:774 8000 1250 2650 1060 
OFS (000 en 0-369 7850 540 650 260 
NRG 121 EEEE E 0-388 6650 480 800 320 
PEOC la a e cae ee ee ee cee ea ee 0'42 5700 370 800 320 
IE AAO EEE 0:397 3400 ae 800 320 
18S e 0-491 6700 cae 1250 500 
ASD oo gOS ee 0-517 5850 ets 3100 1240 
Maple coooa aa T 0:574 8450 oan: 2700 1080 
Bhekorne ee ec esac eee e ee ene 0-877 13750 ere 4100 16.40 
“VE? 2 0° 494 9050 ee 2500 1000 
Black Walnut .............-. O:42I 7800 F. 2100 840 
Mahogany (St. Domingo)..... 0-837 11600 Seats 5700 2280 
g (Bay Wood) ....... 0-439 4900 re 1700 680 
iLive Orik I ra 0-916 11100 eke 6800 2720 
Bee VIZ owe cee cee 1-282 12100 eee 7700 3080 


The resistance of timber of the same name varies much; 
depending as it obviously must on the soil in which it grew, 
on its age before and after cutting, on the time of year 
when cut, and on the manner in which it has been kept since 
it was cut. And of wood from the same trec much depends 
upon its location, whether at the butt or towards the limbs, 
and whether at the heart or of the sap, or at a point mid- 
way from the centre to the circumference of the tree. The 
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pieces submitted to experiment were of ordinary good 
quality, such as would be deemed proper to be used in 
framing. The prisms crushed were generally small, about 
2 inches long, and from 1 inch to 14 inches square; some 
were wider one way than the other, but all containing in 
area of cross section from 1 to 2 inches. The weight given 
Imthe table is the average weight per supericial meh: 

Of the first six woods named, there were nine specimens 
ol each tested; of the others, generally three specimen< 

The results for the first six woods named are taken 
from the author’s work on Transverse Strains, published by 
John Wiley & Sons, New York. The results for these six 
woods, as well as those for all the others named in the table, 
were obtained by experiments carefully made by the author. 
The first six woods named were tested in 1874 and 1876, and 
upon a testing machine, in which the power is transmitted 
to the pieces tested, by levers acting upon knife-edges. 
For a description of this machine, see Transverse Strains, 
Art. 704. The woods named in the table, other than the 
first six, were tested some twenty years since, and upon a 
hydraulic press, which, owing to friction, gave results too 
low. 

The results, as thus ascertained, were given to the public 
in the 7th edition of this work, in 1857. In the present edi- 
tion, the figures in Table I., for these woods, are those 
which have resulted by adding to the results given by the 
hydraulic press a certain quantity thought to be requisite 
to compensate for the loss by friction. Thus corrected, the 
figures in the table may be taken as sufficiently near approx- 
imations for use in the rules,—although not so trustworthy 
as the results given for the first six woods named, as these 
were obtained upon a superior testing machine, as above 
stated. 

In the preceding table, the second column contains the 
specific gravity of the several kinds of wood, showing their 
comparative density. The weight in pounds of a cubic foot 
of any kind of wood or other material is equal to its 
specific gravity multiplied by 62-5, this number being the 
weight in pounds of a cubic foot of water. The third column 


EXPLANATION OF TABLE I. St 


contains the weight in pounds required to crush a prism 
haying a base of one inch square; the pressure applied to 
the fibres longitudinally. In practice, it is usual never to 
load material exposed to compression with more than one 
fourth of the crushing weight, and gencrally with from one 
sixth to one tenth only. The fourth column contains the 
weight in pounds which, applied in line with the length of the 
fibres, 1S required to force off a part of the piece, causing the 
hbres to separate by sliding, the surface separated being one 
inch square. Thefifth column contains the weight in pounds 
required to crush the piece when the pressure is applied to the 
fibres transversely, the piece being one inch thick, and the 
surface crushed being one inch square, and depressed one 
twentieth of an inch deep. The sixth column contains the 
value of P in the rules; P being the weight in pounds, ap- 
plied to the fibres transversely, which is required to make a 
sensible impression one inch square on the side of the piece, 
imeeoemne the greatest weight that would be proper fora 
post to be loaded with per inch surface of bearing, resting 
on the side of the kind of wood set opposite in the table. A 
greater weight would, in proportion to the excess, crush the 
side of the wood under the post, and proportionably derange 
the framing, if not cause a total failure. It will be observed 
that the measure of this resistance is useful in limiting the 
load on a post according to the kind of material contained, 
not in the post, but in the timber upon which the post presses. 


95.—Resistance to Tension.—Thc resistance of materials 
to the force of stretching, as exemplified in the case of a 
rope from which a weight is suspended, is termed the reszst- 
ance to tension. ln fibrous materials, this force will be differ- 
ent in the same specimen, in accordance with the dzrectzou 
in which the force acts, whether in the direction of the length 
of the fibres orat right angles to the direction of their length. 
It has been found that, in hard woods, the resistance in the 
former direction is about eight to ten times what it is in the 
latter; and in soft woods, straight grained, such as white 
pine, the resistance is from sixteen to twenty times. A 
knowledge of the resistance in the direction of the fibres is 
the most useful in practice. 
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In the following table are recorded the results of ex- 
periments made to test this resistance in some of the woods 
in common use, and also in iron, cast and wrought. Each 
specimen of the woods was turned cylindrical, and about 2 
inches diameter, and then the middle part reduced to about 
3 of an inch diameter, at the middle of the reduced part, 
and thence gradually increased toward each end, where it 
was considerably larger at its Junction with the enlarged 
end. The results, in the case of the iron and of the first six 
woods named, are taken from the author’s work, Trans- 
verse Strains, Table XX. Experiments were made upon 
the other three woods named by a hydraulic press, some 
twenty years since, and the results were first published in 
the 7th edition of this work, in 1857. These results, owing 
to friction, were too low. Adding to them what is supposed 
to be the loss by friction of the machine, the results thus 
corrected are what are given for these three woods in tre 
following table, and may be taken as fair approximations, 
but are not so trustworthy as the figures given for the other 
six woods and for the metals. 


TABLE II.—RESISTANCE TO TENSION. 
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The figures in the table denote the w/¢zmazte capability of 
a bar one inch square, or the weight in pounds required to 
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produce rupture. Just what portionof this should be taken 
as the safe capability will depend upon the nature of the 
strain to which the material is to be exposed. In practice it 
is found that, through defects in workmanship, the attach- 
ments zay be so made as to cause the strain to act along one 
side of the piece, instead of through its axis; and that in this 
case fracture will be produced with one third of the strain 
that can be sustained through the axis. Due to this and 
other contingencies, it is usual to subject materials exposed 
to tensile strain with only from one sixth to one tenth of 
the breaking weight. 


to Transverse Strains.—In the follow- - 
ing Mile are recorded the results of experiments made to 
test the capability of the various materials named to resist 
the effects of transverse strain. The figures are taken from 
the author's work, Transverse Strains, before referred to. 


TABLE III.—TRANSVERSE STRAINS. 


B. | F. e. a. 
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The figures in the second column, headed A, denote the 
weight in pounds required to break a wxzt of the material 
named when suspended from the middle, the piece being 
supported at each end. The zzz¢ of material is a bar one inch 
square and one foot long between the bearings. The third 
column, headed /, contains the values of the several mate- 
rials named as to their resistance to flexure, as explained in 
Arts. . 302—305, Transverse Strains. These values of F, as 
constants, are used inthe rules. The fourth column, headed 
c, contains the values of the several materials named, denot- 
ing the elasticity of the fibres, as explained in Art. 312, 
Transverse Strains. These values of c, as constants, are 
used in the rules. 

The fifth column, headed a, contains for the several ma- 
terials named the ratio of the resistance to flexure as com- 
pared with that to rupture, and which, as constants used 
in the rules, indicate the margin of safety to be given for 
cach kind of material. The figures given in each case show 
the smallest possible value that may be safely given toa, the 
factor of safety. In practice it 1s generally taken higher 
than the amount given in the table. For example, in the 
table the value of B, the constant for rupture by transverse 
strain for spruce, 1S 550. 

Now, if the dimensions of a spruce beam to carry a given 
weight be computed by the rules, using the constant J, at 
350, the beam will be of such a size that the given weight 
will just break it. 

But if, in the computation, instead of taking the full 
value of B, only a part of it be taken, then the beam will not 
break immediately; and if the part taken be so small that 
its effect upon the fibres shall not be sufficient to strain them 
beyond their limit of elasticity, the beam will be capable of 
sustaining the weight for an indefinite period; in this case 
the beam will be loaded by what is termed the safe weight. 
Orysince the value of æ for spruce is 2-23 am the table, m an. 
stead of taking Z at 550, its full value, only the quotient 
arising from a division of B by a be taken—or 550 divided 
by 2-23, which equals 246-6—then the beam will be of suff- 
cient size to carry the load safely. Therefore, while the con- 
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stant B is to be used for a breaking weight, for a safe load 


the quotient of P is to be used. Bat agaiim 1 æ be taken ct 
a 


its value as given in the table, the computed beam will be 
loaded up to its limit of safety. So loaded that, if the load 
be increased only ina small degree, the umit of safety will 
be passed, and the beam liable, in time, to fail by rupture. 

Therefore, as the values of a, in the table, are the smallest 
possible, it is prudent in practice always to take æ larger 
mthe table value. For example, the table value of 
feGespruce is 2-23, but im practice let it be taken at 3 
Or 4. 


97.—Resistance to Compression.—Thc resistance of ma- 
terials to the force of compression may be considered in 
several ways. Posts having their heights less than ten 
times their least sides will crush before bending; these 
belong to one class: another class is that which com- 
prises all posts the height of which is equal to ten timcs 
their least sides, or more than ten times; these will bend 
before crushing. Then there remains to be considered 
the manner in which the pressure is applied: whether in 
line with the fibres, or transversely to them; and, again, 
whether the pressure tends to crush the fibres, or simply 
to force off a part of the piece by splitting. The various 
pressures may be comprised in the four classes following, 
namely : 

ive hen the pressure is applied to the fibres trans- 
versely. 

2d.—When the pressure is applied to the fibres longi- 
tudinally, and so as to split off the part pressed against, 
causing the fibres to separate by sliding. 

3d.—When the pressure is applied to the fibres longi- 
tudinally, and on short pieces. 

4th.— When the pressure is applied to the fibres longi- 
tudinally, and on long pieces. | 

These four classes will now be considered in their reg- 
ular order. 


86 CONSTRUCTION, 


98.—Compression Transversely to the Fibres.—In this 
first class of compression, experiment has shown that the 
resistance is in proportion to the number of fibres pressed, 
that is, in proportion to the area. For example, if 5000 
pounds is required to crush a prism with a base 1 inch 
square, it will require 20,000 pounds to crush a prism having 
a base of 2 by 2 inches, equal to 4 inches area; because 4 
times 5000 equals 20000. 

Therefore, if any given surface pressed be multiplied by 
the pressure per inch which the kind of material pressed 
may be safely trusted with, the product will be the total 
pressure which may with safety be put upon the given sur- 
face. Now, the capability for this kind of resistance is given 
in column X, in Table I., for each kind of material named in 
the table. Therefore, to find the limit of weight, proceed 
as follows: 


99.—The Limit of Weight.—To ascertain what weight 
a post may be loaded with, so as not to crush the surface 
against which it presses, we have— 

Rule \.—Multiply the area of the post in inches by the 
value of P, Table I., and the product will be the weight re- 
quired in pounds; or— 


IV= AP. (1.) 


Example. —A post, 8 by Io inches, stands upon a white- 
pine girder; the area equals 8 x 10 = 80 inches. This being 
multiplied by 320, the value of P, Table l., set opposite white 
pine, the product, 25600, is the required weight in pounds. 


100.— Area of Post.— To ascertain what area a post must 
have in order to prevent the post, loaded with a given 
weight, from crushing the surface against which it presses, 
we have— 

Rule II.— Divide the given weight in pounds by the value 
of P, Table I., and the quotient will be the area required in 
inches ; or— 


A = - : (2 .) 
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Example.—xX post standing on a Georgia-pine girder is 
loaded with 100,000 pounds: what must be its area? The 
weight, 100000, divided by goo, the value of P, Table I., sct 
opposite Georgia pine, the quotient, 111-11, is the required 
area in inches. The post may be to by 114, or ro by 11 
inches; or if square cach side will be 10-54 inches, or 11,9; 
inches diameter if round. 


{O!.—Rupture by Sliding.—In this the second class of 
rupture by compression, it has been ascertained by ex- 
periment that the resistance is in proportion to the area of 
the surface separated without regard to the form of the sur- 
face. Now, in Table I., column A, we have the w/timate 
resistance to this strain of the several materials named. 
But to Obtain the safe load per inch, the ultimate resist- 
ance of the table is to be divided by a factor of safety, of 
such value as circumstances may seem to require. Gener- 
ally this factor may be taken at 3. Then to obtain the safe. 
load for any given case, we have but to multiply the given 
surface by the ultimate resistance, and divide by the factor 
of safety; therefore, proceed as follows: 

102.—The Limit of Weight.—To ascertain what weight 
may be sustained safely by the resistance of a given area of 
surface, when the weight tends to split off the part pressed 
against by causing, in case of fracture, one surface to slide 
on the other, we have— 

Rule W11.—Multiply the area of the surface by the valuc 
of H, in Table I. divide by the factor of safety, and the 
quotient will be the weight required in pounds; or— 


AH 


a 


a= (3.) 


Example.—The foot of a rafter is framed into the end of 
its tie-beam, so that the uncut substance of the tie-beam is 
15 inches long from the end of the tie-beam to the joint of 
Biemtaiter; the tic-beam is of white pine, and is 6 inches 
thick: what amount of horizontal thrust will this end of 
the tic-beam sustain, without danger of having the end of 
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the tie-beam split off? Here the arca of surface that sus- 
tains the pressure is 6 by 15 inches, equal to go inches. 
This multiplied by 480, the value of //, set opposite to 
white pine, Table I., and divided by 3, as a factor of safety, 
gives a quotient of 14400, and this is the required weight in 
pounds. 


[03.—Area of Surface.—To ascertain the area of surface 

that is required to sustain a given weight safely, when the 
weight tends to split off the part pressed against, by causing, 
in case of fracture, one surface to slide on the other, we 
have— 
Rule 1V.—Divide the given weight in pounds by the 
value of H, Table I.; multiply the quotient by the factor of 
safety, and the product will be the yequired area in inches ; 
or— 


A= (4-) 


Example. —The load on a rafter causes a horizontal thrust 
at its foot of 40,000 pounds, tending to spht off the end of 
the tie-beam : what must be the length of the tie-beam be- 
yond the line where the foot of the rafter is framed into it, 
the tie-beam being of Georgia pine, and 9g inches thick? 
The weight, or horizontal thrust, 40009, divided by 840, the 
value of H, Table I., set opposite Georgia pine, gives a quo- 
tient of 47-619, and this multiplied by 3, as a factor of safety, 
gives a product of 142-857. This, the area of surface in 
inches, divided by 9, the breadth of the surface strained 
(equal to the thickness of the tie-beam), the quotient, 15.87, 
isthe length in inches from the end of the tie-beam to the 
rafter joint, say 16 inches. 


104.—Fenons and Splices.—A knowledge of this kind of 
resistance of materials is useful, also, in ascertaining the 
length of framed tenons, so as to prevent the pin, or key, 
with which they are fastened from tearing out; and, also, in 
cases where tic-beams, or other timber under a tensile strain, 
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are spliced, this rule gives the length of the joggle at cach 
end of the splice. 


105.—Stout Posts.—These comprise the third class of ob- 
jects subject to compression (47t. 97), and include all posts 
which are less than ten diameters high. The resistance to 
compression, in this class, is ascertained to be directly in pro- 
portion to the area of cross-section of the post. 

Now in Table I., column C, the wéltzmate resistance to 
crushing is given for the several kinds of materials named ; 
from whicn the safe resistance per inch may be obtained by 
dividing it bya proper factor of safety. Having the safe 
resistance per inch, the resistance of any given post may be 
determined by multiplying it by the area of the cross-section 
of the post. Therefore, proceed as follows: 


(06.—The Limit of Weight.—To find the weight that can 
be safely sustained by a post, when the height of the post is 
less than ten times the diameter if round, or ten times the 
thickness if rectangular, and the direction of the pressure 
coinciding with the axis, we have— 

Rule V.—Multiply the area of the cross-section of the 
post in inches by the value of C,in Table I.; divide the pro- 
duct by the factor of safety, and the quotient will be the re- 
quired weight in pounds; or— 


V= 2E, (5.) 


Lxample—A Georgia-pine post is 6 feet high, and in 
cross-section 8 x 12 inches: what weight will it safely sus- 
fae) The height of this post, 12 x 6= 72 inches, which is 
less than 10x 8 (the size of the narrowest side) = 80 inches ; 
it therefore belongs to the class coming under this rule. The 
area = 8 x 12 = 96 inches; this multiplied by 9500, the value 
of C,in the table, set opposite Georgia pine, and divided by 
6, as a factor of safety, the quotient, 152000, is the weight in 
pounds required. It will be observed that the weight would 
be the same for a Georgia-pine post of any height less than 


ecm LL T — eee 


go CONSTRUCTION, 


10 times 8 inches = 80 inches = 6 feet 8 inches, provided its 
breadth and thickness remain the same, 12 and 8 inches. 


107.—Area of Post.—To find the area of the cross-sec- 
tion of a post to sustain a given weight safely, the height of 
the post being less than ten times the diameter if round, or 
ten times the least side if rectangular, the pressure coinciding 
with the axis, we have— 

Rule V1.—Divide the given weight in pounds by the 
value of C,in Table I.; multiply the quotient by the factor 
of safety, and the product will be the required area in 
inches ; or— 


A (6.) 


_ Example —A weight of 40,000 pounds is to be sustained 
by a white-pine post 4 feet high: what must be its area of 
section to sustain the weight safely? Here, 40000 divided 
by 6650, the value of C, in Table I., set opposite white pine, 
and the quotient multiplied by 6, as a factor of safety, the pro- 
duct is 36; this, therefore, is the required area, amd) snichma 
post may be 6x6 inches. To find the least side, so that it 
shall not be less than one tenth of the height, divide the 
height, reduced to inches, by 10, and make the least side to 
exceed this quotient. The area divided by the least side so 
determined will give the wide side. If, however, by this 
process, the first side found should prove to be the greatest, 
then the size of the past isto be found by Rule IX., X., or 
XI. 


108.—Area of Round Posts.—In case the post is to be 
round, its diameter may be found by reference to the Table 
of Circles in the Appendix, in the column of diameters, op- 
posite to the area of the post to be found in the column of 
areas, or opposite to the next nearest area. For example, 
suppose the required area, as just found by the example 
under Rule VI., is 36: by reference to the column of areas, 
35°78 is the nearest to 36, and the diameter set oppasitems 
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6.73, which is a trifle too small. The post may therefore be, 
say, 6$ inches diameter. 


{09.—Sliender Posts.— When the height of a post is less 
than ten times its diameter, the resistance of the ‘post to 
crushing is approximately in proportion to its area of cross- 
section. But when the height is equal to or more than ten 
diameters, the resistance per square inch is diminished. The 
resistance diminishes as the heightis increased, the diameter 
remaining the -same (7ransverse Strains, Art. 643). The 
strength of a slender post. consists in a combination of the 
resistances of the material to bending and to crushing, and 
is represented in the following rule: 


10.—The Limit of Weight.—To ascertain the weight 
that can be sustained safely by a post the height of which 
is at least ten times its least side if rectangular, or ten times 
its diameter if round, the direction of the pressure coincid- 
ing with the axis, we have— 

Rule V 11.—Divide the height of the post in inches by the 
diameter, or least side, in inches; multiply the quotient by 
itself, or take its square; multiply the square by the value 
of ¢, in Table III., set opposite the kind of material of which 
the post is made; to the product add the half of itself; to 
the sum add unity (or one); multiply this sum by the factor 
of safety, and reserve the product for use, as below. Now 
multiply the area of cross-section of the post in inches by 
the value of C, in Table I., set opposite the material of the 
post,and divide the product by the above reserved product; 
the quotient will be the required weight in pounds; or— 


A C . (7.) 


Example: A Round Post—What weight may be safely 
placed upon a post of Georgia pine 10 inches diameter and 
10 feet high, the pressure coinciding with the axis of the 
post? The height of the post, (10 x 12 =) 120 inches, divided 
by 10, its diameter, gives a quotient of 12; this multiplied 
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by itself gives 144, its square; and this by -oo109, the vakit 
of e for Georgia pine, in Table IIL, gives -15696; to which 
adding its half, the sum is 0-23544; to which adding unity, 
the sum is 1-23544; and this multiplied by 7, asa factor of 
safety, the product is 8-648, the reserved divisor. Now the 
area of the post is (see Table of Areas of Circles, in the Ap- 
pendix, opposite its diameter, 10) 78-54; this multiplied by 
@5e0, the value of C for Georgia pine, im lable Tor 
product of 746130; which divided by 8-648, the above re- 
served divisor, gives a quotient of 86278, the required weight 
in pounds. 

Another Example: A Rectangular Post.—What weight may 
be safely placed upon a white-pine post 10 x 12 inches, and 
15 feet high, the pressure coinciding with the axis of the 
post? Proceeding according to the rule, we find the height 
of the post to be 180 inches, which divided by 10, the least 
side of the post, gives 18; this multiplied by itself gives 324) 
its square; which multiplied by -oo14, the value of e for 
white pine, in Table IHI., gives -4536; to which adding its 
half, the sum is -6804; to which adding unity, the sum is 
1-6804 ; and this multiplied by 8, asa factor of safety, the pro- 
duct is 13-4432, the reserved divisor. Now the anearotemme 
post, (10 x 12 =) 120 inches, multiplied by 6650, the value of 
C for white pine, in Table I., gives a product of 798,000, and 
this divided by 13-4432, the above reserved divisor, the quo- 
tient, 59360, is the required weight in pounds. 


i11.--Diameter of the Post: when Round.— To ascertain 
the size of a round post to sustain safely a given weight, 
when the height of the post is at least ten times the diameter ; 
the direction of the pressure comcidine with tici cO mE 
post; we have— 

Rule VIII.—Multiply the given weight by the factor of 
safety, and divide the product by 1-5708 times the valuc of C 
for the material of the post, found in Table I.; reserve the 
quotient, calling its value G. Now multiply 432 times tic 
value of ¢ for the material of the post, found in Table lI., 
by the square of the height in feet, and by the above quo- 
tient Gi tofihe product add the square omG ecu emus 
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ane root of the sum, and to it add the value of G; then 
the square root of this sum will be the required diameter; 
oo 
Va 
G = -ye (S3) 
E 


1=4/ 


Example—What should be the diameter of a locust post 
10 feet high to sustain safely 40,000 pounds, the pressure 
coinciding with the axis? Proceeding by the rule, the given 
weight multiplied by 6, taken as a factor of safety, equals 
240000. Dividing this by 1-5708 times 11700, the value of 
C for locust, in Table I., the quotient, 13-06, 1s the value of 
G, the square of which is 170-53. Now, the value of e for 
locust, in Table III., is -oo15. This multiplied by 432, by 
100, the square of the height, and by the above value of G, 
gives a product of 846-2; which added to 170-53, the above 
square of G, gives the sum of 1016-73. To 31-80, the square 
root of this, add the above value of G; then 6-7, the square 
root of this sum, is the required diameter of the post. The 
post therefore requires to be 6-7, say 6% inches diameter. 


j/ 432 oP 4 (0) 


112.—-Side of the Post: when Square.— To ascertain the 
side of a square post to sustain safely a given weight, when 
the height of the post is at least ten times the side ; the pres- 
sure coinciding with the axis ; we have— 

Rule 1X.—Multiply the given weight by the factor of 
safety, and divide the product by twice the value of C for 
the material of the post, found in Table I.; reserve the quo- 
tient, calling its value G. Now multiply 432 times the value 
of e for the material of the post, found in Table HI., by the 
square of the height in feet, and by the above quotient G; 
to the product add the square of G; extract the square root 
Ol the sum, and to it add the value of G; then the square 
root of this sum will be the required side of the post; or— 

= A (10.) 
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iS =f/ y7 4/432 rece +G. Gr.) 


Example—W hat should be the side of a Georgia-pinc 
square post 15 feet high to sustain safely 50,000 pounds, the 
pressure coinciding with the axis of the post? Proceeding 
by the rule, 50,000 pounds multiplied by 6, as a factor of 
safety, gives 300000; this divided by 2xg500 (the value of 
C iz 19000, the quotient, 15-750, is the value ef Gane 
value of e for Georgia pine is -oo109g; the square of the 
height is 225; then, 432 times -oo10g by 225 and by 15-789 
(the above value of G) gives a product of 1672-86; the square 
of G equals 249-31; this added to 1672-86 gives a sum of 
1922-17, the square root of which 1s 43-843; which added to 
15-789, the value of G, gives 59-632, the square root of which 
is 7-722, the required side of the post. The post, therefore, 
requires to be, say, 7# inches square. 


113. of a Rectangular Post.—This may be 
definitely ascertained when the proportion which the thick- 
ness shall bear to the breadth shall have been previously 
determined. For example, when the proportion is as 6 to 8, 
then 1} times 6 equals 8, and the proportion is as 1 to 1}; 
again, when the proportion is as 8 to 10, then 14 times 8 
equals 10, and in this case the proportion isas 1 to 14. Let 
the latter figure of the ratio 1 to 14, 1 to 1%, etc., be caned 
z, or so that the proportion shall be as I to z, then— 

To ascertain the thickness of a post to sustain safely a 
given weight, when the height is at least ten times the thick- 
ness; the action of the weight coinciding with the axis; we 
have— 

Rule X.—Multiply the given weight by the factor of 
safety, and divide the product by twice the value of C for 
the material of the post, found in Table I., multiplied by z, 
as above explained ; reserve the quotient, calling it G. Now 
multiply 432 times the value of e for the material of the post, 
found in Table III., by the square of the height in feet, and 
by the above quotient G; to the product add the square of 
G; extract the square root of the sum, and to it add the value 
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of G; then the square root of this sum will be the required 
thickness of the post; or— 


DWE ie CEE 2G 0 A AG Gi.) 


Example —W hat should be the thickness of a white-pine 
rectangular post 20 feet high to sustain safely 30,000 pounds, 
the pressure coinciding with the axis, and the proportion 
between the thickness and breadth to be as 10 to 12, or as | 
to 1-2? Proceeding according to the rule, we have the pro- 
duct of 30000, the given weight, by 6, as a factor of safety, 
equals 180000; this divided by twice Cx x, or 2 x 6650x 1-2, 
f1>000) gives 2 quotient of 11-278, the value of G. Then, 
we have ¢= -oo14, the square of the height equals 400; 
fierelore, 432 x -0014 x 400 x 11-278 = 2728-43. To thisadd- 
me o, the square of G, we have 2855-63, the square 
root of which is 53-438; and this added to G gives 64-716, 
the square root of which is 8-045, the required thickness of 
the post. Now, since the thickness is in proportion to the 
breadth as 1 to 1-2, therefore 8-045-x 1-2 = 9-654, the re- 
quired width. The post, therefore, may be made 8 x 92 
inches. 


114.—Breadth of a Rectangular Post.— When the thick- 
ness of a post is fixed, and the breadth required; then, to 
ascertain the breadth of a rectangular post to sustain safely 
a given weight, the direction of the pressure of which coin- 
cides with the axis of the post, we have— 

Rule XI.— Divide the height in inches by the given thick- 
ness, and multiply the quotient by itself, or take its square: 
multiply this square by the value of e for the material of the 
post, found in Table I1I.; to the product add its half, and to 
the sum add unity; multiply this sum by the given weight, 
and by the factor of safety; divide the product by the pro- 
duct of the given thickness multiplied by the value of C for 
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the material of the post, found in Table I., and the quotient 
will be the required breadth; or— 


Waiter?) 
(= (14.) 

Example—What should be the breadth of a spruce post 
18 feet high and 6 inches thick to sustain safely 25,000 
pounds, the pressure coinciding with the axis of the post? 
According to the rule, 216 (= 12 x 18), the height im) inches 
divided by 6, the given thickness, gives a quotient of 36, the 
square of which is 1296; the value of e for spruce is -00098 ; 
this multiplied by 1296, the above square, equals 1-27; which 
increased by -635, its half, amounts to 1-905; this increased 
by unity, the sum 1s 2-905; which multiplied by the given 
weight, and by the factor of safety, gives a product of 
435749; and this divided by 6 (the given thickness) times 7850 
(the value of C for spruce) = 47100, gives a quotient of 9-2516, 
the required breadth of the post. The post, therefore, re- 
quires to be 6 x of inches. 

Observe that when the breadth obtained by the rule is 
less than the given thickness, the result shows that the con- 
ditions of the case are incompatible with the rule, and that 
a new computation must be made; taking now for the 
breadth what was before understood to be the thickness, 
and proceeding in this case, by Rule X., to find the thickness. 


115.—Resistance to Tension.—In 477. 95 are recorded the 
results of experiments made to test the resistance of vari- 
ous materials to tensile strain, showing in each case the ca- 
pability to such resistance per square inch of sectional area. 
The action of materials in resisting a tensile strain is quite 
simple; their resistance is found to be directly as their sec- 
tional area. Hence— 


(16.—The Limit of Weight.—To ascertain the weight or 
pressure that may be safely applied to a beam or rod as a 
tensile strain, we have— 

Rule X11.—Multiply the area of the cross-section of the 
beam or rod in inches by the value of 7, Hable Wl. ; dinade 


AREA Ol BEAM FOR TENSILE STRAIN, 97 


the product by the factor of safety, and the quotient will be 
the required weight in pounds; or-- 


W = = . (15.) 


a 


The cross-section here intended is that taken at the small- 
est part of the beam or rod. A beam, in framing, is usually 
cut with mortices; the area will probably be smallest at the 
severest cutting ; the area used in the rule must be that of the 
uncut fibres only. 

LExample.——The tie-beam of a roof-truss is of white pine, 
Seaounches; the cutting for the foot of the rafter reduces 
the uncut area to 40 inches: what amount of horizontal thrust 
from the foot of the rafter will this tie-beam safely sustain? 
Here 40 times 12000, the value of 7, equals 480000; this 
divided by 6, as a factor of safety, gives 80000, the required 
weight in pounds. 


({7.—Sectional Arca.—To ascertain the sectional area of 
a beam or rod that will sustain a given weight safely, when 
applied as a tensile strain, we have— 

Rule XIV].—Multiply the given weight in pounds by the 
factor of safety ; divide the product by the value of 7, Table 
II., and the quotient will be the area required in inches; 
or— 


W 
Jes ia . (16.) 


Miiisis the area of uncut fibres. If the piece is to be cut 
for mortices, or for any other purpose, then for this an 
adequate addition is to be made to the result found by the 
rule. 

Example—. rafter produces a thrust horizontally of 80,000 
pounds; the tie-beam is to be of oak: what must be the 
area of the cross-section of the tie-beam in order to sustain 
the rafter safely? The given weight, 80000, multiplied by 
10, as a factor of safety, gives 800000; this divided by 19500, 
fiesvalue of 7, Table I., the quotient, 41, is the area of uncut 
fibres. This should have usually one half of its amount 
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added to it as an allowance for cutting; therefore, 41 +21 
= 62. Whetie-beam may be 6x te; mehes: 

Another Example. — A tie-rod of American refined 
wrought iron is required to sustain safely 36,000 pounds: 
what should be its area of cross-section? Taking 7 as the 
factor of safety, 7 x 36000 = 252000; and this divided by 
60000, the value of 7, Table Il., gives a quotient of 4-2 inches, 
the required area of the rod. 


118.— Weight of the Suspending Piece Included.—Pieces 
subjected to a tensile strain are frequently suspended verti- 
cally. In this case, at the upper end, the strain is due not 
only to the weight attached at the lower end, but also to the 
weight of the rod itself. Usually, in timber, this is small 
in comparison with the load, and may be neglected; 
although in very long timbers, and where accuracy is decid- 
edly essential, as, also, when the rod is of iron, it may form 
a part of the rule. Taking the effect of the weight of the 
beam into account, the relation existing between the weights 
and the beam requires that the rule for the weight should 
be as follows: 

Rule X1V.—Divide the value of T for the material of the 
beam or rod, Table II., by the factor of safety; from the 
quotient subtract 0-434 times the specific gravity of the ma- 
terial in the beam or rod multiplied by the length of the 
beam or rod in feet; multiply the remainder by the area of 
cross-section in inches, and the product will be the required 
weight in pounds; or— 


W= A & = Oren Is). (17.) 


N. B.—This rule is based upon the condition that the sus- 
pending piece be not cut by mortices or in any other way. 

Exanple—What weight may be safely sustained by a 
white-pine rod 4 x6 inches, 40 feet long, suspended verti- 
cally? For white pine the value of 7 is 12000; this divid- 
ed by 8, as a factor of safety, gives 1500; from which sub- 
tracting 0-434 times 0-458 (the specific gravity of white pine, 
Table II.) multiplied by 40, the length in feet, the remainder 
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E e 0o49; which multiplied by 24 (= 4x6, the area of 
cross-section) equals 35,761 pounds, the required weight to be 
carried. The weight which the rule would give, neglecting 
the weight of the rod, would have been 36000; ordinarily, 
so slight a difference would be quite unimportant. 


119.— Area of Suspending Piece, —To ascertain the area 
of a suspended rod to sustain safely a given weight, when 
the weight of the suspending piece is regarded, we have 

Rule XV.—Multiply 0-434 times the specific gravity of 
the suspending piece by the length in feet; deduct the pro- 
duct from the quotient arising from a division of the value 
of 7, Table II., by the factor of safety, and with the remain- 
der divide the given weight in pounds; the quotient will be 
the required area in inches; or— 


p 
Ae 
ri A (18.) 
= SOLARIS 
a 


N.B.—This rule is based upon the condition that the rod 
be not injured in anywise by cutting. 

Example—What should be the area of a bar of English 
cast iron 20 feet long to sustain safely, suspended from its 
lower end, a weight of 5000 pounds? Taking the factor of 
safety at 7-0, and the specific gravity also at 7, and the 
value of 7, Table IE, at 17000, we have the product of 
0-434 x 7-0 x 20 = 60-76; then 17000 divided by 7 gives 
a quotient of 2428-57; from which deducting the above 
60:76, there remains 2367-81; dividing 5000, the given 
weight, by this remainder, we have the quotient, 2-11, which 
is the required area in inches. 


A 
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120.— Transverse Strains: Rupture.— A load placed 
upon a beam, laid horizontally or inclined, will bend it, and, 
if the weight be proportionally large, will break it. The 
power in the material that resists this bending or breaking 
is termed the resistance to cross-strains, or transverse strains. 
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While in posts or struts the material is compressed or short- 
cned, and in ties and suspending pieces it is extended or 
lengthened, in beams subjected to cross-strains the material 
is both compressed and extended. (See Art. 91.) When the 
beam is bent the fibres on the concave side are compressed, 
while those on the convex side are extended. The line 
where these two portions of the beam meet—that is, the 
portion compressed and the portion extended — the hori- 
zontal line of juncture, is termed the zeutral line or plane. 
It is so called because at this line the fibres are neither com- 
pressed nor extended, and hence are under no strain what- 
ever. The location of this line or plane is not far from the 
middle of the depth of the beam, when the strain is not suf- 
ficient to injure the elasticity of the material; but it re- 
moves towards the concave or convex side of the beam as 
the strain is increased, until, at the period of rupture, its 
distance from the top of the beam is in proportion to its dis- 
tance from the bottom of the beam as the tensile strength of 
the material is to its compressive strength. 


{21.—Location of Mortices,—In order that the diminution 
of the strength of a beam by framing be as small as possible, 
all mortices should be located at or near the middle of the 
depth. There is a prevalent idea with some, who are aware 
that the upper fibres of a beam are compressed when sub- 
ject to cross-strains, that it is not injurious to cut these top 
hbres, provided that the cutting be for the insertion of an- 
other piece of timber—as in the case of gaining the ends of 
beams into the side of a girder. They suppose that the piece 
filled in will as effectually resist the compression as the part 
removed would have done, had it not been taken out. Now, 
besides the effect of shrinkage, which of itself is quite suf- 
ficient to prevent the proper resistance to the strain, there 
is the mechanical difficulty of fitting the joints perfectly 
throughout; and, also, a great loss in the power of resist- 
ance, as the material is so much less capable of resistance 
when pressed at right angles to the direction of the fibres 
than when directly with them, as the results of the experi- 
ments in the tables show. 
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{122.— Transverse Strains: Relaiion of Weight to Di- 
mensions.—The strength of various materials, in their re- 
sistance to cross-strains, is given in Table HI., Av¢. 96. The 
second column of the table contains the results of experi- 
ments made to test their resistance to rupture. In the casec 
of each material, the figures given and represented by Z 
indicate the pounds at the middle required to break a wuz? 
of the material, ora piece 1 inch square and 1 foot long 
Memveen the bearings upon which the piece rests. To be 
able to use these indices of strength, in the computation of 
the strength of large beams, it is requisite, first, to establish 
the relation between the unit of material and the larger 
beam. Now, it may be easily comprehended that the strength 
of beams will be in proportion to their breadth; that is, 
when the length and depth remain the same, the strength 
Ape directly as the breadth ; for it is evident that a beam 
2 inches broad will bear twice as much as one which is only 
1 inch broad, or that once which is 6 inches broad will bear 
three times as much as one which is 2 inches broad. This 
establishes the relation of the weight to the breadth. With 
i@ercepth, however, the relation is different; the strength is 
greater than simply in proportion to the depth. If the 
boards cut from a squared piece of timber be piled up in 
the order in which they came from the timber, and be loaded 
with a heavy weight at the middle, the boards will deflect 
or sag much more than they would have done in the timber 
. before sawing. The greater strength of the material when 
in a solid piece of timber is due to the cohesion of the fibres 
at the line of separation, by which the several boards, before 
sawing, are prevented from sliding upon each other, and 
thus the resistance to compression and tension is made to 
contribute to the strength. This resistance is found to be 
in proportion to the depth. Thus the strength due to the 
depth is, first, that which arises from the quantity of the 
material (the greater the depth, the more the material), 
which is in proportion to the depth; then, that which en- 
sues from the cohesion of the fibres in such a manner as to 
prevent sliding; this is also as the depth. Combining the 
two, we have, as the total result, the resistance in proportion 


102 CONSTRUCTION. 


to the square of the depth. The relation between the 
weight and the length is such that the longer the beam is, 
the less it will resist; a beam which is 20 feet long will sus- 
tain only half as much as one which is 10 feet long; the 
breadth and depth each being the same in the two beams. 
From this it results that the resistance is zzversely in pro- 
portion to the length. To obtain, therefore, the relation 
between the strength of the unit of material and that of a 
larger beam, we have these facts, namely : the strength of 
the unit is the value of 4, as recorded in Table III.; and 
the strength of the larger beam, represented by W, the 
weight required to break it, is the product of the breadth 
into the square of the depth, divided by the length; or, 
while for the unit we have the ratio-- 


pD T. 


we have for the larger beam the ratio— 


Therefore, putting these ratios in an expressed proportion, 
we have— 


Bo tage == 


From which (the product of the means equalling the pro- 
duct of the extremes; see A7?¢. 373) we have— 


bobad 
J i (19.) 


In which IV represents the pounds required to break a 
beam, when acting at the middle between the two supports 
upon which the beam is laid; of which beam ¢ represents 
the breadth andd the depth, both in inches, and Z the length 
in feet between the supports; and B is from Table III., and 


represents the pounds required to break a unit of material 
like that contained in the larger beam. 
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(23.—Safe Weight: Load at Middle.— The relation 
established, in the last article, between the weight and the 
dimensions is that which exists at the moment of rupture. 
Wire rule @@Srderived therefrom is not, therefore, directly 
practicable for computing the dimensions of beams for 
buildings. From it, however, one may readily be deduced 
which shall be practicable. In the fifth column of Table IH. 
are given the least values of a, the factor of safety, explained 
in Art. 96. Now, if in place of B, the symbol for the break- 
ing weight, the guotient of B divided by a be substituted, 
then the rule at once becomes practicable ; the results now 
being in consonance with the requirements for materials 
used in buildings. Thus, with this modification, we have— 


Bod? 


H = 
al (20.) 


Therefore, to ascertain the weight which a beam may be 
safely loaded with at the centre, we have— 

Rule XV1.—Multiply the value of S, Table II., for the 
kind of material in the beam by the breadth and by the 
square of the depth of the beam in inches; divide the pro- 
duct by the product of the factor of safety into the length 
of the beam between bearings in feet, and the quotient will 
be the weight in pounds that the beam will safely sustain 
at the middle of its length. 

Example— What weight in pounds can be suspended 
safely from the middle of a Georgia-pine beam 4x 10 inches, 
and 20 feet long between the bearings? For Georgia pine the 
value of 4,in Table II., is 850, and the least value of a is 
1-84. For reasons given in Artz. 96, let a be taken as high 
fee then, in this case, the value of 4 is 4, and that of d is 
10, while that of 7 is 20. Therefore, proceeding by the rule, 
850 x 4 x 10° = 340000; this divided by 4 x 20 (= 80) gives 
a quotient of 4250 pounds, the required weight. 

Observe that, had the value of a been taken at 3, instead 
of 4, the result by the rule would have been a load of 5667 
pounds, instead of 4250, and the larger amount would be 
none too much for a safe load upon such a beam ; although, 


104. CONSTRUCTION. 


with it, the deflection would be one third greater than with 
the lesser load. The value of @ should always be assigned 
higher than the figures of the table, which show it at its 
least value; but just how much higher must depend upon 
the firmness required and the conditions of cach particular 
case. 


124.— Breadth of Beam with Safe Load.—By a simple 
transposition of the factors in equation (20.), we obtain— 


Wal 
a (ie) 
a rule for the breadth of the beam. 

Therefore, to ascertain what should be the breadth of a 
beam of given depth and length to safely sustain at the 
middle a given weight, we have— 

Rule XVII.—Multiply the given weight in pounds by 
the factor of safety, and by the length in feet, and divide the 
product by the square of the depth multiplied by the value 
of B for the material in the beam, in Table III.; the quotient 
will be the required breadth. 

Example-—What should be the breadth of a white-pine 
beam 8 inches deep and Io feet long between bearings to 
sustain safely 2400 pounds at the middle? For white pine 
the value of 2, in Table II., is 500. Taking the value of a 
at 4,and proceeding by the rule, we have 2400 x4x 10 = 
ọ6000; this divided by (8’ x 500 =) 32000 gives a quotient 
of 3, the required breadth of the beam. 


(25.—Depth of Beam with Safe Load.—A transposition 
of the factors in equation (21.), and marking it for extraction 
of the square root, gives— 


daV Wat 
Bob 
a rule for the depth of a beam. Therefore, to ascertain what 


should be the depth of a beam of given breadth and Jength 
to safely sustain a given weight at the middle, we have— 
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Rule XVII Multiply the given weight by the factor of 
safety, and by the length in feet; divide the product by the 
product of the breadth into the value of Æ for the kind cf 
wood, Table III.; then the square root of the quotient will 
eine required depth. 

Example—W hat should be the depth of a spruce beam 
5 inches broad and 10 feet long between bearings to sustain 
safely, at middle, 4500 pounds? The value of 4 from the table 
is 550; taking z at 4, and proceeding by the rule, we have 
meee x 15 = 270020; this divided by (550 x 5 =) 2750 
gives a quotient of 98-18, the square root of which is 9-go9, 
fieerequired depth of the beam. The beam should be 5 x 1o 
inches. 


126.—Safe Load at any Point.— When the load is at the 
middie of a beam it exerts the greatest possible strain ; at 
any other point the strain would be less. The strain de- 
creases gradually as it approaches one of the bearings, and 
Een arrived at the bearing its effect upon the beam as a 
cross-strain is zero. The cffect of a weight upon a beam is 
in proportion to its distance from one of the bearings, mul- 
tiplied by the portion of the load borne by that bearing. 

The load upon a beam is divided upon the two bearings, 
aE ovn at A7. 88. The weight which is required to rup- 
ture a beam is in proportion to the breadth and square of 
the depth, 4 d’, as before shown, and also in proportion to 
the length divided by 4 times the rectangle of the two parts 


Mite which the load divides the length, or -5 (see Fig. 35). 


mms, when the load is at the middle, may be put as 

4 ei 
4xdlxgl 0! 
Peyemin Arv7. 122, viz.: “The resistance is inversely in pro- 
portion to the length.” The total resistance, therefore, put- 


a eult Comeceiding with the relation before 


me yaa 
ting the two statements together, is in proportion to EF 
Me 1 
i : oe daw 
Were are, therefore, these two ratios, viz., W: ree and 
7} 


B : 1, from which we have the proportion— 
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from which we have— 


_Bbd'l 


4min 


WV 


This is the relation at the point of rupture, and when ~ Is 


used instead of Æ, the expression gives the safe weight. 
Therefore— 
w — sare. (24.) 
Aa mit 
is an expression for the safe weight. Now, to ascertain the 
weight which may be safely borne by a beam at any point 
in its length, we have— 

Rule X1X.-—Multiply the breadth by the square of the ~ 
depth, by the length in feet, and by the value of & for the 
material of the beam, in Table III.; divide the product by 
the product of four times the factor ef safety into the rec- 
tangle of the two parts into which the centre of gravity of 
the weight divides the beam, and the quotient will be the 
required weight in pounds. 

Example —W hat weight may be safely sustained at 3 feet 
from one end of a Georgia-pine beam which is 4 x to inches, 
and 20 feet long? The value of D for Georgia pine, in 
Table III., is 850; therefore, by the mule, Ax to x26) 35e 
6800000. ‘Taking the factor of safety at 4, we have 
4x4Ax3x17= 816. Using this as a divisor with which to 
divide the former product, we have as a quotiengecece 
pounds, the required weight. 


127.—Breadth or Depth: Load at any Point.—By a 
proper transposition of the factors of (24.) we obtain— 


4 Heo nem 


e (25.) 


Ue 


an expression showing the product of the breadth into the 
square of the depth; hence, to "ascertain the breadth or 


DISTRIBUTED WEIGHT. 107 


depth of a beam to sustain safcly a given weight located at 
any point on the beam, we have— 

Rule XX.—Multiply four times the given weight by the 
factor of safety, and by the rectangle of the two parts into 
which the load divides the length; divide the product by 
the product of the length into the value of B for the mate- 
rial of the beam, found in Table II., and the quotient will be 
equal to the product of the breadth into the square of the 
depth. Now, to obtain the breadth, divide this product by 
the square of the depth, and the quotient will be the required 
breadth. But if, instead of the breadth, the depth be de- 
sired, divide the said product by the breadth; then the 
square root of the quotient will be the required depth. 

Example—W hat should be the breadth (the depth being 
8) of a white-pine beam 12 feet long to safely custain 35090 
pounds at 3 feet from one end? Also, what should be its 
depth when the breadth is 3 inches? By the rule, taking 
Meemeactor of safety at 4, 4 x 3500 x 4x 3x 9g = 1512000. 
The value of B for white pine, in Table IHI., is 500; there- 
fore, 500 x 12 = 6000; with this as divisor, dividing 1512000, 
the quotient is 252. Now, to obtain the breadth when the 
depth is 8, 252 divided by (8 x 8 =) 64 gives a quotient of 
3-09375, the required breadth; or the beam may be, say, 4 x 8. 
Again, when the breadth is 3 inches, we have for the quotient 
of 252 divided by 3 = 84, and the square root of 84 is 9-165, 
or gt inches. For this case, therefore, the beam should be, 
say, 3 x Ot inches. 


(23.—Weight Uniformly Distributed.— When the load is 
spread out uniformly over the length of a beam, the beam 
will require just twice the weight to break it that would be 
Heqmited if the weight were concentrated at the centre. 


Therefore, we have W = a where U represents the dis- 


tributed load. Substituting this value of W in equation 
(20.), we have— 


C ad 
Sy ae 
— 
2a oa 
eee 26. 
T (26.) 
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Therefore, to ascertain the weight which may be safely sus- 
tained, when uniformly distributed over the length of a 
beam, we have— 

Rule XX1.—Maultiply twice the breadth by the square of 
the depth, and by the value of A for the matemal) oi gime 
beam, in Table IlI., and divide the product by, the produer 
of the length in feet by the factor of safety, and the quotient 
will be the required weight in pounds. 

LExanuple—What weight uniformly distributed may be 
safely sustained upon a hemlock beam 4x ọ inches, and 20 
feet long? The value of Æ for hemlock, in Table [Wiis 
450; therefore, by the rule, 2 x 4x 9 x450 = 201600 Bale 
ing the factor of safety at 4, we have 4 x 20 = 80, the pro= 
duct by which the former product is to be divided. This 
division produces a quotient of 3645, the required weight. 


(29.—Breadth or Depth: Load Uniformly Distributed.— 
By a proper transposition of factors in (26.), we obtain— 


ee oe 


an expression giving the value of the breadth into the square 
of the depth. From this, therefore, to ascertain the breadth 
or the depth of a beam to sustain safely a given weight uni- 
formly distributed over the length of a beam, we have— 

Rule XX11.—Multiply the given weight by the factor of 
safety, and by the length; divide the product by the pro- 
duct of twice the value of B for the material of the beam, 
in Table II., and the quotient will be equal to the breadth 
into the square of the depth. Now, to find the breadth, 
divide the said quotient by the square of the depth; but if, 
instead of the breadth, the depth be required, then divide 
said quotient by the breadth, and the square root of this 
quotient will be the required depth. 

Lxample.—W hat should be the size of a white-pine beam 20 
feet long to sustain safely 10,000 pounds uniformly distributed 
over its length? The value of Z for white pine, in Table HI., 
is 500. Let the factor of safety be taken at 4. Then, by the 
rule, 10000 x 4 x 20 = 800000; this divided by (2 x 520 =) 
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1000 gives a quotient of 800. Now, if the depth be fixed at 
Een the said quotient, $00, divided by (12x 12=) 144 
gives 54, the required breadth of beam; and the beam may 
eweay, 5; x12. Again, if the breadth is fixed, say, at 6, and 
the depth is required, then the said quotient, 8co, divided by 
6 gives 1335, the square root of which, 11-55, 1s the required 
femur The beam in this case should therefore be, say, 
6 x 112 inches. 


130.—Load per Foot Superficial.— When several beams 
are aid in a tier, placed at equal distances apart, as in a tier 
of floor-beams, it is desirable to know what should be their 
size in order to sustain a load equally distributed over the 
floor. 

If the distance apart at which they are placed, measured 
from the centres of the beams, be multiplied by the length 
of the beams between bearings, the product will equal the 
area of the floor sustained by one beam; and if this area be 
multiplied by the weight upon a superficial foot of the floor, 
the product will equal the total load uniformly distributed 
over the length of the beam ; or, if c be put to represent the 
distance apart between the centres of the beams in feet, and 
/ represent the length in feet of the beam between bearings, 
and f equal the pounds per superficial foot on the floor, 
Wen the product of these, orc f/, will represent the uni- 
formly distributed load on a beam; but this load was before 
fepresented by U (Art. 128); therefore, we have c f/= U, 
and they may be substituted for it in (26.) and (27.). Thus 
we have— 


pie OF Sail 
ao 
or— 
es 
bd =. (28.) 


Therefore, to ascertain the size of floor-beams to sustain 
safely a given load per superficial foot, we have— 

Rule XXII .—Multipiy the given weight per superficial 
foot by the factor of safety, by the distance between the 
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centres of the beams in feet, and by the square of the length 
in feet; divide the product by twice the value of 4 for the 
material of the beams, in Table III., and the quotient will be 
equal to the breadth into the square of the depth. Now, to 
obtain the breadth, divide said quotient by the square of the 
depth, and this quotient will be the required breadth. But 
i, instead of the breadth, the depth be required, dividene 
aforesaid quotient by the breadth; then the square root of 
this quotient will be the required depth. 

Example.—What should be the size of white-pine floor- 
beams 20 feet long, placed 16 inches from centres, to sustain 
safely 90 pounds per superficial foot, including the weight 
of the materials of construction—the beams, flooring, plas- 
tering, etc.? The value of & for white pine is 500; the 
factor of safety may be put at 5. Then, by the rule, we 
have 90x 5 x48 x20" = 240000. This divided by (2 x 500 
=) 1000 gives 240. Now, for the breadth, if the deotimne 
fixed at 9 inches, then 240 divided by (9 =) 8r giveema 
quotient of 2-963. The beams therefore should be, say, 
3x9. But if the breadth be fixed, say, at 2-5 1mehes rira 
240 divided by 2-5 gives a quotient of 96, the square root of 
which is 9-S nearly. The beams in this case would require 
theretore to be, say, 24 x loumeles: 

N. B.—It is well to observe that the question decided 
by Rule XXII. is simply that of strength only. Floor-beams 
computed by it will be quite safe against rupture, but they 
will in most cases deflect much more than would be consist- 
ent with their good appearance. Floor-beams should be 
computed by the rules which include the effect of deflection. 
(e-A77. 152.) 


13{.—Wevers: Load at One End.— The beams so far con- 
sidered as being exposed to transverse strains have been 
supposed to be supported at each end. When a piece is 
held firmly at one end only, and loaded at the other, it is 
termed a lever; and the load which a piece so held and 
loaded will sustain is equal to one fourth that which the 
same piece would sustain if it were supported at each end 
and loaded at the middle. Or, the strain in a beam sup- 
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ported at each end caused by a given weight located at the 
middle is equal to that in a lever of the same breadth and 
depth, when the length of the latter is equal to one half that 
of the beam, and the load at its end is equal to one half of 
that at the middle of the beam. Or, when / represents the 
Head at the end of the lever, and z its length, then W=2 P, 
and/=22. Substituting these values of JV and / in equa- 
tion (20.), we have— 


ppo Bod 
2an 
from which— 
Bod’ 
Pa 20. 
T (29.) 


Hence, to ascertain the weight which may be safely sus- 
tained at the end of a lever, we have— 

Rule XXIV.—Multiply the breadth of the lever by the 
square of its depth, and by the value of # for the material 
aei lever, in Table III.; divide the product by the pro- 
duct of four times the length in feet into the factor of safety, 
and the quotient will be the required weight in pounds. 

Example—What weight can be safely sustained at the 
end of a maple lever of which the breadth is 2 inches, the 
depth is 4 inches, and the length is 6 feet? The value of 2 
freimaple, in Table III., is 1100; therefore, by the rule, 
Bean x 1100 = 35200. And, taking the factor of safety at 5, 
4x5x6=120,and 35200 divided by 120 gives a quotient of 
293-33, Or 2934 pounds. 

N. B.—When a lever is loaded with a weight uniformly 
distributed over its length, it will sustain just twice the load 
which can be sustained at the end. 


132.—Levers: Breadth or Depth.—By a proper trans- 
position of the factors in (29.), we obtain— 
Pan 
bgt 122" o. 
7 (30.) 


Hence, to ascertain the breadth or depth of a lever to sus- 
tain safely a given weight, we have 
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Rule XXV.—Multiply four times the given weight by 
the length of the lever, and by the factor of safety; divide 
the product by the value of 2 for the material of the lever, 
in Lable IL, and the quotient will be equal to the breadth 
multiplied by the square of the depth. Now, if the breadth 
be required, divide said quotient by the square of the depth, 
and this quotient will be the required breadth; but if, 
instead of the breadth, the depth be required, divide the 
said quotient by the breadth; then the square root of this 
quotient will be the required depth. 

Example—W hat should be the size of a cherry lever 5 
fect long to sustain safely 250 pounds at its end? Proceed- 
ing by the rule, taking the factor of safety at 5, we have 
Ax 250x5x5 =25000. The value of b forichenm sine 
III., is 650; and 25000 divided by 650 gives a quotient of 
38-46. Now, if the depth be fixed at 4, then 38-46 divided 
by (4x4 =) 16 gives a quotient of 2-4, the required breadth. 
But if the breadth be fixed at 2, then 38-46 divided by 2 
vives a quotient of 19-23, the square root of which is 4-38, 
the required depth. Therefore, the lever may Do 2245 ae 
or 2 x 42 inches. 


{33.— Deflection: Relation to Weight.—When a load is 
placed upon a beam supported at each end, the beam bends 
more or less; the distance that the beam descends under 
the operation of the load, measured “at tie middieToriii 
length, is termed its deflection. In an investigation of the 
laws of deflection it has been demonstrated, and experiments 
have confirmed it, that while the elasticity of the material 
remains uninjured by the pressure, or is injured in but a 
small degree, the amount of deflection is directly in propor- 
tion to the weight producing it ; for example, if 1000 pounds 
laid upon a beam is found to cause it to deflect or descend at 
the middle a quarter of an inch, then 2000 pounds will cause 
it to deflect half an inch, 3000 pounds will deflect it three 
fous ol an inch, and s0 on. 


1(34.—Deflection: Relation to Dimensions.—In Table 
Ill. are recorded the results of experiments made to test the 
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resistance of the materials named to deflection. The fig- 
ures in the third column designated by the letter ZF (for flex- 
ure) show the number of pounds required to deflect a unit 
of material one inch. This is an extreme state of the case, 
for in most kinds of material this amount of depression 
would exceed the limits of elasticity; and hence the rule 
would here fail to give the correct relation as between the 
dimensions and pressure. For the law of deflection as above 
stated (the deflections being in proportion to the weights) 
is true only while the depressions are small in comparison 
with the length. Nothing useful is, therefore, derived from 
this position of the question, except to give an idea of the 
nature of the quantity represented by the constant Æ; it 
being in reality an index of the stiffness of the kind of mate- 
rial used in comparing one material with another. Whatever 
be the dimensions of the beam, / will always be the same 
quantity for the same material ; but among various materials 
F will vary according to the flexibility or stiffness of each 
particular material. For example, / will be much greater 
for iron than for wood; and again, among the various kinds 
of wood, it will be larger for the stiff woods than for those 
that are flexible. The value of ~F, therefore, is the weight 
which would deflect the unit of material one inch, upon the 
supposition that the deflections, from zero to the depth of 
one inch, continue regularly in proportion to the increments 
of weight producing the deflections, or, for each deflection— 


ee yt 0, 
from which we have— 


Waro; or, F= 4, 


in which ô represents the deflection in inches corresponding 
to W, the weight producing it. This is for the unit of ma- 
terial. For beams of larger dimensions, investigations have 
shown (Transverse Strains, Chapters XIII. and XIV.) that 
the power of a beam to resist deflection by a weight at mid- 
dle is in proportion to its breadth and the cube of its depth, 
and it is inversely in proportion to the cube of the length; 
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or, when the resistance of the unit of material is measured, 
as above, by “4 we have the relation between it and a 
larger beam of— 
U 
a 


Putting this ratio in a proportion with that of the unit of 
material, we have— 


W bd’ 
Ai 5 : TF? 
which gives— 
W Fid’ 
ô a 
from which we have— 


135.—Defiection : Weight when at Middie.—In equation 
(31.) we have a rule by which to ascertain what weight is 
required to deflect a given beam to a given depth of deflec- 
tion ; this, in words at length, is— 

Rule XXVI.—Multiply the breadth of the beam by the 
cube of its depth, and by the given deflection, all in inches, 
and by the value of F for the material of the beam, in Table 
III.; divide the product by the cube of the length in feet, 
and the quotient will be the required weight in pounds. 

Example—What weight is required at the middle of a 
4x12 inch Georgia-pine beam 20 feet long to deflect it 
three quarters of an inch? The value of F for Georgia 
ipine, in Table II., is 5900; therefore, by the rule, we have 
4X 12° x 0-75 x 5900 = 30585600, which divided by (20x20 
x 20 =) 8000 gives a quotient of 3823-2, the required weight 
in pounds. 


136.—Defilection: Breadth or Depth, Weight at Middle. 
—By a transposition of equation (31.), we obtain— 


we 
bd’ = -F> . (32.) 
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a rule by which may be found the breadth or depth of a 
beam, with a given load at middle and with a given deflec- 
tion; this, in words at length, is— 

Rule XXVIU.—Multiply the given load by the cube of 
the length in feet, and divide the product by the product of 
the deflection into the value of F for the material of the 
beam, in Table III.; then the quotient will be equal to the 
breadth of the beam multiplied by the cube of its depth, 
both in inches. 

Now, to obtain the breadth, divide the said quotient by 
the cube of the depth, and this quotient will be the required 
breadth. But if, instead of the breadth, the depth be re- 
quired, then divide the said quotient by the breadth, and 
the cube root of this quotient will be the required depth. 
But if neither breadth nor depth be previously fixed, but it 
be required that they bear a certain proportion to each 
omer, such that d: 6:: 1:7, r being a decimal, then 6= 7a, 
and ¢*—=rd'; then, to find the depth, divide the aforesaid 
quotient by the decimal 7, and the fourth root (or the square 
root of the square root) will be the required depth, and this 
multiplied by the decimal 7 will give the breadth. 

Example.—What should be the size of a spruce beam 20 
feet long between bearings, sustaining 2000 pounds at the 
middle, with a deflection of one inch? By the rule, the 
weight into the cube of the length is 2000 x 8000 = 16000000. 
The value of F tor spruce, in Table III., is 3500; this by the 
deflection = 1 gives 3500, which used as a divisor in divid- 
ing the above 16000000 gives a quotient of 4571-43. Now, 
if the breadth be required, the depth being fixed, say, at 10, 
then 4571-43 divided by (10x 10x 10 =) 1000 gives 4-57, the 
required breadth. The beam should be, say, 4% by 10 inches. 
But if the depth be required, the breadth being fixed, say, at 
4, then 4571-43 divided by 4 gives 1142-86, the cube root 
of which is 10-46; so in this case, therefore, the beam is 
required to be 4x 10% inches. Again, if the breadth is to 
bear a certain proportion to the depth, or that the ratio be- 
tween them is to be, say,o-6 to 1, then let =0-6, and then 
4571-43 =0-6d"*, and dividing by 0-6, we have 7619-05 
=d'‘. This equals d’ xd’; therefore the square root of 7619 
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is 87-29, and the square root of this is 9-343, the required 
depth in inches. Now 9-343x0-6 equals the breadth, or 
9-343 x0:-6= 5-6; therefore the beam is required to be 
5-6 x9:34 inches, or, say, 5% x 9$ inches. 


(37._Deflection: when Weight is at Middle.—By a trans- 
position of the factors in (32.), we obtain— 


(33.) 


a rule by which the deflection of any given beam may be as- 
certained, and which, in words at length, is— 

Rule XXVIII.—Maultiply the given weight by the cube 
of the length in feet; divide the product by the product of 
the breadth into the cube of the depth in inches, multiplied 
by the value of F for the material of the beam, in Table III., 
and the quotient will be the required deflection in inches. 

Example—To what depth will 1000 pounds deflect a 
3 x 10 inch white-pine beam 20 feet long, the weight being 
at the middle of the beam? By the rule, we have 1000 x 20° 
= 8000000; then, since the value of F for white pine, in 
Table III., is 2900, we have 3 x 10° x 2g00 = 8700000; using 
this product as a divisor and by it dividing the former pro- 
duct, we obtain a quotient of 0.9195, the required deflection 
in inches. | 


(38.— Deflection: Load Uniformly Distributed.—In two 
beams of equal capacity, suppose the one loaded at the 
middle, and the other with its load uniformly distributed 
over its length, and so loaded that the deflection in one beam 
shall equal that in the other; then the weight at the middle 
of the former beam will be equal to five eighths of that on 
the latter. This proportion between the two has been de- 
monstrated by writers on the strength of materials. (See p. 
484, Mechanics of Eng. and Arch., by Prof. Mosely, Am. ed. by 
Prof. Mahan, 1856.) Hence, when U is put to represent the 
uniformly distributed load, we have— 


WV =e. 
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or, when an equally distributed load deflects a beam to a 
certain depth, five eighths of that load, if concentrated at 
the middle, would cause an equal deflection. This value of 
W may therefore be substituted for it in equation (31.), and 
give— 


Fbd*s 
bUa oe 
from which we obtain— 
1:6Fbda'°6 
Oss a (34-) 


a rule for a uniformly distributed load. 


139.—Defieetion: Weight when Uniformly Distributed. 
—In equation (34.) we have a rule by which we may ascertain 
what weight is required to deflect to a given depth any 
given beam. This, in words at length, is— 

Rule XX1X.—Multiply 1-6 times the deflection by the 
breadth of the beam, and by the cube of its depth, all in 
inches, and by the value of F for the material of the beam, 
in Table III.; divide the product by the cube of the length 
in feet, and the quotient will be the required weight in 
pounds. à 

Example.—W hat weight, uniformly distributed over the 
length of a spruce beam, will be required to deflect it to the 
depth of o-5 of an inch, the beam being 3 x 10 inches and 10 
feet long? The value of F for spruce, in Table III., is 3500. 
Therefore, by the rule, we have 1-6x0-5 x 3x10’ x 3500= 
8400000, and this divided by (lox 10x 10=) 1000 gives 
8400, the required weight in pounds. 


140.— Deflection: Breadth or Depth, Load Uniformly 
Distributed.—By transposition of the factors in equation 
(34.), we obtain— 


re 


a rule for the dimensions, which, in words at length, is— 
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Rule XXX.—Multiply the given weight by the cube of 
the length of the beam; divide the product by 1-6 times the 
given deflection in inches, multiplied by the value of F for 
the material of the beam, in Table III., and the quotient will 
equal the breadth into the cube of the depth. Now, to ob- 
tain the breadth, divide this quotient by the cube of the depth, 
and the resulting quotient will be the required breadth in 
inches. But if, instead of the breadth, the depth be required, 
then divide the aforesaid quotient by the breadth, and the 
cube root of the resulting quotient will be the required depth 
in inches. Again, if neither breadth nor depth be previously 
determined, but to be in proportion to each other ata given 
ratio, as to 1,7 being a decimal fixed at pleasure, then di- 
vide the aforesaid quotient by the value of 7, and take the 
square root of the quotient; then the square root of this 
square root will be the required depth in inches. The breadth 
will equal the depth multiplied by the value of the deci- 
mal z. 

Example-—What should be the size of a locust beam 10 
feet long which is to be loaded with 6000 pounds equally 
distributed over the length, and with which the beam is to 
be deflected 2 of an inch? The value of F for locust, in 
Table III., is5050. By the rule, we have 6000x(10 x 10 x 10 =) 
1000 = 6000000, which is to be divided by (1-6 xo-75 x 5050 =) 
6060, giving a quotient of g90-1. Now, if the depth be, say, 
6 inches, then ggo-1 divided by (6x 6x 6 =) 216 gives a quo- 
tient of 4-584, the required breadth in inches, say 43. But 
if the breadth be assumed at 4 inches, then ggo-1 divided by 
4 gives a quotient of 247-525,the cube root of which is 6-270, 
the required depth in inches, or, say, 64. And, again, if the 
ratio between the breadth and depth be as 0-7 to 1, then ggo-1 
divided by 0-7 gives a quotient of 1414-43, the square root 
of which is 37-609, of which the square root is 6-1326, the 
required depth in inches, or, say, 64 ; and then 6-1326x0-7= 
4-293, the required breadth in inches; or, the beam should 
be 4,8, x 6% inches. 

14-/.—Deflection: when Weight is Uniformly Distributed. 
—By a transposition of the factors of equation (35.), we ob- 
tain— 
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= Ge, 


ô 
a result nearly the same as that in equation (33.), which isa 
rule for deflection by a weight at middle, and which by 
slight modifications may be used for deflection by an equally 
distributed load. Thus by— 

Rule XX X1.—Proceed as directed in Rule XXVIII. (Azz. 
137), using the equally distributed weight instead of a con- 
centrated weight, and then divide the result there obtained 
for deflection by 1-6; then the quotient will be the required 
deflection in inches. 

Example.—Taking the example given under Rule 
XXVIII., in Av. 137, and assuming that the 1000 pounds load 
with which the beam is loaded be equally distributed, then 
0-9195, the result for deflection as there found, divided by 1-6, 
as by the above rule, gives 0-5747, the required deflection. 
This result is just five eighths of 0-g195, the deflection by the 
load at middle. 

N.B.—The deflection by a uniformly distributed load is 
just five eighths of that produced by the same load when 
concentrated at the middle of the beam; therefore, five 
eighths of the deflection obtained by Rule XXVIII. will be 
the deflection of the same beam when the same weight is 
uniformly distributed. 


14-2.—Deficction of Levers.—The deflection of a lever is 
the same as that of a beam of the same breadth and depth, 
but of twice the length, and loaded at the middle with a load 
equal to twice that which is at the end of the lever. There- 
fore, if P represents the weight at the end of a lever, and z 
m@enensth of the lever in feet, then 2 P= Wand 27 = ¿and 
if these values of Wand /be substituted for those in equa- 
tion (33.), we obtain— 


2Px2n? 
es ee 
EDGE 
which reduces to— 
16Pn'* 
OTA 637) 
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a result 16 times that in equation (33.), which is the deflection 
ina beam. Therefore, when a beam and a lever equal in 
sectional area and in length be loaded by equal weights, the 
one at the middle, the other at one end, the deflection of the 
lever will be 16 times that of the beam. This proportion is 
based upon the condition that neither the beam nor the lever 
shall be deflected beyond the limits of elasticity. 


143.—Deflection of a Lever: Load at End,—Equation 
(37.), in words at length, is— 

-= Rule XXXII.—Multiply 16 times the given weight by 
the cube of the length in feet; divide the product by the 
product of the breadth into the cube of the depth multiplied 
by the value of F for the material of the lever, in Table III., 
and the quotient will be the required deflection. 

Example.—What would be the deflection of a bar of 
American wrought iron one inch broad, two inches deep, 
loaded with 150 pounds at a point 5 feet distant from the 
wall in which the bar is imbedded? The value of F for 
American wrought iron, in Table III., is 62000. Therefore,- 
by the rule, 16x 150 x 5*= 300000. This divided by 
(I x 2° x 62000 =) 496000 gives 0-6048, the required deflec- 
tion—nearly 3 of an inch. 


144.—Deflection of a Lever: Weight when at End.—By 
a transposition of the factors in equation (37.), we obtain— 


Féd’sé 
P= : i 
T G8.) 


This result is equal to one sixteenth of that shown in equa- 
tion (31.),a rule for the weight at the middle. Therefore, 
for— 

Rule XXXIII..—Proceed as directed in Rule XXVII.; 
divide the quotient there obtained by 16, and the resulting 
quotient will be the required weight in pounds. 

Example. —W hat weight is required at the end of a 4x 12 
inch Georgia-pine lever 20 feet long to deflect it three 
quarters of an inch? Proceeding by Rule XXVII., we ob- 
tain a quotient of 3823-2; this divided by 16 gives 238-95, . 
say 239, the required weight in pounds. 
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14-5.—Defiection of a Lever: Breadth or Depth, Load 
at End.—A Ea ponton of the factors of equation (38.) 


gives PEE 

Fô ’ 
a rule by which to obtain the sectional area of the lever. 
By comparison with equation (32.) it is seen that the result 
in (39.) is 16 times that found by (32.). Therefore, the dimen- 
sions for a lever loaded at the end may be found by— 

Rule XXXIV.—Multiply by 16 the first quotient found 
by Rule XXVII., and then proceed as farther directed in 
Rule XXVII., using the product of 16 times the quotient, 
instead of the said quotient. 

Example-—What should be the size of a spruce lever 20 
feet long, between weight and wall, to sustain 2000 pounds 
at the end with a deflection of 1 inch? Proceeding by Rule 
XXVII., we obtain a first quotient of 4571-43. By Rule 
XXXIV., 4571-43 x 16 = 73144-88. Now, if the depth be 
fixed, say, at 20, then 73144-88 divided by (20 x 20 x 20 =) 
8000 gives 9-143, the required breadth. But to obtain the 
depth, fixing the breadth, say, at 9, we have for 73144-88 di- 
vided by 9 = 8127-21, the cube root of which is 20-1055, the 
required depth. Again, if the breadth and depth are to be 
in proportion, say, as 0-7 to 1-0, then 73144-88 divided by 
0-7 gives 104492-7, the square root of which is 323-254, of 
which the square root is 17-98, the required depth in inches ; 
and 17-98 x 0-7 = 12-586, the required breadth in inches. 
The lever, therefore, should be, say, 128 x 18 inches. 


Va = (39.) 


14-6.— Deflection of Levers: Weight Uniformly Distrib- 
uted.—A comparison of the effects of loads upon levers 
shows (Transverse Strains, Art. 347) that the deflection by a 
uniformly distributed load is equal to that which would be 
produced by three eighths of that load if suspended from 
the end of the lever. Or, P= 2 U. Substituting this value 
of P, in equation (37.), gives— 

Ox Un’ 


which reduces to— 
pe ae (40.) 
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a rule for the deflection of levers loaded with an equally dis- 
tributed load. 


14¢7.—Deficction of Levers with Uniformly Distributed 
Woad.—The deflection shown in equation (40.) is just six 
times that shown in equation (33.). The result by (33.) mul- 
tiplied by 6 will equal the result by (40.); therefore, we 
have— 

Rule XXXV.—Proceed as directed in Rule XXVIIL; 
the result thereby obtained multiplied by 6 will give the 
required deflection. 

Example.—TYo what depth will 500 pounds deflect a 3 x 10 
inch white-pine lever 10 feet long, the weight uniformly 
distributed over the lever? Here, by Rule XXVIII., we 
obtain the result 0-05747; this multiplied by 6 gives 0- 3448, 
the required deflection. 


148.—Deflection of Levers: Weight when Uniformly 
Distributed.— By a transposition of factors in (40.), we ob- 
tain— 


Fod o 
U = Eoo (41.) 


This is equal to one sixth that of equation (31.); therefore, 
we have— 

Rule XXXVI.—Proceed as directed in Rule XXVI.; 
the quotient thereby obtained divide by 6, and the quotient 
thus obtained will be the required weight. 

Lxample—What weight will be required to deflect a 
4x 5 inch spruce lever 1 inch, the weight uniformly dis- 
tributed over its length? Proceeding as directed in Rule 
XXVI., the result thereby obtained is 1750; this divided by 
6 gives 2912, the required weight in pounds. 


149.—_Deflection of Levers: Breadth or Depth, Load 
Uniformly Distributed.—A transposition of factors in equa- 
tion (41.) gives— 


Foe (42.) 
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This result is just six times that of equation (32.); wc, there- 
fore, have— 

Rule XXXVII.—Proceed as directed in Rule XXVII.: 
multiply the first quotient thereby obtained by 6; then in 
the subsequent directions use this multiplied quotient in- 
stead of the said first quotient, to obtain the required breadth 
and depth. 

Example.—What should be the size of a spruce lever to 
feet long, sustaining 26662 pounds, uniformly distributed 
over its length, with a deflection of 1 inch? Proceeding 
by Rule XXVII., the first quotient obtained is 761-905 ; 
this multiplied by 6 gives 4571-43, the multiplied quotient 
which is to be used in place of the said first quotient. Now, 
to obtain the breadth, the depth being fixed, say, at 10; 
4571-43 divided by (cube of 10 =) 1000, the quotient, 4-57, is 
the required breadth. But if the breadth be fixed, say, at 
4, then, to obtain the depth, 4571-43 divided by 4 gives 
1142-86, the cube root of which is 10-46, the required depth. 
Again, if the breadth and depth are to be in proportion, say, 
as 0-6 to 1-0, then 4571-43 divided by 0-6 gives 7619-05, the 
square root of which is 87-27, of which the square root is 
9:343, the required depth in inches; and 9-343 x 0-6 equals 
5-6, the required breadth in inches; or, the lever may be, 
say, 5% x go} inches. 


CONSTRUCTION IN GENERAL. 


150.— Construction: Object Clearly Defined.— In the 
various parts of timber construction, known as floors, par- 
titions, roofs, bridges, etc., each has a specific object, and in 
all designs for such constructions this object should be kept 
clearly in view, the various parts being so disposed as to 
serve the design with the least quantity of material. The 
simplest form is the best, not only because it is the most 
economical, but for many other reasons. The great number 
of joints, in a complex design, render the construction liable 
to derangement by multiplied compressions, shrinkage, and, 
in consequence, highly increased oblique strains; by which 
its stability and durability are greatly lessened. 
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FLOORS. 


15!1.—¥Floors Described.—Floors are most generally con. 
structed szzgle, that is, simply a series of parallel beams, each 


casionally floors are constructed double, as at Fig. 40; and 
sometimes framed, as at Fig. 41; but these methods are ` 
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seldom practised, inasmuch as either of these requires more 
timber than the single floor. Where lathing and plastering 
is attached to the floor-beams to form a ceiling below, the 
springing of the beams, by customary use, is liable to crack 
the plastering. To obviate this in good dwellings, the double 
and framed floors have been resorted to, but more in former 
times than now, as the cross-furring (a series of narrow strips 
of board or plank nailed transversely to the underside of 


Fic. 4I. 


the beams to receive the lathing for the plastering) serves a 
like purpose very nearly as well. 


152.—Floor-Beams.— The size of floor-beams can be as- 
certained by the preceding rules for the s¢zffness of materials. 
These rules give the required dimensions for the various 
kinds of material in common use. The rules may be some- 
what abridged for ordinary use, if some of the quantities 
represented in the formula be made constant within certain 
limits. For example, if the load per foot superficial upon 
the floor be fixed, and the deflection, then these, together 
with the constant represented by F, may be reduced to one 
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constant. For dwellings, the load per foot may be taken at 
70 pounds, the weight proper to be allowed for a crowd 
of people on their feet. (Transverse Strains, Art. 114) ie 
this add 20 for the weight of the material of which the floor 
is composed, and the sum, go, is the value of f, or the weight 
per foot superficial for dwellings. Thence f l= U (Art. 130). 
The rate of deflection allowable for this load may be fixed 
at 0-03 inch per foot of the length, or ô = 0-03 7. Substitut- 
ing these values in equation (35.), we obtain— 


1S T TN — 90A Taaa 
[Ox 637 IOs o R 
or— 
18 
b d= 23 cl (43.) 
Putting 7 to represent = , we have— 
b d= fc 1, (44) 
A 1875 ! : 
Now, by reducing —j—, for the six woods 1n common use, 


the value of 7 for each is found as follows: 


Georgia Pine erem a er jf = 0222 
Locust soseste ma See eee 7 = oO 
White Oak. ... 2. gene i, =R 
SPIUCE 26.4.0. naeia ee J = Oa 
White Pine... .0.:.02 2, e T J = 0765 
Hemlock. ca... 240. a ee = 007 


Equation (44.) is a rule for the floor-beams of dwellings ; 
it may be used also to obtain the dimensions of beams for 
stores for all ordinary business: for it will require from 3 to 
5 times the weight used in this rule, or from 200 to 400 
(average 300) pounds to increase the deflection to the limit 
of elasticity in beams of the usual depths and lengths. For 
light stores, therefore, loaded, say, to 150 pounds per foot, 
the beams would be safe, but the deflection would be in- 
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creased to 0-06 per foot. When so great a deflection as this 
would not be objectionable to the eye, then this rule (44.) 
will serve for the beams of light stores. But for first-class 
stores, taking the rate of deflection at -o4 per foot, and 
fixing the weight per superficial foot at 275 pounds, includ- 
ing the weight of the material of which the floor is con- 
structed, and letting & represent the constant, then— 


bd = kot, (45.) 
and for— 
ORD TB) Tee 2a ean oe ee ge OS 
LOU SULSIC-5 Si Gee ee ie ==) 0) ti: 
TUG Oe kE 
Sorice a e T KESA A 
CN miee T k= (Ps 
Pian (OC k e ea l a i = iene 


(53.—Floor-Beams for Dwellings.—To find the dimen- 
sions of floor-beams for dwellings, when the rate of deflection 
is 0-03 inch per foot, or for ordinary stores when the load is 
about 150 pounds per foot, and the deflection caused by this 
weight is within the limits of the elasticity of the material, 
we have the following rule: 

Rule XXXVIII.—Multiply the cube of the length by 
the distance apart between the beams (from centres), both in 
feet, and multiply the product by the value of 7 (Art. 152) 
for the material of the beam, and the product will equal the 
product of the breadth into the cube of the depth. Now, 
to find the breadth, divide this product by the cube of the 
depth in inches, and the quotient will be the breadth in 
inches. But if the depth is sought, divide the said product 
by the breadth in inches, and the cube root of the quotient 
will be the depth in inches; or if the breadth and depth are 
to be in proportion asv is to unity, 7 representing any re- 
quired decimal, then divide the aforesaid product by the 
value of 7, and extract the square root of the quotient, and 
the square root of this square root will be the depth re- 
quired in inches, and the depth multiplied by the value of 7 
will be the breadth in inches. 
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Example. —In a dwelling Or ordinary stOre, what must be 
the breadth of the beams, when placed 15 inches from 
centres, to support a floor covering a span of 16 feet, the 
depth being 11 inches, the beams of white oak? By the 
rule, 4096, the cube of the length, by 14, the distance from 
centres, and by 0-6, the value of 7 for white oak, equals 
3072. This divided by 1331, the cube of the depth, equals 
2-31 inches, or 2,3, inches, the required breadth. But if, in- 
stead of the breadth, the depth be required, the breadth 
being fixed at 3 inches, then the product, 3072, as above, di- 
vided by 3, the breadth, equals 1024; the cube root of this 
is 10-08, Or, say, 10 inches nearly. But if the breadth and 
depth are to be in proportion, say, as 0-3 to 1:0, then the 
aforesaid product, 3072, divided by 0-3, the value of 7, 
equals 10240, the square root of which is 101-2, and the 
square root of this is 10-06, the required depth. This 
multiplied by 0-3, the value of 7, equals 3-02, the re- 
quired breadth; the beam is therefore to be, say, 3 x Io 
inches. 


(54.—Floor-Beams for First-Class Stores.—To find the 
breadth and depth of the beams for a floor of a first-class 
store sufficient to sustain 250 pounds per foot superficial 
(exclusive of the weight of the material in the floor), with 
a deflection of 0-04 inch per foot of the length, we have— 

Rule XXXIX.—The same as XXXVIII., with the ex- 
ception that the value of & (Art. 152) is to be used instead 
of the value of 7. 

Example-—The beams of the floor of a first-class store 
are to be of Georgia pine, with a clear bearing between the 
walls of 18 feet, and placed 14 inches from centres: what 
must be the breadth when the depth is 11 inches? By the 
rule, 5832, the cube of the length, and 14, the distance from 
centres, and 0-73, the value of $ for Georgia pine, all multi- 
plied together equal 4966-92; and this product divided by 
1331, the cube of theadepth, equals 3:732 the requiked 
breadth, or 3? inches. 

But if, instead of the breadth, the depth be required : 
what must. be the depth when the breadth is 3 inches? 
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The said product, 4966-92, divided by 3, the breadth, equals 
1655-64, and the cube root of this, 11-83, or, say, 12 inches, 
is the depth required. 

But if the breadth and depth are to be ina given pro- 
portion, say 0-35 to 1-0, the 4966-92 aforesaid divided by 
0-35, the value of 7, equals 14191, the square root of 
which is 119-13, and the square root of this square root is 
10-91, Or, say, 11 inches, the required depth. And 10-91 
multiplied by 0-35, the value of 7, equals 3-82, the required 
breadth, say 3% inches. 


155.— Floor -Beams: Distance from Centres. —It is 
sometimes desirable, when the breadth and depth of the 
beams are fixed, or when the beams have been sawed and 
are now ready for use, to know the distance from cen- 
tres at which such beams should be placed in order that the 
floor be sufficiently stiff. By a transposition of the factors 
in equation (44.), we obtain— 


(ee. (46.) 


In like manner, equation (45.) produces— 


a 
ye (47-) 


These, in words at length, are as follows: 

Rule XL.—Multiply the cube of the depth by the breadth, 
both in inches, and divide the product by the cube of the 
length in feet multiplied by the value of 7, for dwellings 
and for ordinary stores, or by 4, for first-class stores, and 
the quotient will be the distance apart from centres in feet. 

Example.—A span of 17 feet, in a dwelling, is to be cov- 
ered by white-pine beams 3x12 inches: at what distance 
apart from centres should they be placed? By the rule, 
1728, the cube of the depth, multiplied by 3, the breadth, 
equals 5184. The cube of 17 is 4913; this by 0-65, the value 
of 7 for white pine, equals 3193-45. The aforesaid 5184 
divided by this 3193-45 equals 1-6233 feet, or, say, 20 inches. 
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(56.— Framed Openings for Chimneys and Stairs. — 
Where chimneys, flues, stairs, etc., occur to interrupt the 
bearing, the beams are framed into a piece, d (/7g. 42), called 
a header. The beams, a a, into which the header is framed 
are called ¢rimmers or carriage-beams. These framed beams 
require to be made thicker than the common beams. The 
header must be strong enough to sustain one half of the 
weight that is sustained upon the /az/-beams, ¢ c (the wall at 
the opposite end or another header there sustaining the other 
half), and the trimmers must each sustain one half of the 
weight sustained by the header in addition to the weight it 
supports as acommon beam. It is usual in practice to make 


these framed beams one inch thicker than the common beams 
for dwellings, and two inches thicker for heavy stores. This 
practice in ordinary cases answers very well, but in extreme 
cases these dimensions are not proper. Rules applicable 
generally must be deduced from the conditions of the case— 
the load to be sustained and the strength of the material. 


(57.—Breadth of Headers,—The load sustained by a 
header is equally distributed, and is equal to the superficial 
area of the floor supported by the header multiplied by the 
load on every superficial foot of the floor. This is equal to 
the length of the header multiplied by half the length of the 
tail-beams, and by the load per superficial foot. Putting ¢ 
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for the length of the header, x for the length of the tail- 
beams, and / for the load per superficial foot; U, the uni- 
formly distributed load carried by the header, will equal 4 
Jug. By substituting for UV, in equation (35.), this value of 
it, we obtain— 


1 3 
s_ uf nge 
a 1-6F0— 


The symbols g and / here both represent the same thing, 
the length of the header; combining these, and for 6 putting 
its value g7, we obtain— 


Ma 
ee Z 
To allow for the weakening of the header by the mor- 
tices for the tail-beams (which should be cut as near the 
middle of the depth of the header as practicable), the depth 
should be taken at, say, one inch less than the actual depth. 
With this modification, we obtain— 


ES 
b= SFr diy (48.) 


If f be taken at go, and 7 at 0-03, we have, by reducing— 


5ang? 
=h an (49, 


which is a rule for the breadth of headers for dwellings and 
for ordinary stores. This, in words, is as follows: 

Rule XLI.—Multiply 937-5 times the length of the tail- 
beams by the cube of the length of the header, both in feet. 
The product divided by the cube of one less than the depth 
multiplied by the value of F, Table III., will equal the 
breadth of the header in inches for dwellings or ordinary 
stores. 

Example —A header of white pine, for a dwelling, is 10 
feet long, and sustains tail-beams 20 feet long; its depth is 
12 inches: what must be its breadth? By the rule, 
937-5 20x 10°=18750000. This divided by (12-1)*x 2900= 
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3859900, equals 4-858, say 5 inches, the required breadth. 
For first-class stores, f should be taken at 275, and 7 at 0-04. 
With these values the constants in equation (48.) reduce to 
2A A75, Or, say, 2150. Lhis sives—— 


_ 21507 g° 
b = F(d- i): i (50.) 


a rule for the breadth of a header for first-class stores. It 
is the same as that for dwellings, except that the constant 
2150 is to be used in place of 937-5. Taking the same ex- 
ample, and using the constant 2150 instead of 937:5, we 
obtain 11-14 as the required breadth of the header for a first- 
class store. Modifying the question by using Georgia pine 
instead of white pine, we obtain 5-476 as the required thick- 
ness, say 5% inches. 


(58.—Breadth of Carriage-Beams,—A carriage-beam or 
trimmer, in addition to its load as a common beam, carries 
one half of the load on the header, which, as has been 
seen in the last article, is equal to one half of the superficial 
area of the floor supported by the tail-beams multiplied by 
the weight per superficial foot of the load upon the floor; 
therefore, when the length of the header in feet is repre- 
sented by g, and the length of the tail-beams by x, w equals 


fx oxs, equals 4 fg n.* 


For a load not at middle, we have (25.)— 


hd? _4Wamn 
4 
* The load from the header, instead of being + fg n, is, more accurately’, 
+ fn(g—c): because the surface of floor carried by the header is only 
that which occurs between the surfaces carried by the carriage-beams, each of 
which carries so much of the floor as extends half way to the first tail-beam 


s: c « . 
from it, or the distance au therefore, the width of the surface carried equals 


the length of the header less (2 x : = })c,org—c. When, however, it is con- 


sidered that the carriage-beam is liable to receive some weight from a stairs or 
other article in the well-hole, the small additional load above referred to is 
not only not objectionable, but is really quite necessary to be included in the 
calculation. 
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This is a rule based upon resistance to rupture. By substi- 
B . : 

tuting for a, the factor of safety, P its value in terms of 

resistance to flexure (Transverse Strains, (154.)), we have— 


hg = 4VBimun 4Wmn, 


lay a7 
a „s  4Vmn 
or Dee ee 


In this expression, IV is a concentrated weight at the dis- 
tances # and z from the two ends of the beam. Taking the 
load upon a carriage-beam due to the load from the header, 
as above found, and substituting it for IV, we obtain— 


pa trasoumn _ famu? 
F ah Fr 


This is the expression required for the concentrated load. 
To this is to be added the uniformly distributed load upon 
the carriage-beam; this is given in equation (35.). Substi- 
tuting for U of this equation its value, fc l, gives— 


felt _ gfel? 


bd — orto © Fao 


Combining these two equations, we have for the total load— 


py (Se oe *+ee0") 
C a aa (51) 


If, in this equation, f be taken at go, and 7 at 0-03, these 


reduce to 3000 ; therefore, with this value of 4, we have— 


v= 


Le ae (52.) 


This rule for the breadth of carriage-beams with one 
header, for dwellings and for ordinary stores, is put in words 
as follows: 
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Rule XLIUI.—Multiply the length of the framed opening 
by its breadth, and by the square of the length of the tail- 
beams; to this product add 8 of the cube of the length into 
the distance of the common beams from centres—all in feet ; 
divide 3000 times the sum by the cube of the depth in inches 
multiplied by the value of F for the material of the beam, in 
Table lII., and the quotient will be the breadth in inches. 

Example.—In a tier of 3 x 10 inch beams, placed 14 inches 
from centres, what should be the breadth of a Georgia-pine 
carriage-beam 20 feet long, carrying a header 12 feet long, 
having tail-beams 15 feet long? Here the framed opening 
is 5 i2ieet. Therefore, according tothe rule et m — 
13500; to which add (4 x 20° x 14 =) 58334; the sum is 193334, 
and this by 3000 = 58000000. The value of F for Georgia 
pine, in Table IlI., is 5900; the cube of the depth is 1000; 
the product of these two is 5900000; therefore, dividing 
the above 58000000 by 5900000 gives a quotient of 9.83, 
the required breadth in inches. If, in equation (51.), f be 


taken at 275) and 7 at O O4 then - becomes 6875, and the 


equation becomes— 


6875 (gmn? +š cl’) 
pete ee (53, 
a rule for the breadth of carriage-beams for first-class stores ; 
the same as that for dwellings, except that the constant is 
6875 instead of 3000. 


159.—_ Breadth of Carriage-Beams Carrying Two Sets 
of Tail-Beams.—A rule for this is the same as that fora car- 
riage-beam carrying one set of tail-beams, if to it there be 
added the effect of the second set of tail-beams. Equation 
(51.) with the addition named becomes— 


pauo oo 64.) 


in which zis the length of one set of tail-beams, and s the 
length of the other set; and 72--7 = 7. 
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ME enakem at 90,and 7 at 0-03, these two reduce to 
3000, and we have— 


_ 3000[¢ a (mnt s*) + L (55.) 
oe 


a rule for the breadth of a carriage-beam carrying two sets 
of headers, for dwellings and for ordinary stores. It may 
be stated in words as follows: 

Rule XLIIN.—Multiply the length of the longer set of 
tail-beams by the difference between this length and the 
length of the carriage-beam, and to the product add the 
square of the length of the shorter set of tail-beams; mul- 
tiply the sum by the length of the longer set of tail-beams, 
and by the length of the header; to this product add 4 of 
the product of the cube of the length of the carriage- 
beam into the distance apart from centres of the common 
beams; multiply this sum by 3000; divide this product by 
the product of the cube of the depth in inches into the value 
of F for the material of the carriage-beam, in Table II., and 
the quotient will be the required breadth. 

Example—In a tier of 3 x 12 inch beams, placed 14 inches 
from centres, what should be the breadth of a spruce car- 
riage-beam 20 feet long in the clear of the bearings, carry- 
ing two sets of tail-beams, one of them 9g feet long, the 
other 5 feet ; the headers being 15 feet long? The difference 
between the longer set of tail-beams and the carriage-beam 
LA O o=) feet. Therefore, by the rule,gx11+5° = 
meeetnen (124x%0x 15 =) 10740-+(2 x 20° x 44 =) 53334 = 
e@e73.. then 225734 x 3000 = 67720000. Now the value of 
Amor spruce, Table II., is 3500; this by 12°, the cube of 
the depth, equals 6048000; by this dividing the aforesaid 
67720000, we obtain a quotient of 11-197, the required 
breadth of the carriage-beam. If, in equation (54.), f be 
ficem at 275, and 7 at 0-04, these reduce to 6875, and we 
obtain— 


, — 875 len (72 ious Bac I (56.) 


arule for the breadth of carriage-beams carrying two sets 
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of tail-beams, in the floors of first-class stores. This is like 
the rule for dwellings, except that the constant is 6875 in- 
stead of 3000. 


160. Well-Hole at 
Middle.— When the framed opening between the two sets of 
tail-beams occurs at the middle, or when the lengths of the 
two sets of tail-beams are equal, then equation (54.) reduces 
to 


o 5 {? 
b ae (57) 


and if f be taken at go, and 7 at 0-03, these reduce to 3000, 
and we have— 


3o00 /(gn* +3 el’) (58.) 


a rule for the breadth of a carriage-beam carrying two sets 
of tail-beams of equal length, in the floor of a dwelling or of 
an ordinary store; and which in words is as follows: 

Rule XLIV.—Multiply the length of the header by the 
square of the length of the tail-beams, and to the product 
add & of the product of the square of the length of the car- 
RUN -beam by the distance apart from centres of the com- 
mon beams; multiply the sum by 3000 times the length of 
the carriage-beam; divide the product by the product of 
the cube of the depth into the value of F for the material of 
the carriage-beam, in Table II., and the quotient will be the 
required breadth. 

Example.—tIn a tier of 3 x 12 inch beams, placed 12 inches 
from centres, what must be the thickness of a hemlock car- 
riage-beam 20 feet long, carrying two sets of tail-beams, 
each 8 feet long, with Pae 10 feet long? By the rule, 
10x 8’ +2%x I x 20° = 890; 890 x 3000 x 20 = 53400000. Now, 
the value of Æ, in Table IIl., for hemlock is 2800; this by the 
cube of the depth, 1728, equals 4838400; by this dividing 
the former product, 53400000, and the quotient, 11-0367, is 
the required breadth of the carriage-beam. 
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If, in equation (57.), / be taken at 275, and vat 0.04, these 
will reduce to 6875, and we shall have— 


~ 2 i 2 

= SB ee), (59) 
a result the same as in equation (58.), except that the 
constant is 6875 instead of 3000. Equation (59.) is a rule for 
the breadth of carriage-beams carrying two sets of tail-beams 
of equal length, in the floor of a first-class store. In words 
at length, it is the same as Rule XLIV., except that the con- 
stant 6875 is to be used in place of 3000. 


(61.—Cross-Bridging, or Herring-Bone Bridging.— The 
diagonal struts set between floor-beams, as in Fig. 43, are 
known as cross-bridging, or herring- 
bone bridging. By connecting the 
beams thus at intervals, say, of from 
3 to 8 feet, the stiffness of the floor 
is greatly increased. The absolute 
strength of a tier of beams to resist a 
weight uniformly distributed over 
the whole tier is augmented but lit- 
tle by cross-bridging ; but the power 
of any one beam in the tier to re- 
sist a concentrated load upon it, as a heavy article of fur- 
niture or an iron safe, is greatly increased by the cross- 
bridging; for this device, by connecting the loaded beam 
with the adjacent beams on each side; causes these beams to 
assist in carrying the load. To secure the full benefit of the 
diagonal struts, it is very important that the beams be well 
secured from separating laterally, by having strips, such as 
cross-furring, firmly nailed to the under edges of the beams. 
The tie thus made, together with that of the floor-plank on 
the top edges, will prevent the thrust of the struts from sep- 
arating the beams. 


Fic. 43. 


[62.—Bridging: Value to Resist Concentrated Loads.— 
A rule for determining the additional load which any one 
beam connected by bridging will be capable of sustaining, 
by the assistance derived from the other beams, through the 
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bridging, may be found in Chapter XVIIL, Transverse Strains. 
This rule may be stated thus: 


R= EQ +2’ +3 gp tete.); (60.) 


in which & is the increased resistance, equal to the addi- 
tional load which may be put upon the loaded beam; cis the 
distance from centres in feet at which the beams in the tier 
are placed; fis the load in pounds per superficial foot upon 
the floor; Zis the length of the beams in feet; and d is the 
depth of the beams in inches. The squares within the 
bracket are to be extended to as many places as there are 
beams on each side which contribute assistance through the 
bridging. The rule given in the work referred to, for ascer- 
taining the number of spaces between the beams, is— 


d 


o (61.) 


n = 


or, the depth of the beam in inches divided by the square of 
the distance from centres, in teet, at which the beams are 
placed will give the number of spaces between the beams 
which contribute on each side in sustaining the concentrated 
load. The nearest whole number, minus unity, will equal 
the required number of beams. 

The value of c for beams in floors of dwellings is given in 
equation (46.), and for those in first-class stores in equation 
(47.). By a modification of equation (34.), putting c // for 
U, we have— 


Chl = 73 ’ 
-6 ff 0a oO 
aie C= aE (2) 
LER pdy 
a = eee 63. 


These equations give general rules for the value of c. 
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Now, the rule, in words at length, for the resistance offered 
by the adjoining beams to a weight concentrated upon one 
of the beams sustained by cross-bridging to the others, is— 

Rule XLV.—Divide the depth of the beam in inches by 
the square of the distance apart from centres in feet at 
which the floor-beams are placed ; from the quotient deduct 
unity, and call the whole number nearest to the remainder 
the First Result. Take the sum of the squares of the con- 
secutive numbers from unity to as many places as shall equal 
the above first result; multiply this sum by 5 times the 
length in feet, by the load per foot superficial upon the floor, 
and by the fifth power of the distance apart from centres in 
feet at which the beams are placed; divide the product by 
4 times the square of the depth in inches, and the quotient 
will be the weight in pounds required. 

e — in a tier of 3x 12 inch floor-beams 20 feet 
long, placed in a dwelling 16 inches from centres and well 
bridged, what load may be uniformly distributed upon one of 
the beams, additional to the load which that beam is capable 
of sustaining safely when unassisted by bridging? Here, 
according to the rule, 12 divided by (1$+1$=) 14 equals 
62; 623—1 = 53, the nearest whole number to which is 6, the 
first result. The sum of the square of the first 6 numbers 
equals (1+ 27+ 37+47+5°+67 =) 1+4+9+16+25+36=0l1. 
Me ore, 9I x 5 X 20x 00x (4) = 3431266.* The square of 
Repth (12x12 = ) 1444 = 576; by this dividing the 
above 3451266, we have the quotient 5991-78, say 5992 
peunds, the required weight. This is the additional load 
which may be placed upon the beam. At go pounds per 
superficial foot, the common load on each beam, we have 


* The value ofc, 16 inches, equals 4 feet. The fifth power of this, or ($)}, 
is obtained by involving both numerator and denominator to the fifth power, 
and dividing the fifth power of the former by the fifth power of the latter; for 


5 
G = a For the numerator we have 4x4x4x4x4=1024, and for the de- 


nominator 3x3xX3xX3xX3=243. The former divided by the latter gives as a 
quotient 4-214, the value of (4). The process of involving a number to a high 
power, or the reverse operation of extracting high roots, may be performed Ly 
logarithms with great facility. (See A7?¢. 427.) 
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go x 20 x $ = 2400 as the common load. To this add 5992, 
the load sustained through the bridging by the other beams, 
and the sum, 8392 pounds, will be the total load which may 
be safely sustained, uniformly distributed, upon one beam— 
nearly 33 times the common load. 


[63.—Girders.—When the distance between the walls of 
a building is greater than that which would be the limit for 
the length of ordinary single beams, it becomes requisite to 
introduce one or more additional supports. Where sup- 
ports are needed for a floor and partitions are not desirable, 
it is usual to use a large piece of timber called a girder, sus- 
tained by posts set at intervals of from 8 to 15 feet; or, when 
posts are objectionable, a framed construction called a 
framed girder (Art. 196); or an iron box called a tubular 
iron girder (Art. 182). When a simple timber girder is used 
it is advisable, if it be large, to divide it vertically from end 
to end and reverse the two pieces, exposing the heart of the 
timber to the air in order that it may dry quickly, and also 
to detect decay at the heart. When the halves are bolted 
together, thin slips of wood should be inserted between 
them at the several points at which they are bolted, in order 
to leave sufficient space for the air to circulate freely in the 
space thus formed between them. This tends to prevent 
decay, which will be found first at such parts as are not 
exactly tight, nor yet far enough apart to permit the escape 
of moisture. When girders are required for a long bear- 
ing, it is usual to truss them; that is, to insert between 
the halves two pieces of oak which are inclined towards each 
other, and which meet at the centre of the length of the 
girder like the rafters of a rooftruss, though nearly if not 
quite concealed within the girder. This and many similar 
methods, though extensively practised, are generally worse 
than useless; since it has been ascertained that, in nearly all 
such cases, the operation has positively weakened the girder. 

A girder may be strengthened by mechanical contrivance, 
when its depth is required to be greater than any one piece 
of timber will allow. zg. 44 shows a very simple yet invalu- 
able method of doing this. The two pieces of which the gir- 
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der is composed are bolted or pinned together, having keys 
inserted between to prevent the pieces from sliding. The 
keys should be of hard wood, well seasoned. The two 
pieces should be about equal in depth, in order that the 
joint between them may be in the neutral line. (See Arts. 
120, 121.) The thickness of the keys should be about half 
their breadth, and the amount of their united thickness 
should be equal to a trifle over the depth and one third of 
the depth of the girder. [Instead of bolts or pins, iron hoops 
are sometimes used ; and when they can be procured, they 
are far preferable. In this case, the girder is diminished at 
the ends, and the hoops driven from each end towards the 
middle. A girder may be spliced if timber of a sufficient 
length cannot be obtained; though not at or near the mid- 


Fic. 44. 


dle, if it can be avoided. (See Art. 87.) Girders should 
rest from ọ to 12 inches on each wall, and a space should be 
left for the air to circulate around the ends, that the damp- 
ness may evaporate. 


164.—Girders: Dimensions.—The size of a girder, for 
any special case, may be determined by equations (21.), (22.), 
(25.), (27.), and (28.), to resist rupture ; and to resist deflection, 
by equations (32.) and (35.). For girders in dwellings, equa- 
tion (44.) may be used. In this case, the value of c is to be 
taken equal to the width of floor supported by the girder, 
which is equal to the sum of the distances half way to the 
wall or next bearing on each side. When there is but one 
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girder between the two walls, the value of ¢ is equal to half 
the distance between the walls. The rule for girders for 
dwellings, in words, is— 

Rule XLVI.—Multiply the cube of the length of the gir- 
der by the sum of the distances from the girder half way to 
the next bearing on each side, and by the value of 7 for the 
material of the girder, in A7v?¢. 152; the product will equal 
the product of the breadth of the girder into the cube of the 
depth. To obtain the breadth, divide this product by the 
cube of the depth; the quotient will be the breadth. To 
obtain the depth, divide the said product by the breadth ; 
the cube root of the quotient will be the depth. If the 
breadth and depth are to be in a given proportion, say as 
r: 1-0, then divide the aforesaid quotient by the value of 
r; take the square root of the quotient; then the square root 
of this square root will be the depth, and the depth multi- 
plied by the value of 7 will be the breadth. 

Example.—tIn the floor of a dwelling, what should be the 
size of a Georgia-pine girder 14 feet long between posts, 
placed at 10 feet from one wall and 20 feet from the other? 
The value of c here is 12422 = 3% = I5. The value of 7 
for Georgia pine (477. 152) 1s 0-32. By the rule, 14 ge. 
0:32 =13171-2. Now, to find the breadth when the depth 
is 12 inches; 13171-2 divided by the cube of 12, or by 1728, 
gives a quotient of 7-622, or 73, the required breadth. 
Again, to find the depth, when the breadth is 8 inches: 
13171-2 divided by 8 gives 1646-4, the cube root of which is 
11-808, or, say, 11$ inches, the required depth. But if 
neither breadth nor depth have been previously determined, 
except as to their proportion, say as 0-7 to 1-0, then 
13171-2 divided by 0-7 gives 18816, of which the square 
root is 137-171, and of this the square root is 11-712, or, say, 
112 inches, the required depth. For the breadth, we have 
11-712 by o-7 equals 8-198, or, say, 84, the required 
breadth. Thus the girderis required to be 72 x 12) 3 x 11g, 
or 84x11% inches. This example is one in a dwelling or 
ordinary store; for first-class stores the rule for girders is the 
same as the last, except that the value of 4 1s to be taken 
instead of 7, in Avé. 152. 
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165.—Solid Timber Floors.—Floors constructed with 
rolled-iron beams and brick arches are proof against fire 
only to a limited degree; for experience has shown that the 
heat, in an extensive conflagration, is sufficiently intense to 
deprive the iron of its rigidity, and consequently of its 
strength. Singular as it may seem, it is nevertheless true 
that wood, under certain circumstances, has a greater fire- 
resisting quality than iron. Floors of timber constructed, 
as is usual, with the beams set apart, have but little power 
Om ist fre, but if the spaces between the beams be filled 
up solid with other beams, which thus close the openings 
against the passage of the flames, and the under surface be 
coated with plastering mortar containing a large portion of 
plaster of Paris, and finished smooth, then this wooden 
floor will resist the action of fire longer than a floor of iron 
beams and brick arches. The wooden beams should be se- 
cured to each other by dowels or spikes. 


166.—Solid Timber Floors for Dwellings and Assem- 
bly-Rooms.—From Transverse Strains, Art. 702, we have— 
p= (82+ 7d) 2% 
O-570r 


which may be modified so as to take this form: 


E SRSA Gis 


0-576 F 


which is arule for the depth or thickness of solid timber 
floors for dwellings, assembly-rooms, or office buildings, and 
in which y and % are constants depending upon the mate- 
male thus, for— 


Sieoheia Pine... yds. es - eÈ E 314 
TE e e a a ee a a EOR 
\ EPIN. aeaa e a ee = 0-380 
EE OCE = aa aaa P a ER 


The rule may be stated in words thus: 
Rule XLVII.—Multiply the length by the value of y, 
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and by the value of 4, as above given; to the product add 
82; multiply the sum by the cube of the length ; divide this 
product by 0-576 times the value of A, in Table Jil.; then 
the cube root of the quotient will be the required do in 
inches. 

Example—What depth is required for a solid Georgia- 
pine floor to cover a span of 20 feet? For Georgia pine 
F = 5900; y, as above given, equals 4, and % equals 0-314; 
therefore, by the rule— 


E V Cora 314 x 20) 2’ _ 4/856960 _ 6 318; 
O- 576 x 5900 3398-4 ' 


or, the depth required is, say, 6-32 or 6% inches. 


167.—Solid Timber Floors for First-Class Stores.—The 
equation given for first-class stores, in Transverse Strains, 
Art. 702, is— 
J — _ (263 - +yd@) 
| ar 


which may be changed to this form: 


_ 4/ (263 +5 ae LOL Le 
in which y is as before, and  for— 
Georgia Pine equals erase reer 0-4 
Spruce cgnal Ee eee {obs eee ee 0-472 
White Pine camal mee (22 eee ee 0-502 
Hemlock equals aa a N o- 506 


This rule may be put in words the same as Rule XLVII., 
except as to the constants, which require that 263 be used in 
place of 82, that Æ be used in place of 4, and that 0-768 be 
used in place of 0-576. Table XXI. of Transverse Strains 
contains the. results of computation showing the depths of 
solid timber floors for dwellings and assembly-rooms and 
for first-class stores, in floors of spans varying from 8 to 30 
feet, and for the four kinds of timber before named. 
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168. — Rolled - Iron Beams.—The dimensions of iron 
beams, whether wrought or cast, are to be ascertained by 
the rules already given, when the beams are of rectangular 
form in their cross-section; these rules are applicable alike 
to wood and iron (47ź. 93), and may be used for any mate- 
rial, provided the constant appropriate to the given matce- 
rial be used. But when the form of cross- 
section is such as that which is usual for 
rolled-iron beams (Fig. 45), the rules 
need modifying. Without attempting 
to explain these modifications (referring 
for this to Transverse Strains, Art. 457 
and following article), ıt may be re- 
marked that the elements of resistance 
to flexure in a beam constitute what is 4 
termed the Moment of Inertia. This, in So 
a beam of rectangular cross-section, 1s 
equal to +, of the breadth into the cube of the depth; or— 


= 1h ds (66.) 


This would be appropriate to rolled-iron beams if the 
hollow on each side were filled with metal, so as to complete 
the form of cross-section into a rectangle. The proper ex- 
pression for them may be obtained by taking first. the 
moment for the beam as if it were a solid rectangle, and 
from this deducting the moment for the part which on each 
side is wanting, or for the rectangles of the hollows. In 
accordance with this view of the case, we have— 


T= +4 (bd? — b, d?) ; (67.) 


in which 6 is the breadth of the beam or width of the 
flanges; J, is the breadth of the two hollows, or is equal tod 
less the thickness of the web or stem; dis the depth includ- 
ing top and bottom flanges; and d, is the depth in the clear 
between the top and bottom flanges. 

Now, if equation (32.) be divided by 12, we shall have— 


We 


I paih = 
a DIES 


146 CONSTRUCTION. 
and since ;, 6@* represents the moment of inertia, we have— 


W 1° 
7 Bee (3) 
This gives the value of J for a beam of any form in cross- 
section loaded at the middle. By this equation the values 
of 7 have been computed for rolled-iron beams of many 
sizes, and the results recorded in Table XVIL, Transverse 
Strains. A few of these are included in Table IV., as follows: 


TABLE IV.—ROLLED-IRON BEAMS. 


NAME. Depth. ead i= Name. Depth. ae i= 
Trenton; 1) 4 30 7-84 |Buffalo......| O 90 To 117 
Paterson... 5 30 12-082 ||Phæœnix.....| 9 150 190:63 
Pheonix... | 5 36 14-317 ‘Buffalo. ....| IO$ go 151-436 
Trenton...) 6 40 22- 7Glsuitalo:.. 6.) 1s 105 175-645 
Phenix. ..s| 7 55 42:43 |/Trenton.....| I0 135 241-478 
Trenton.... z 60 46-012 | Buffalo ..... 124 125 286-010 
Buffalo......] 8 65 64-526 Pateren. saol TA 125 292-05 
Paterson....| 8 80 84:735 ||Paterson.....| 124 170 398 .936 
Phenix eo 70 92-207 |iBuffalo...... 12+ 180 418-945 
Phesix....\) 9 


84 107-793 ||Trenton.....| 157% 150 5257204 


169, — Rolled - Iron Beams: Dimensions; Weight at 
Middie.—If, in equation (68.), there be substituted for F its 
value for wrought iron, as in Table III., we shall have— 


IV 23 
— 12x620000’ 


IV ° 


This is a rule by which to ascertain the size of a rolled-iron 
beam to sustain a given weight at middle with a given de- 
flection, and, in words at length, is as follows: 

Rule XLVIII.—Multiply the weight in pounds by the 
cube of the length in feet; divide the product by 744000 
times the deflection in inches, and the quotient will be the 
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moment of inertia of the required beam, and may be found, 
or the next nearest number, in Table IV. in column headed 
Z. Opposite to the number thus found, to the left, will be 
found the name, depth, and weight per yard of the required 
beam. 

Example-—Which of the beams of Table IV. would be 
proper to carry 10,000 pounds at the middle with a deflection 
of one inch, the length between bearings being 20 feet? 
Here we have, substituting for the symbols their values— 


W PP 10000 x 20% 80000000 


= 744000 0 744000X I 744000 


== 107-527; 

or, the momentof inertia of the required beam is 107-527, the 
nearest to which, in the table, is 107-793, pertaining to the 
Phoenix g-inch, 84-pound beam. This, then, is the required 
beam. 


Rolled-Iron Beams: Defleetion when Weight ts 


170. 
at Middle.—By a transposition of symbols in equation (69.), 
we have— 
> a 
~ 744000 1’ (70.) 


ora rule for the deflection of rolled-iron beams when the 
weight is at the middle. This, in words, is— 

Rule XLIX.—Multiply the weight in pounds by the 
cube of the length in feet; divide the product by 744000 
times the value of J for the given beam, and the quotient 
will be the required deflection in inches. 

Example—What will be the deflection of a Phoenix o- 
inch, 70-pound beam 20 feet long, loaded at the middle with 
7500 pounds? The value of Z for this beam, in Table IV., 
is 92-207; therefore, substituting for the symbols their val- 
ues, and proceeding by the rule, we have— 


W £8 7560! xX 20" 
= ————— >= — —— = 0.87461 ; 
744000 [ ~~ 744000 x 92-207 


or, the deflection wili be, say, 4 of an inch. 
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17|.—Roled-Iron Beams: Weight when at Middle,— 
A transposition of factors in equation (70.) gives— 


744000 [ ô 
he (71.) 


This is a rule for the weight at middle, and, in words, is— 

Rule L.—Multiply 744000 times the value of / by the 
deflection in inches; divide the product by the cube of the 
length, and the quotient will be the required weight in 
pounds. 

Example.—W hat weight at the middle of a Buffalo 9-inch, 
go-pound beam will deflect it one inch, the length between 
bearings being 20 feet? The value of / for this beam, in 
Table IV., is 109-117; therefore— 


W = 


[6 , 
Vv = an a 10147-88 ; 


or, the required weight is, say, 10,148 pounds. 
172.—Rolled-Iron Beams: Weight at any Point.—The 


equation fora load at any point is (Zransverse Strains, Art. 
485 )— 


186000 Lo 


le lmn ’ (72.) 


in which zz and z represent the two parts ın feet into which 
the point where the load rests divides the length. This, in 
words, is as follows: 

Rule LI.—Multiply 186000 times the value of / by the 
deflection in inches; divide the product by the product of 
the length into the rectangle formed by the two parts into 
which the point where the load rests divides the length ; 
the quotient will be the required weight in pounds. 

Example-—What weight is required, located at 1o feet 
from one end, to deflect 14 inches a Paterson 124-inch, 125- 
pound beam 25 feet long between bearings? The value of 
/ for thisebeam, in Table IV., is 202-05 m = 10, mdni E 
— m = 25 — IO = I5 ; therefore— 
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18600076 _ 186000 x 292-05 x I-5 


D e = = == ai ae 
a ‘mn PAS 8 10) 0s ene 


or, the required weight is, say, 21,730 pounds. 


173.—_Rolied-Iron Beams: Dimensions; Weight at any 
Point.—By transposition of factors in equation (72.), we ob- 


tain— 


- W lm n 
~~ 186000 6° (73-) 


This may be expressed in words as follows: 

Rule LI1.—Multiply the weight by the length, and by the 
rectangle of the two parts into which the point where the 
weight rests divides the length ; divide the product by 186000 
times the deflection, and the quotient will be the value of /, 
which (or its next nearest number) may be found in Table 
IV., opposite to which will be found the required beam. 

Example.—What beam to feet long will be required to 
carry 5000 pounds at 3 feet from one end with a deflection 
of 0-4 inch? Here we have m equal 3, and x equal 7; 
therefore— 


_ Wimn 5000x 10x3 x7 


— 786000 6 ~ 186000x0-4. E TTS 


The value of Z is 14-113, the nearest number to which in 
the table, is 14-317, the moment of inertia of the Phoenix 5- 
inch, 36-pound beam; this, therefore, is the beam required. 


174.—Rolled-fron Beams: Dimensions; Weight Uniform- 
ly Distributed.—Since 4 VU = W (Art. 138), equation (69.) may 
be modified by the substitution of this value of W, when we 
obtain— 
2T 
— 744000 0” 
which reduces to— 


zs oar 
~~ 1160400 ô ’ 


(74.) 
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a rule for the dimensions of a beam for a uniformly distrib- 
uted load, which, in words, is as follows: 

Rule LAW.—Multiply the uniformly distributed load by 
the cube of the length; divide the product by 1190400 times 
the deflection, and the quotient will be the value of Z, corre- 
sponding to which, or to its next nearest number will be 
found in Table IV. the required beam. 

Example—What beam to feet long is required to sus- 
tain an equally distributed load of 14,000 pounds with a de- 
flection of half an inch? For this we have— 

14000 x IO? 


= Tigo4qo0 x o; — 73°97 


This is the moment of inertia of the required beam; nearly 
the same as 23-761, im Table IV., the value of 7 iora Viren 
ton 6-inch, 40-pound beam, which will serve as the re- 
quired beam. 


(75.— Rolled-fron Beams: Deflection; Weight Uniformly 
Distributed.—A transposition of the factors in equation (74.) 


gives— 


T E 
— 1190400 Z’ (75.) 


a rule for the deflection of a uniformly loaded beam, and 
which may be put in these words, namely : 

Rule LIV.—Multiply the uniformly distributed load by 
the cube of the length; divide the product by 1190400 times 
the value of /, Table-IV., and the quotient will be the re- 
quired deflection. 

Example.—To what depth will 14,000 pounds, uniformly 
distributed, deflect a Buffalo 104-inch, go-pound beam 20 
feet long? The value of / for this beam, as per the table, is 
151-436; therefore— 


_____ 14000 x 20° Be 
~ IIQ0400x 151-436 


O-6213; 


or, the required deflection is, say, # of an inch. 
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176.—Rolled -Iron Beams: Weight when Uniformly 
Distributed.—Equation (75.), by a transposition of factors, 
gives— 
1190400 / ô 
U = 1-9 (76.) 


a 


oof 


a rule for the weight uniformly distributed, and which may 
be worded thus: 

Rule LV.—Multiply 1190400 times the value of /, Table 
iby the deflection; divide the product by the cube oi 
the length, and the quotient will be the required weight. 

Example—What weight uniformly distributed upon a 
Buffalo 103-inch, 105-pound beam 25 feet long between 
bearings will deflect it 3 of an inch? 

The value of / for this beam, as per Table IV., is 175-645 ; 
therefore— 


| . F 
U= Hooo L JENS -z 10036-21; 


or, the required weight is, say, 10,036 pounds. 


177.— Rolled -Iron Beams: Floors of Dwellings or As- 
sembly - Rooms. — From Transverse Strains, Art. 500, we 
have— 


Ce ee (77) 


a rule for the distance from centres of rolled-iron beams in 
floors of dwellings, assembly-rooms, or offices, where the 
spaces between the beams are filled in with brick arches and 
concrete. In the equation, c is the distance apart from cen- 
tres in feet, and y is the weight per yard of the beam. This, 
in words, is thus expressed : 

Rule LVI.—Divide 255 times the value of Z by the cube 
of the length; from the quotient deduct one 420th part of 
the weight of the beam per yard, and the remainder will be 
the required distance apart from centres. 

Example.-What should be the distance apart from cen- 
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tres of Buffalo 12}-inch, 125-pound beams 25 feet long 
between bearings, in the floor of an assembly-room? For 
these beams, in Table IV., 7 equalseescrorg,and y — seme 
therefore— 


oe 255 X 286-019 _ 125, 
p aE? 420’ 


— 72934-99125 S 
d= 15625 roo 298 = 4 37 


or, the required distance from centres is, say, 4 feet 44 
inches. 


{78.—Rolled-Iron Beams: Floors of First-Class Stores. 
—From Transverse Strains, Art. 504, we have— 


eo 
a 960’ (78.) 


a rule for the distance from centres of rolled-iron beams in 
the floor of a first-class store; the spaces between the beams 
being filled with brick arches and concrete. This rule may 
be put in words as follows: 

Rule LVIT.—Divide 148-8 times the value of Z by the 
cube of the length; from the quotient deduct one g6oth 
part of the weight of the beam per yard, and the remainder 
will be the distance apart of the beams from centres in 
feet. 

Example.—What should be the distance apart from cen- 
tres of Buffalo 12}-inch, 180-pound beams 20 feet long 
between bearings, in the floor of a first-class store? For 
these beams the value of /, Table IV., is 418-945, and the 
value of y is 180; therefore— 


T 148-8 x 418-945 I80 _ 


or, the required distance from centres is, say, 7 feet 7 
inches. 
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(79.—Floor-Arches: General Considerations. — In fill- 
ing the spaces between the iron beams of a floor, the arches 
should be constructed with hard whole brick of good shape, 
laid upon the supporting centre in contact with each other, 
and the joints thoroughly filled with cement grout, and 
keyed with slate. Made in this manner, the arches need not 
be over four inches thick at the crown for spans extending 
to 7 or 8 feet, and 8 inches thick at the springing, where 
they should be started upon a proper skew-back. The rise 
of the arch should not be less than 14 inches for each foot 
of the span. 


(80. — Floor-Arehes; Tic-Rods: Dwelings. — From 
Transverse Strains, Art. 507, we have— 


a@=V0-0198 cs, (79.) 


which is a rule for the diameter in inches of a tie-rod for 
an arch in the floor of a bank, office building, or assembly- 
room: in which æg is the diameter in inches of the rod, s is 
the span of the arch, and c is the distance apart between the 
rods (s and ¢ both in feet). This rule requires that the arch 
rise 14 inches per foot of the span, and that the brick-work 
and the superimposed load each weigh 70 pounds, or to- 
gether 140 pounds. This rule, in words, is as follows: 

Rule LVII1.—Multiply the span of the arch by the dis- 
tance apart at which the rods are placed, and by the decimal 
00-0198; the square root of the product will be the diameter 
of the required rod. 

Example.—W hat should be the diameter of the wrought- 
iron ties of brick arches of 5 feet span, in a bank or hall of 
assembly, where the ties are 8 feet apart? For this we 
have— 

Cang an x 8 x 5 =  -792 = 0-S0; 


ermine diameter of the required rods should be, say, 4 of an 
meh. 


181.—Floor-Arches ; Tie-Rods:; First-Class Stores.— From 
the same source as in last article, we have— 


d = V0-04527 cs, (80.) 
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which is a rule for the size of tie-rods for the brick arches 
of the floors of first-class stores, where the arches have a 
rise of 14 inches for each foot of the span, and where the 
weight of the brick arch and concrete’is not over 70 pounds 
per superficial foot of the floor, and the loading does not 
exceed 250 pounds per superficial foot. As the rule is the 
same as the one in the preceding article, except the deci- 
mal, a recital of the rule, in words, is not here needed. To 
obtain the required diameter, proceed as directed in Rule 
LVIII, using the decimal 0-04527 instead of the one there 
given. 
TUBULAR IRON GIRDERS. 


{$2.— Tubular Iron Girders: Deseription.—The use of 
wooden beams for floors is limited to spans of about 25 feet. 
When greater spans than this are to be covered, some expe- 
dient must be resorted to by which 
intermediate bearings for the floor- 
beams may be provided. Wooden 
girders may be used, but these 
need to be supported by posts at 
intervals of from 10 to 15 feet, 
unless the girders are trussed, or 
made upof top and bottom chords, 
struts, and ties. And even this 
is objectionable, owing to the 
height such a piece of framing 
requires, and which encumbers 
the otherwise ince space ol Tiie 
hall. A substitute for the framed 
girder has been found in the 
tubular iron girder, as in /7zg. 46, made of rolled plate 
iron and angle irons, riveted. They require to be stiffened 
by an occasional upright T iron along eachside, and a 
cross-head at least at each bearing. 


183.—Tubular Fron Girders: Area of Flanges; Load 
at Middle.—In wrought-iron tubular girders it is usual to 
make the top and bottom flanges of equal thickness. From 
Transierse Strains, Art. 551, we have— 
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, Wi 
==> aak (81.) 


a rule for the area of the bottom flange; in which a’ equals 
the area of the flange in inches, IV the weight in pounds at 
mrermiddie, / the length and Z the depth of the girder, both 
in feet, and $ the safe load in pounds per inch with which 
the metal may be loaded, and which is usually taken at 
gooo. The rule may be stated thus: 

Rule LIX.—Multiply the weight by the length; divide 
the product by 4 times the depth into the value of 4, and 
the quotient will be the required area of the bottom flange. 

Example—tIn a girder 40 feet long and 3 feet high, to 
carry 75,000 pounds at the middle, what area of metal is 
required in the bottom flange, putting £ at 9000? For this 
we have, by the rule— 


; Wl 75000 X 40 
a> -— = OC eae 
Atle ae Ax 2x. 006 


= 27°77; 


or, the area required is 274 inches. g This is the amount of 
uncut metal. An allowance is required for that which will 
be cut by rivet-holes. This is usually an addition of one 
sixth. 


(84.—Tubular fron Girders: Area of Flanges; Load at 
any Point.—The equation suitable for this (Transverse 
Strains, Art. 553) is— 


721 12 
eae 5 O2. 
a = Iy py ( ) 


in which wz and z are the distances respectively from the lo- 
cation of the load to the two ends of the girder. The other 
symbols are the same as in the last article. This rule may 
be thus stated : 

Rule LX.—Multiply the weight by the values of m and 
of 2; divide the product by the product of the depth into 
the length and into the value of 4, and the quotient will be 
the required area of the bottom flange. 

Example.—lIn a girder 50 feet long between bearings and 
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34 feet high, what area of metal is required in the bottom 
flange to sustain 50,000 pounds at 20 feet from one end, when 
k equals gooo? By the rule, we have— 


Wn BERANE IO ace 
dki ~ 32% 6900 <50" = ae 


meS 


or, each flange requires Ig inches of solid metal uncut for 
rivets. 


(85.—Tubular Iron Girders: Area of Flanges; Load 
Uniformly Distributed.—The equation appropriate here is 
(Transverse Strains, Art. §55)— 


a= US ` (83.) 

This is a rule by which to obtain the area of cross-sec- 
tion of the bottom flange at any point in the length of the 
girder, the load uniformly distributed ; 7 and z being the 
respective distances from the point measured to the two 
ends of the girder, and U representing the uniformly dis- 
tributed load in pounds. This, in words, is described as 
follows: 

Rule LX1.—Divide the weight by the product of twice 
the depth into the length and into the value of &; then the 
quotient multiplied by the values of # and of z will be the 
required area of the bottom flange at the point measured, 
the distance of which from the ends equals 7z and z. 

Example.—In a girder 50 feet long and 34 feet high, to 
carry a uniformly distributed load of 120,000 pounds, what 
area of cross-section is required in the bottom flange, at the 
middle and at intervals of 5 feet thence, to each support; & 
being taken at gooo? Here we have, first-— 


r g2” 120000 7% 1 a wae 
“a 2dki  2x3¥xQ000K 50) 5999 ` 


Now, when 4 = 2 = 25, we have the middle point; then— 


a = 0-033095 m 72 = 0-038095 x 25 x25 = 2pm: 
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or, the area of the bottom flange at mid-length is 23-81 


inches. 
When 7z = 20, then z = 30, and— 


a = 01038005 %20 x 40 = 22-80; 


or, the required area, at 5 feet either way from the middle, 
is 22% inches. 
When zz = 15, then z = 35, and— 


@ =O. 028005 x 15 X 35 = 20-0; 


or, at 10 feet either way from the middle, the required area 
is 20 inches. 
When zz = 10, then z = 40, and— 


2 = 0-O35005 «10 ~40 = 15-24) 


or, at 15 feet either way from the middle, the required area 
is 154 inches. 
When m= 5, then z = 45, and— 


a! = 0-038095 x 5x45 = 8-57; 


or, at 20 feet each side of the middle, the required area is 82 
inches. 

The area of cross-section found in every case is that of 
the uncut fibres; to this is to be added as much as will be 
cut by the rivets. This is usually about one sixth of the area 
given by the rule. The top flange is to be made equal in 
area to the bottom flange. The flanges are unvarying in 
width from end to end, the variation of area being obtained 
by varying the thickness of the flanges, and this being at- 
tained by building the flange in lamina, or plates; but these 
should not be less than a quarter of an inch thick. There 
should be added to the length of the girder, in the clear, 
about one tenth of its length for supports on the walls: thus, 
a girder 30 feet long requires 3 feet added for supports, or 
18 inches on each wall. 


(86.— Tubular Iron Girders: Shearing Strain.—The top 
and bottom flanges are provided of sufficient size to resist 
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the transverse strain; the two upright plates, technically 
termed the wed, need, therefore, to be thick enough to resist 
only the shearing strain. This, upon a beam uniformly 
loaded, is at the middle theoretically nothing, but from 
thence it increases regularly towards each support, where it 
equals half the whole weight. For example, the girder of 
Art. 185, 50 feet long between supports, carries 120,000 
pounds uniformly distributed over its length. In this case 
the shearing strain at the wall at each end is the half of 
120,000 pounds, or 60,000 pounds; at 5 feet from the wall it 
is 35, or 4 less, or 48,000 pounds; at Io feet from the wall it 
is 2 less, or 36,000 pounds; at 15 feet it is 24,000; at 20 feet 
it is 12,000; and at 25 feet or the middle, it is nothing. 


187.—Tubular Iron Girders: Thickness of Web.—The 
equation appropriate for this is—— 


& 


a 
Gee 


(84.) 


in which ¢ is the thickness of the web (equal to the sum of 
the thicknesses of the two side plates), d is the height of the 
plate (¢ and d both in inches), G is'the shearing strain, and 2’ 
is the effective resistance of wrought iron to shearing per 
inch of cross-section. This may be put in words as follows: 

Rule LUXII.—Divide the shearing strain by the product of 
the depth in inches into the value of 2’, and the quotient 
will be the thickness of the web, or of the two side plates 
taken together. 

Example—What is the required thickness of web in a 
girder 50 feet between bearings, side plates 38 inches high 
between top and bottom flanges, and to carry 120,000 pounds, 
uniformly distributed? Here, putting the shearing resistance 
of the plates at 7000 pounds per inch, we have— 


so . eae 
- dk” 38 x 7000) 20000 


The shearing strain at the supports, as in last article, is 
60000; therefore, we have for this point— 
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ae 60000, __ = 
= Ae een 
When G = 48000, then— 
_ 48000 _ ig. 
ae 266000” Be, 


and when G = 36000, then—- 


36000 
= Ween =O: 

Those nearer the middle of the girder are still less than 
these; and these are all below the practicable thickness, 
which is half an inch for the two plates. The plates ought 
not in practice ever to be made less than a quarter of an 
inch thick. 


188.—Tubular Iron Girders, for Floors of Dwellings, 
Assembly-Rooms, and Office Buildings.—When the floors of 
these buildings are constructed with rolled-iron beams and 
brick arches, then the following (Art. 568, Transverse Strains) 
is the appropriate equation for the area of cross-section of 
the bottom flange of the girder: 


a = (140+ a S x LT; (85.) 
in which q@’ is in inches, and c, c', d, /, m, and z are in feet. 
Also, a’ is the area required; y is the weight per yard of the 
rolled-iron beam of the floor; c, their distances from centres ; 
c’, the distance from centres at which the tubular girders are 
placed, or the breadth of floor carried by one girder; d, the 
depth of the girder; $, the effective resistance of the metal 
per inch in the flanges of the girder; and a and z are the 
distances respectively from the two ends of the girder to the 
point at which the area of cross-section of the bottom flange 
is required. The rule may be thus described : 

Rule LXIII.—Divide the weight per yard of the rolled- 
iron beams by 3 times their distance from centres; to the 
quotient add 140 and reserve the sum; deduct the length 
in feet from 700, and with the remainder as a divisor divide 
700; multiply the quotient by the above reserved sum, and 
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by the value of c’; divide the product by the product of 
twice the depth into the value of 4, and the quotient multi- 
plied by the values of # and of x will be the required area 
of cross-section of the bottom flange at the point in the 
length distant from the two ends equal to 7 and xz respec- 
tively. 

Example.—\n a floor of g-inch, 7o-pound beams, 4 feet 
from centres, what ought to be the areaof the bottom flange 
of a tubular girder 40 feet long between bearings, 2 feet 8 
inches deep, and placed 17 feet from the walls or from other 
girders ; the area of the flange to be ascertained at every 5 
feet of the length; the value of $ to be put at gooo? Here 
y =70, c= 4, ¢=17, /=40, and d=2%, ‘Therefore, by 
the rule— 


= 70 a 700 EF 

a’ IOT ee ee = ee 
700 — 40 “Ox: 2% x Q000 

a’ = 145-84 x 1-0606 x 0-0003541% x 71; 
@ = 0-05473 mM n. 


The values of #2 and 2 are— 


Atihemiddie me eee eee = 20 7 ee 
§ feet irom middle...2..43 ee i= 15) 2 es 
To: “ i E E a eee m=O iO) 
1 5 ME a T T 7) S E 
These give— 
Gt the middi eee a’ = 005478 x 20 n O — 2 io 
“ o feet from middle....@ = 0-0548 15.2) aoa 
eo. * i na @ = O105478 x TO 26 — lo ie 
Oo a o aed = 005473 x Be 35 — ose 


These are the areas of uncut fibres at the points named, in 
the lower flange ; the upper flange requires the same sizes. 


189.— Tubular Iron Girders, for Floors of First-Class 
Stores.—The equation proper for this is (Transverse Strains, 


Art. 570)— 
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pe 2042) 70 cnn A 
3 (3 ie 700- 1*2dak co 
arule the same in formas that of the previous article; hence 
it needs no particular exemplification. 

Rule LXIII. of last article may be used for this case, 
simply by using the constant 320 in place of that of 140. 


CAST-IRON GIRDERS. 


190.—Cast-Iron Girders: Inferior.—Rolled-iron beams 
have been so extensively introduced within a few years as 
to have superseded almost entirely the formerly much used 
cast-iron beam or girder. The tensile strength of cast iron 
is far inferior to that of wrought iron. This inferiority and 
the contingencies to which the metal is subject in casting 
render it very untrustworthy ; it should not be used where 
rolled-iron beams can be procured. A very substantial gir- 
der to carry a brick wall is made by placing two or more 
rolled-iron beams side by side, and securing them together 
by bolts at mid-height of the web; placing thimbles or sep- 
arators at cach bolt. As there may be cases, however, in 
which cast-iron girders will be used, a few rules for them 
will here be given. 


(91._Cast-Iron Girder: Load at Middte.—The form of 
cross-section given to this girder usually is as shown in 
Oe A7. 

In the cross-section, the bottom flange 
is made to contain in area four times as 
much as the top flange. The strength 
will be in proportion to the area of the 
bottom flange, and to the height or 
depth of the girder at middle. Hence, 
to obtain the greater strength from a 
given amount of material, it is requisite 
to make the upright part, or the web, 
rather thin; yet, in order to prevent 
injurious strains in the casting while it 
is cooling, the parts should be nearly 
equal in thickness. The thickness of the three parts—web,. 
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top flange, and bottom flange—may be made in proportion 
as 5, 6, and 8. 

For a weight at middle, the form of the web should be 
that of a triangle; the top flange forming two straight lines 
declining from the centre each way to the bottom flange at 
the ends, like the rafters of a roof to its tie-beam. From 
Transverse Strains, Art. 583, we have— 


s MaN : 
a = 4850 a’ (87.) 


which is a rule for the area in inches of the bottom flange, 
for a load at middle; the area of the top flange is to be equal 
to one fourth of that of the bottom flange. To secure this, 
make the width of the top flange equal to one third of the 
width of the bottom flange; the thickness of the former, 
as before directed, being made equal to £ or ? of the lat- 
ter. The weight W is in pounds; the length / is in feet; 
and the depth dis in inches. The factor of safety a should 
be taken at not less than 3; better at 4 or 5. 

The equation in words may be as follows: 

Rule LXIV .—Multiply the weight by the length, and by 
the factor of safety; divide the product by 4850 times the 
depth at middle, and the quotient will be the area in inches 
of the bottom flange; divide this area by the width of the 
bottom flange, and the quotient will be its thickness. Ofthe 
top flange make its width equal one third that of the bot- 
tom flange, and its thickness equal to three quarters that of 
the latter. Make the thickness of the web equal to # that 
of the bottom flange. 

Example-—What should be the dimensions of the cross- 
section of a cast-iron girder 20 feet long between bearings, 
and 24 inches high at middle, where 30,000 pounds is to be 
carried; the factor of safety being put at 5? 

Herc we have W = 30000; a =95. / > O m mnai = 
24; therefore, by the rule— 


,_ 30000x5x20 _, 
C = 4850 x 24 = 5:773. 
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This is the area of the bottom flange. If the width of this 
flange be 12 inches, then 25-773 divided by 12 gives 2-15, or 
24 full, as the thickness. One third of 12 equals 4, equals 
the width of the top flange ; and #of 2-15 equals 1-61, or 13— 
its thickness. The thickness of the web equals $ x 2-15 = 
1-34 or I+ inches. 


192.—Cast-Iron Girder: Load Uniformly Distributed.- 
The equation suitable to this is— 


oo eee 
” = 9700 a’ (88.) 


a rule of like form with that of the last article; therefore, 
Rule LXIV. may be used for this case, simply by substitut- 
ing 9700 for 4850. 


193.—Cast-Iron Bowstring Girder.—An arched girder, 
such as that in Fig. 48, is technically termed a “bowstring 
girder.” The curved part is a cast-iron beam of T form in 
section, and the horizon- -m 
tal line is a wrought-iron 
tie-rod attached to the 
ends of the arch. This 
girder has but little to 
commend it, and is by no 
means worthy the confi- 
dence placed in it by Pa ae 
builders, with many of whom it is quite popular. The brick 
arch usually turned over it is adequate to sustain the entire 
compressive force induced from the load (the brick wall 
built above it), and it thereby supersedes the necessity for the 
tron arch, which is a useless expense. The tie-rod is the 
only useful part of the bowstring girder, but it is usually 
made too small, and not infrequently is seriously injured by 
the needless strain to which it is subjected when it is 
“shrunk in” to the sockets in the ends of the arch, The bow- 
string girder, therefore, should never be used. 


194.._Substitute for the Bowstring Girder.— As the cast- 
iron arch of a bowstring girder serves only to resist com- 
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pression, its place can as well be filled by an arch of brick, 
footed on a pair of cast-iron skew-backs; and these held 
in position by a pair of wrought-iron tie-rods, as shown in 
Fig. 49. This system of construction is preferable to the 
bowstring girder, in that the 
tie-rods are not liable to injury 
by “shrinking in,” and the 
cost is less. From Transverse 
Strains, Art. 596, we have— 


Dav ee (89.) 


9425 d” 


an equation in which D is the 
diameter in inches of each of 
the two tie-rods of the brick 
arch ; U is the load in pounds 
uniformly distributed over the arch; Z is the span of the 
arch in feet; and g, in inches, is its versed sine, or its height 
measured from the centre of the tie-rod to the centre of the 
thickness or height of the arch at middle. 

This equation may be put in words as follows: 

Rule LXV.—Multiply the weight by the length; divide 
the product by 9425 times the depth, and the square root of 
the quotient will be the diameter of each rod. 

Example—What should be the diameter of each of the 
pair of tie-rods required to sustain a brick arch 20 feet span 
from centres, with a versed sine or height at middle of 30 
inches, to carry a brick wall 12 inches thick and 30 feet high, 
weighing 100 pounds per cubic foot? The load upon this 
arch will be for so much of the wall as will occur over the 
opening, which will be about one foot less than the span of 
the arch, or 20— 1 = 19 feet. Therefore, the load will 
egual lo x 30x I x 100 = 57,000 pounds; and @icieeme = 
Socom 20, 0 = 30, and, by the rule— 


FIG. 49. 


ey. SE Sey 4A OIS = 2-003: 
9425 x 30 


or, the diameter of each réd is required to be 2 inches. 
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FRAMED GIRDERS. 


195.—Graphiec Representation of Strains.—In the first 
part of this section, commencing at Art. 71, the method was 
developed of ascertaining the strains in the various parts of 
a frame by the parallelogram or triangle of forces. The 
method, so far as there explained, is adequate to solve sim- 
ple cases ; but when more than three pieces of a frame con- 
verge in one point, the task by that method becomes difficult. 
This difficulty, however, disappears when recourse is had to 
the method known as that of “ Reciprocal Figures, Frames, 
and Diagrams of Forces,” proposed by Professor I. Clerk 
Maxwell in 1867. This isan extension of the method by 
the triangle of forces, and may be illustrated as follows: 


B 
Fic. 50. FIG. 51. 


Let the lines in fig. 50 represent, in direction and 
amount, four converging forces in equilibrium in any frame, 
as, for example, the truss of a roof; let the lines in Fig. 51 
be drawn parallel to those in /%g. 50, in the manner fol- 
lowing, namely: Let the line 4 B be drawn parallel with the 
line of Žig. 50 which is between the corresponding letters 
A and £, and let it be of corresponding length ; from B draw 
the line B C parallel with the line of Fizg. 50 which is be- 
tween the letters B and C, and of corresponding length; 
then from C draw C D, and from A draw A D, respectively 
parallel with the lines of /7g. 50 designated by the corre- 
sponding letters, and extend them till they intersect at D. 
The lengths of these two lines, the last two drawn, are de- 
termined by the point D where they intersect; their lengths, 
therefore, need not be previously known. The lengths of 
the lines in /zg. 51 are respectively in proportion to the 
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several strains in /zg. 50, provided these strains are in 
equilibrium. /%g. 51 is termed a closed polygon of forces. 
A system of such polygons, one for each point, in the frame 
where forces converge, so constructed that no line repre- 
senting a force shall be repeated, is termed a diagram of 
forces. This diagram of forces isa reciprocal of the frame 
from which it is drawn, its lines and angles being the same. 
The facility of tracing the forces in the diagram of forces 
depends materially upon the system of lettering here shown, 
and which was proposed by Mr. Bow, in his excellent work 
on the Economics of Construction. In this system each 
line of the frame is designated by the two letters which it 
separates ; thus the line between 4 and Ż is called line 4 B; 
that between C and D is called line CD; and so of others; 
and in the diagram the corresponding lines are called by the 
same letters, but here the letters designating the line are, as 
usual, at the ends of the line. Any point ina frame where 
forces converge is designated by the several letters which 
cluster around it; as, for example, in Zig. 50, the point of 
convergence there shown is designated as point A BCD. 
This invaluable method of defining graphically the 
strains in the various pieces composing a frame, such as a 
girder or roof-truss, is remarkably simple, and is of general 
application. Its utility will now be exemplified in its appli- 
cation to framed girders, and afterwards to roof-trusses. 


196.—Framed Girders.—Girders of solid timber are use- 
ful for the support of floors only where posts are admissible 
as supports, at intervals of from 8 to 15 feet. For unob- 
structed long spans it becomes requisite to construct a frame 
to serve as a girder (Arts. 163, 182). A frame of this kind 
requires two horizontal pieces, a top and a bottom chord, 
and a system of struts and suspension-pieces by which 
the top and bottom chords are held in position, and the 
strains from the load are transmitted to the bearings at the 
ends of the girders. Various methods of arranging these 
struts and ties have been proposed. One of the most simple 
and effective is shown in /72g. 52, forming a series of isos- 
celes triangles. The proportion between the length and 
height of a girder is important as an element of economy 
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both of space and cost. When circumstances do not control 
in limiting the height, it may be determined by this equation 
from Transverse Strains, Art. 624— 


A 
~ 2400 ’ (90.) 
in which dis the depth or height between the axes of the 
top and bottom chords, and /is the length between the cen- 
tres of bearings at the supports (d and / both in feet). This 
equation in words 1s as follows: 

Rule LXVI.—To the length add 175; multiply the sum 
by the length; divide the product by 2400, and the quotient 
will be the required height between the axes of the top and 
bottom chords. 

Example.—What should be the depth of a girder which 
is 40 feet long between the centres of action at the supports? 
For this the rule gives— 


_ (175+40)x 40 _ 3 
ea 


or, the proper depth for economy of material is 3 feet and 
7 inches. 

The number of bays, panels, or triangles into which the 
bottom chord may be divided is a matter of some considera- 
tion. Usually girders from— 


20 to 59 feet long should have 5 bays. 


59 66 85 (73 66 t< ‘ 6 t< 
85 66 107 c6 66 f 6c 6¢ 7 6é 
107 €< 127 (E3 ES éé ind 8 (ES 
127 6c 146 66 6“ (< 6“ 9 73 


197.—Framed Girder and Diagram of Forces;—Let Fig. 
52 represent a framed girder of six bays of, say, rr feet 
each, or of a total length of 66 feet. 

The lines shown are the axial lines, or the imaginary lines 
passing through the axes of the several pieces composing the 
frame. The six arrows indicate the six pressures into which 
the equally distributed load is supposed to be divided. Each 
of these is at the apex of a triangle, the base of which hes 
along the lower chord. 
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The spaces between the arrows are lettered ; so, also, the 
space between the last arrow at either end and the point of 
support has a letter, and so has each triangle, and there is 
one for the space beneath the lower chord. These letters 
are to be used in describing the diagram of forces, as was 
explained in Art. 195. The diagram of forces (Fig. 53) for 
this girder-frame is drawn as follows, namely: Upon a verti- 


Q, KS, and N at egual 
distances, to represent the six equal vertical pressures indi- 
cated by the arrows in /7g. 52. The equal distances 4 O, 
O P, etc., may be made of any convenient size; but it will 


SS LW 
cal line A NV mark the points 4, O, P, O 


RG B 


serve to facilitate the measurement of the forces in the dia- 
gram if they are made bya scale of equal parts, and the 
number of parts given to each division be made equal to the 
number of tons of 2000 pounds each which is contained in 
the pressure indicated by each arrow. On this vertical line 
the distance A O represents the load at the apex of the tri- 
angle B, or the point A OCB (Art. 195); the distance O P 
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represents the weight at the second arrow, or at the point 
OPEDC, and so of the rest. If the weights upon the 
points in the upper chord had been unequal, then the divi- 
sion of the vertical line 4 WM would have had to be corre- 
spondingly unequal, each division being laid off by the scale, 
to accord with the weight represented by each. The line 
of loads, A N, being adjusted, the other lines are drawn from 
it (rż. 195), so as to make a closed polygon for the forces 
converging at each point of the frame, Fig. 52—commenc- 
ing with the point A B T, Fig. 52, where there are three 
forces, namely, the force acting through the inclined strut 
A B,the horizontal force in B T, and the vertical reaction 
A Tat the point of support. This last is equal to half the 
‘ entire load, or equal to the pressure indicated by the three 
arrows, 4 O, O P, and P Q, and is represented in Fig. 53 by 
AQorAT. From the point Q draw a horizontal line Q B; 
this is parallel with the force B T of Fig. 52, in the lower 
chord. From the point 4 draw A B parallel with the strut 
AB ot Fig. 52. This line intersects the line B T in B and 
closes the polygon A LTA; the point B defines the length 
of the lines A Band £7, and these lines measured by the 
scale by which the line of loads was constructed give the 
required pressures in the corresponding lines, A B and B 7, 
of Frig. 52. 

Taking next the point 4 B CO, where four forces meet, 
of which we already have two, namely, the force in the 
strut A and the load A O—from the point O draw the hori- 
zontal line O C; this is parallel to the horizontal force O C 
of Fig. 52. Now from & draw BC parallel with the suspen- 
sion-piece B C of Fig. 52. This line intersects OC in C, and 
the point C limits the lines O C and B C and closes the poly- 
gon A B CO A, the four sides of which are respectively in 
proportion to the four forces converging at the point A 8 CO 
of Fig. 52, and when measured by the scale by which the 
line of loads was constructed give the required strains re- 
spectively in each. Taking next the point B CD T, where | 
four forces converge, of which we already have two, BC 
and B 7—from 2 extend the horizontal line TB to D; from 
C draw CD parallel with CD of Fig. 52, and extend it to in- 
tersect TD in D, and thus close the polygon, TB CD T. 
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The lines in a part of this polygon coincide—those from 
B to T; this is because the two strains B Tand D T, Fig. 52, 
lie in the same horizontal line. Again, taking the point 
OK PE P where five forces meet, thrice oich O LO 
and CD, we already have—draw from D the line D E parallel 
with D £ of Fig. 52, and from P the line PE horizontally or 
parallel with PE of Frig. 52. These two lines intersect at £ 
and close the polygon PO CD EP, the sides of which meas- 
ure the forces converging in the point POC D E, Fig. 52. 
Next in order is the point D E£ F 7, Fig. 52, where four forces 
meet, two of which, 7D and D È, are known. From Æ draw 
£F parallel with Æ 7 in #7. 52; and from 7, 7 7 parallel 
with ZF in Fig. 52; these two lines meet in F and close the 
polygon TD fF T, the sides of which measure the required 
strains in the lines converging at the point DE FT, Fig. 52. 
Taking next the point PE FG Q, Fig. 52, where five forces 
meet, of which we already have three, QP, PE,and £ F— 
trom F draw a line parallel with F G of Fig. 52, and from Q 
a line parallel with Q G of Fig. 52. These two intersect at G 
and complete the polygon QPEFG Q, the lines of which 
measure the forces converging at PE FG Q in Fig. 52. 

In this last polygon, a peculiarity seems to indicate an 
error: the line FG has no length; it begins and ends at the 
same point; or, rather, the polygon is complete without it. 
This is easily understood when it is considered that the two 
lines FG and G H do not contribute any strength towards 
sustaining the loads PQ and Q R, and in so far as these 
weights are concerned they might be dispensed with, and 
the space occupied by the three triangles F, G,and // left 
free, and be designated by only one letter instead of three. 
Thus it appears that there are only four instead of five forces 
at the point PE FG Q, and that the four are represented by 
the lines of the polygon QPE FQ. 

The peculiarity above explained arises from considering 
loads only on the top chord: the analysis of the case is cor- 
rect as worked from the premises given; but in practice 
there is always more or less load on the bottom chord at the 
middle, which should be considered. This will be included 
in a case proposed in the next article. One half of the dia- 
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gram of forces is now complete. The other half ‘being ex- 
actly the same, except that it is in reversed order, need not 
here be drawn. 


(98.—Framed Girders: Load on Both Chords.—Let 
Fig. 54 represent the axial lines of a girder carrying an 


Fic. 54. 


equally distributed load on each chord, represented by the 
arrows and balls shown in the figure. Let each bay measure 
10 feet, or the length ot the girder be 50 feet, and its height 


Fic. 55. 


be 44 feet. The diagram of forces (Fig. 55) for this girder 
is obtained thus: 

The plan of the girder, Fig. 54, requires to be lettered 
as shown; having one letter within each panel and outside 
the frame, and one between every two weights or strains. 
Then, in Fig. 55, mark the vertical line K Vat L; M, A 
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and P, dividing it by scale into equal parts, corresponding 
with the weights on the top chord represented by the ar- 
rows. For example, if the load at each arrow equals 6$ 
tons, make A L, L M, M N, etc., each equal to 64 parts of the 
scale. Then Æ P will equal the total load on the top flange. 
Make the distance P V equal to the sum of the loads on the 
bottom chord. Then Æ V equals the total load on the gir- 
der. Bisect KX Vin U; then KU or UVequals half the total 
load ; consequently, equals the reaction of the bearing at K 
or Pof Fig. 54. 

Now, to obtain the polygon of forces converging at 
KA U, Fig. 34, we have one of these forces, A U, or the re- 
action of the bearing at KA U, equal to K U, Fig. 55. From 
U draw UA parallel with UA of Fig. 54, and from K draw 
KA parallel with the strut K 4, Fig. 54, and intersecting the 
line UA at A,a point which marks the limitof X A and UA, 
and closes the polygon KA U K, the sides of which are in 
proportion respectively to the three strains which converge 
at the point A UK, Fig.54. For example, since the line K U 
by scale measures the vertical reaction, K U, of the bearing 
at A UK, Fig. 54, therefore the line K4 of the diagram of 
forces by the same scale measures the strain in the strut K A, 
Fig. 54, and the line A UV of the diagram by the same scale 
measures the strain in the bottom chord at A U, Fig. 54. For 
the strains converging at KA B L, Fig. 54, of which two, 
KA and KL, are already known, we draw from A the line 
A B parallel with the line A B, Fig. 54, and from Ldraw LB 
parallel with Z B, Fig. 54, meeting A B at B, a point which 
limits the two lines and closes the polygon KA BLK, the 
lines of which are in proportion respectively to the strains 
converging at the point KA BL, Fig. 54, as before explained. 
Of the five strains converging at U A BC T, we already have 
three—7 U, UA,and A B; to obtain the other two, make 
U Q equal to PV, equal to the total load upon the lower 
flange; divide U Q into four equal parts, OR, RS, ST, and 
T U, corresponding with the four weights on the lower 
chord, and represented by the four balls, /zg. 54. Now, 
from 7, the point marking the first of these divisions, draw 
TC parallel with TC, Fig. 54, and from B draw B C paral- 
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C hi the strut 2C, fz. 54, meeting TC in C, a point 
which limits the lines 8 C and TC and closes the polygon 
TUABC TI, the sides of which are in proportion respectively 
to the strains converging in the point TUA B C T, Fig. 54. 
Of the five forces converging at M L B CD, we already have 
three—M L, L B, and BC; to obtain the other two, from J7 
draw MD parallel with M D, Fig. 54, and from C draw CD 
parallel with CD, Fig. 54, meeting M D at D, a point limit- 
ing the lines MD and CD and closing the polygon 
MLBCDM,the sides of which are in proportion to the 
strains converging at the point MLB CD, Fig. 54. Of the 
five forces converging atthe point S TCD E, three—S T, 
TC, and CD—are known; to obtain the other two, from S 
draw SEZ parallel with SZ, Fig. 54, and from D draw DE, 
parallel with the strut D E, Fig. 54, meeting the line SZ in 
ÈE, a point limiting the two lines S E and D £ and closing the 
polygon ST CD ES, the sides of which are in proportion to 
the strains converging at STCDE, Fig. 54. One half of the 
strains in /7g.54 are now shown in its diagram of forces, Fig. 
55; and since the two halves of the girder are symmetrical, 
the forces in one half corresponding to those in the other, 
hence the lines of the diagram for one half of the forces 
may be used for the corresponding forces of the other half. 


199.—Framed Girders: Dimensions of Parts.— The 
parts of a framed girder are the two horizontal chords (top 
and bottom) and the diagonals—the struts and ties. The top 
chord is in a state of compression, while the bottom chord 
experiences a tensile strain. Those of the diagonal pieces 
which have a direction from the top to the bottom chord, 
and from the middle towards one of the bearings of the 
eimaer,as KA, BC, or D E, Fig. 54, are struts, and are sub- 
jected to compression. The diagonal pieces which have a 
direction from the bottom to the top chord, and from the 
middle towards one of the supports, as A B or CD, Fig. 54, 
are zs, and are subjected to extension, (Art. 83). The 
amount of strain in each piece in a framed girder having 
been ascertained in a diagram of forces, as shown in Arts. 
197 and 198, the dimensions of each piece may be obtained 
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by rules already given. The dimensions of the pieces in a 
state of compression are to be ascertained by the rules for 
posts in Arv¢s. 107 to 114, and those in a state of tension by 
Arts. 117 to 119 (see Arts. 226 to 229). Care is required, in 
obtaining the size of the lower chord, to allow for the joints 
which necessarily occur in long ties, for the reason that tim- 
ber is not readily obtained sufficiently long without splicing. 
Usually, in cases where the length of the girder is too great 
to obtain a bottom chord in one piece, the chord is made up 
of vertical lamina, and in as long lengths as practicable, and 
secured with bolts. A chord thus made will usually require 
about twice the material; or, its sectional area of cross-sec- 
tion will require to be twice the size of a chord which is in 
one whole piece; and in this chord it is usual to put the fac- 
tor of safety at from 8 to Io. 

The diagonal ties are usually made of wrought iron, and 
it is well to secure the struts, especially the end ones, with 
iron stirrups and bolts. And, to prevent the evil effects of 
shrinkage, it is well to provide iron bearings extending 
through the depth of each chord, so shaped that the struts 
and rods may have their bearings upon it, instead of upon 
the wood. 
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200.—Partitions.—Such partitions as are required for 
the divisions in ordinary houses are usuaily formed by tim- 
ber of small size, termed studs or jorsts. These are placed 
upright at 12 or 16 inches from centres, and well nailed. 
Upon these studs lath are nailed, and these are covered 
with plastering. The strength of the plastering depends in 
a great measure upon the clinch formed by the mortar which 
has been pressed through between the lath. That this 
clinch may be interfered with in the least possible degree, it 
is proper that the edges of the partition-joists which are 
presented to receive the lath should be as narrow as prac- 
ticable; those which are necessarily large should be reduced 
by chamfering the corners. The derangements in floors, 
plastering, and doors which too frequently disfigure the 
interior of pretentious houses with gaping cracks in the 
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plastering and in the door-casings are due in nearly all cases 
to defective partitions, and to the shrinkage of floor-timbers. 
A plastered partition is too heavy to be trusted upon an ordi- 
nary tier of beams, unless so braced as to prevent its weight 
from pressing upon the beams. This precaution becomes es- 
pecially important when, in addition to its own weight, the 
partition serves as a girder to carry the weight of the floor- 
beams next above it. In order to reduce to the smallest 
practicabie degree the derangements named, it is important 
that the studs in a partition should be ¢russed or braced so 
as to throw the weight upon firmly sustained points in the 
construction beneath, and that the timber in both partitions 
and floors should be well seasoned and carefully framed. 
To avoid the settlement due to the shrinkage of a tier of 
beams, it is important, ina partition standing over one in the 
story below or over a girder, that the studs pass between 
the beams to the plate of the lower partition, or to the 
girder ; and, to be able to do this, it is also important to ar- 
range the partitions of the several stories vertically over 
each other. All principal partitions should be of brick, 
especially such as are required to assist in sustaining the 
floors of the building. 


TE 
l 
| 


20{.—Examples of Partitions.—/7g. 56 represents a par- 
tition having a door in the middle. Its construction is simple 
but effective. Fig. 57 shows the manner of constructing a 
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partition having doors near the ends. The truss is formed 
above the door-heads, and the lower parts are suspended 
from it. The posts æ and 6 are halved, and nailed to the 
tie cd and the sill ef The braces in a trussed partition 


Fic. 57. 


should be placed so as to form, as near as possible, an angle 
of 40 degrees with the horizon. The braces in a partition 
should be so placed as to discharge the weight upon the 


Fic. 58. 


points of support. All oblique pieces that fail to do this 
should be omitted. 

When the principal timbers of a partition require to be 
large for the purpose of greater strength, it is a good plan 
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to omit the upright filling-in pieces, and in their stead to 
place a few horizontal pieces, as in zg. 58, in order that upon 
these and the principal timbers upright battens may be 
nailed at the proper distances for lathing. A partition thus 
constructed requires a little more space than others; but it 
has the advantage of insuring greater stability to the plas- 
tering, and also of preventing to a good degree the conver- 
sation of one room from being overheard in the adjoining 
one. Ordinary partitions are constructed with 3x4, 3x5, 
or 4x6 inch joists, for the principal pieces, and with 2x4, 
2x5, or 2x6 filling-in studs, well strutted at intervals of 
about 5 feet. When a partition is required to support, in 
addition to its own weight, that of a floor or some other 
burden resting upon it, the dimensions of the timbers shauld 
beascertained, by applying the principles which regulate 
the laws of pressure and those of the resistance of timber, 
as explained in the first part of this section, and in Arts. 196 
to 199 for framed girders. The following data may assist in 
calculating the amount of pressure upon partitions: 

White-pine timber weighs from 22 to 32 pounds per cubic 
foot, varying in accordance with the amount of seasoning it 
has had. Assuming it to weigh 30 pounds, the weight of 
the beams and floor-plank in every superficial foot of the 
flooring will be— 


6 pounds when the beams are 3x 8 inches, and placed 20 inches from centres. 


[an ey g 3 x 10 < 5 18 a 5 
9 s a se Bete G 16 s ʻi 
II a s £ 3x12 «£ $ 12 s s 
13 5 ib ft ARID i A 12 i tt 
13 = si a Axis s ‘ 14 s s 


In addition to the beams and plank, there is generally the 
plastering of the ceiling of the apartments beneath, and some- 
times the deafening. Plastering may be assumed to weigh 9 
pounds per superficial foot, and deafening 11 pounds. 

Hemlock weighs about the same as white pine. A parti- 
tion of 3x4 joists of hemlock, set 12 inches from centres, 
therefore, will weigh about 24 pounds per foot superficial 
and when plastered on both sides, 20} pounds. 
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ROOFS. 


202.—Roofs.—In ancient Norman and Gothic buildings, 
the walls and buttresses were erected so massive and firm 
that it was customary to construct their roofs without a tie- 
beam, the walls being abundantly capable of resisting the 
lateral pressure exerted by the rafters. But in modern 
buildings, usually the walls are so slightly built as to be in- 
capable of resisting much if any oblique pressure; hence 
the necessity of care in constructing the roof so as to avoid 
oblique and lateral strains. The roof so constructed, instead 
of tending to separate the walls, will bind and steady them, 


FIG. 59. Fıc. 60. Fic, 61. 

Fic. 62. Fic. 63. . 64. 
Pic. 65, Fic. 66. FIG. 67. 

203.—Comparison of Roof-Trusses.— Designs for roof- 


trusses, illustrating various principles of roof construction, 
are herewith presented. 

The designs at Figs. 59 to 63 are distinguished from those 
at /igs.64 to 67 by having a horizontal tie-beam. In the 
latter group, and in all designs similarly destitute of the 
horizontal tie at the foot of the rafters, the strains are much 
greater than in those having the tie, unless the truss be pro- 
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tected by exterior resistance, such as may be afforded by 
competent buttresses. 

To the uninitiated it may appear preferable, in Fig. 64, 
to extend the inclined ties to the rafters, as shown by the 
dotted lines. But this would not be beneficial; on the con- 
trary, it would be injurious. The point of the rafter where 
the tie would be attached is near the middle of its length, 
and consequently is a point the least capable of resisting 
transverse strains. The weight of the roofing itself tends to 
bend the rafter ; and the inclined tie, were it attached to the 
rafter, would, by its tension, have a tendency to increase this 
bending. Asa necessary consequence, the feet of the rafters 
would separate, and the ridge descend. 

In Fig. 65 the inclined ties are extended to the rafters; 
but here the horizontal strut or straining beam, located at 
the points of contact between the ties and rafters, counteracts 
the bending tendency of the rafters and renders these points 
stable. In this design, therefore, and only in such designs, it 
is permissible to extend the ties through to the rafters. 
Even here it 1s not advisable to do so, because of the in- 
creased strain produced. (See fzgs. 77 and 79.) The design 
in /7g. 64, 66, or 67 is to be preferred to that in zg. 65. 


- 204..—Force Diagram: Load upon Each Support.—By a 
comparison of the force diagrams hereinafter given, of each 
of the foregoing designs, we may see that the strains in the 
trusses without horizontal tie-beams at the feet of the rafters 
are greatly in excess of those having the tie. In constructing 
these diagrams, the first step is to ascertain the reaction of, 
or load carried by, each of the supports at the ends of the 
truss. In symmetrically loaded trusses, the weight upon 
each support is always just one half of the whole load. 


205.—Foree Diagram for Truss in /7g. 59.—To obtain 
the force diagram appropriate to the design in zg. 59, first 
letter the figure as directed in Art. 195, and as in Fig. 68. 
Then draw a vertical line, £ F (Fig. 69), equal to the weight V 
at the apex of roof; or (which is the same thing in effect) 
equal to the sum of the two loads of the roof, one extending 
on each side of IV half-way to the foot of the rafter. Di- 
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vide & F into two equal partsat G. Make C Cand G Deacn 
equal to one half of the weight W. Now, since £ G is equal 
to one half of the upper load, and GD toone half of the low- 
G load, therefore their sum, EG CO = 2 icvequalaim 
one half of the total load, or to the reaction of each support, 
Eor F. From D draw DA parallel with DA of Fig. 68,and 
from E draw ZA parallel with ZA ot Pie. Gs) Ee timee 
Imes of the triangle A A D represent the strains, respective. 
im the three lines converging at the point 4 D2 mit = 3 
Draw the other lines of the diagram parallel with the lines of 


E 
B (G 
A D 
F 


Fic. 69. 


Fig, 68, and as directed in Arfs. 195 and 197. The various 
lines of Fzg. 69 will represent the forces in the corresponding 
lines of Aze. 68; bearing in mind (A77. 195.) that while a line 
in the force diagram is designated in the usual manner by the 
letters at the two ends of if, aline of the frame deri 
designated by the two letters between which it passes. Thus, 
the horizontal lines 4 D, the vertical lines A 4, and the in- 
clined lines A Æ have these letters at their ends in /7g. 60, 
while they pass between these letters in /7g. 68. 


206.—Force Diagram for Truss in /7¢. 60.—For this truss 
we have, in Fig. 70, a like design, repeated and lettered as 
required. We here have one load on the tie-beam, and taree 
loads above the truss: one on each-rafter and one at the 
ridgeweln the force diagram, Azs. 71, make K H PA and 
JA by any convenient scale, equal respectively to the 
weights GH, HF, and FK of fig. 70. Divide GA into two 
equal pantsat L. Make “ Z and LA each egual toone hall 
the weight 2 7 (Fig. 70). Then G 7 1s equal to one hallii 
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total load, or to the load upon the support G (Art. 205). 
Complete the diagram by drawing its several lines parallel 
with the lines of Aze. 70, as indicated by the letters (see Arz. 
205), commencing with G F, the load on the support G (Fig. 
70). Draw from F and G the two lines FA and GA paral- 
lel with these lines in Atg. 70. Their point of intersection 
defines the point A. From this the several points 2, C, and 
D are developed, and the figure completed. Then the lines 
in zg. 71 will represent the forces in the corresponding lines 
Oi 77. 70, as indicated by the lettering. (See Azz. 195.) 


Q 


HiG. 70. EG Fie 


207.—Force Diagram for Truss in /7g 61.—For this truss 
we have, in /zg. 72, a similar design, properly prepared by 
weights and lettering; and in Fzg. 73 the force diagram ap- 
propriate to it. 

In the construction of this diagram, proceed as directed 
in the previous example, by first constructing VS, the ver- 
Beamine of weights; in which line V 0O, OF, PQ, Q R,andkS 
are made respectively equal to the several weights above 
the truss in Fig. 72. Then divide NS into two equal parts at 7. 
Make 7K and 7 Z each equal to the half of the weight K Z. 
Make ¥ K and L A7 equal tothe weights ¥ K and L M of Fig. 
72. Now, since AZ is equal to one half of the weights above 
the truss plus one half of the weights below the truss, or half of 
the whole weight, it is therefore the weight upon the support 
NV (Fig. 72), and represents the reaction of that support. A 
horizontal line drawn from M will meet the inclined line 
drawn from J, parallel with the rafter A NV (Fig. 72), in the 
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point A, and the three sides of the triangle A M N, Fig. 73, will 
give the strains in the three corresponding lines meeting at 
the point A M N, Fig.72. The sidesof the triangle H F S, Fig. 


73, give likewise the strains in the three corresponding lines 
meeting at the point 7 F S, Fig. 72. Continuing the con- 
struction, draw all the other lines of the force diagram parallel 


ASY | 
KRX 
OO 
KOS 
aw, at 


with the corresponding lines of /%g. 72, and as directed in 
Art. 195. The completed diagram will measure the strains 


in all the lines of /7zg. 72. 
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208,.—Force Diagram for Truss in /7g. 63.—The roof 
truss indicated at /7g. 63 is repeated in /7g. 74, with the ad 


Q 2 S S 
F 
P H G U 
AN 


WY N M SE 
n < © \\ 


dition of the lettering required for the construction of the 
force diagram, Fig. 75. 
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In this case there are seven weights, or loads, above the 
truss, and three below. Divide the vertical line OV at W 
into two equal parts, and place the lower loads in two equal 
parts on each side of W. Owing to the middle one of these 
loads not being on the tie-beam with the other two, but on 
the upper tie-beam, the line G H, its representative in the 
force diagram, has to be removed to the vertical 2 F, and 
the letter JZ is duplicated. The line VO equals half the 
whole weight of the truss, or 34 of the upper loads, plus one 
of the lower loads, plus half of the load at the upper tie- 
beam. It is, therefore, the true reaction of the support N O, 
and A N is the horizontal strain in the beam there. It will 
be observed also that while Æ M and GM (fig. 75), which 
are equal lines, show the strain in the lower tie-beam at the 
middle of the truss, the lines CH and FG, also equal but 
considerably shorter lines, show the strains in the upper 
tie-beam. Ordinarily, in a truss of this design, the strain in 
the upper beam would be equal to that in the lower one, 
which becomes true when the rafters and braces above the 
upper beam are omitted. In the present case, the thrusts of 
the upper rafters produce tension in the upper beam equal 
to CM or FM of Fig. 75, and thus, by counteracting the 
compression in the beam, reduce it to CH or FG of the 
force diagram, as shown. 


209.—Force Diagram for Truss in /7¢. 64.—The force 
diagram for the roof-truss at Fig. 64 is given in Fig. 77, 
while zg. 78 is the truss reproduced, with the lettering 
requisite for the construction of Fig. 77. 

The vertical Æ F (Fig. 77) represents the load at the 
ridge. Divide this equally at W, and place half the lower 
weight each side of W, so that CD equals the lower 
weight. Then ÆD is equal to half the whole load, and 
equal to the reaction of the support Æ (Fig. 76). The lines 
in the triangle’ A D E give the strains in the corresponding 
lines converging at the point 4 DE of Fig. 76. The other 
lines, according to the lettering, give the strains in the cor- 
responding lines of the truss. (See A7z. 193.) 
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210.—Force Diagram for Truss in 77g. 65.—This truss is 


reproduced in Fig. 78, with the letters proper torusse inthe 
force diagram, 2g. 79. 


Fic. 76. Fic. 77. 


C 
a 
H 
B ‘e 
J 
K 
A 


Fic, 79. 


Here the vertical G X, containing the three upper loads 
GH, HF, and 7 K, is divided equally at iV, and the lower 
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load Æ F is placed half on each side of W, and extends from £ 
to F. Then FG represents one half of the whole load ofthe 
truss, and therefore the reaction of the support G (Fig. 78). 
Drawing the several lines of Fzg. 79 parallel with the corre- 
sponding lines of /zg. 78, the force diagram is complete, and 
the strains in the several lines of 78 are measured by the cor- 
responding lines of 79. (See Art. 195.) 

A comparison of the force diagram of the truss in Fig. 76 
with that of the truss in /zg. 78 shows much greater strains 
in the latter, and we thus see that /7zg. 76 or 64 is the more 
economical form. 


Fic. 8o. 


211.—Force Diagram for Truss in /7g. 66.—This truss is 
reproduced and prepared by proper lettering in /zg. 80, and 
its force diagram is given in Fig. 81. 

Here the vertical FM contains the three upper loads 
FK, KL, and LM. Divide 7M into two equal parts at 
G, and make FG and G H respectively equal to the two 
loads FG and GA of fig, 80. Then A 7 aicpresentamanc 
half of the whole weight of the truss, and therefore the reac- 
tion of the support ¥ From AH and 7 draw lines par 
allel with A AH and A F of Fig. 80, and the sides of the tri- 
angle A A F will give the strains in the three lines concen- 
trating in the point A H F (Fig. 80). The other lines of /2g. 
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81 are all drawn parallel with their corresponding lines in 
Fig. 80, as indicated by the lettering. (See A7z. 195.) 


D 
E 
J 
K 
C 
E 
M 
A 
B 
Fic. 8r. 


212.—Roof-Truss: Effect of Elevating the Tie-Beam.— 
From Arts. 670, 671, Transverse Strains, it appears that the 


Fic. 82 


effect of substituting inclined ties for the horizontal tie at 
feet of rafters is— 
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VS (91.) 
in which P represents half the weight of the whole truss and 
the load upon it; a+% = height of the truss at middle above 
a horizontal line drawn at the feet of the rafters; æ equals 
the height from this line to the point where the two inclined 
ties meet; 6, the height thence to the top of the truss; and 
V, the additional vertical strain at the middle of the truss 
due to elevating the tie from a horizontal line. 

Examples are given to show that when the elevation of 
the tie equals + of the whole height, the vertical strain there- 
by induced is equal to a weight which equals 4 of half the 
whole load; and that when the elevation equals half the 
whole height, the vertical strain is equal to half the whole 
load. This is the strain in the vertical rod at middle. The 
strains in the rafters and inclined ties are proportionately 
increased. 


213.—Planning a Roof.—In designing a roof for a build- 
ing, the first point requiring attention is the location of the 
trusses. These should be so placed as to secure solid bear- 
ings upon the walls; care being taken not to place either of 
the trusses over an opening, such as those for windows or 
doors, in the wall below. Ordinarily, trusses are placed so 
as to be centrally over the piers between the windows ; the 
number of windows consequently ruling in determining the 
number of trusses and their distances from centres. This 
distance should be from ten to twenty feet ; fifteen feet apart 
being a suitable medium distance. The farther apart the 
trusses are placed, the more they will have to carry; not 
only in having a larger surface to support, but also in that 
the roof-timbers will be heavier; for the size and weight of 
the roof-beams will increase with the span over which they 
have to reach. 

In the roof-covering itself, the roof-planking may be laid 
upon jack-rafters, carried by purlins supported by the 
trusses ; or upon roof-beams laid directly upon the back of 
the principal rafters in the trusses. In either case, proper 
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struts should be provided, and set at proper intervals to re- 
sist the bending of the rafter. Incase purlinsare used, one of 
these struts should be placed at the location of each purlin. 

The number of these points of support rules largely in 
determining the design for the truss, thus: 

For a short span, where the rafter will not require sup- 
port at an intermediate point, /zg. 59 or 64 will be proper. 

For a span in which the rafter requires supporting at one 
intermediate point, take Aze. 60, 65, or 66. 

For a span with two intermediate points of support for 
e alter, take /7¢. 61 or 67. 

For a span with three intermediate points, take Fig. 63. 

Generally, it is found convenient to locate these points of 
support at nine to twelve feet apart. They should be sufh- 
ciently close to make it certain that the rafter will not be sub- 
ject to the possibility of bending. 


214.— Load upon Roof-Truss.—In constructing the force 
diagram for any truss, it is requisite to determine the points 
of the truss which are to serve as points of support (see 
U T O, 72, G.c.), and to ascertain the amount of strain, or 
loading, which will occur at every such point. 

The points of support along the rafters will be required 
to sustain the roofing timbers, the planking, the slating, the 
snow, and the force of the wind. The points along the tie- 
beam will have to sustain the weight of the ceiling and the 
flooring of a loft within the roof, if there be one, together 
with the loading upon this floor. The weight of the truss 
itself must be added to the weight of roof and ceiling. 


215.— Load on Roof per Superficial Feot.—In any im- 
portant work, each of the items in A7v¢. 214 should be care- 
fully estimated, in making up the load to be carried. For 
ordinary roofs, the weights may be taken per foot superficial, 
as follows: 


Slate, about 7-0 pounds. 
Roof-plank, is 7 = 
Roof-beams or jack-rafters,  “ 2-3 s 


In all, i: pounds. 
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This is for the superficial foot of the inclined roof. For the 
foot horizontal, the augmentation of load due to the angie of 
the roof will be in proportion to its steepness. In ordinary 
cases, the twelve pounds of the inclined surface will not be 
far from fifteen pounds upon the horizontal foot. 

For the roof-load we may take as follows: 


Roofing, about 15 pounds. 
Roof-truss, fe 5 < 
Snow, Y 20 a 
Wind, 2 10 = 
Total on roof, 50 pounds 


per square foot horizontal. 

This estimate is for a roof of moderate inclination, say 
one in which the height does not exceed 1 of the span. 
Upon a steeper roof the snow would not gather so heavily, 
but the wind, on the contrary, would exert a greater force. 
Again, the wind acting on one side of a roof may drift the 
snow from that side, and perhaps add it to that already 
lodged upon the opposite side. These two, the wind and 
the snow, are compensating forces. The action of the snow 
is vertical: that of the wind is horizontal, or nearly so. The 
power of the wind in this latitude is not more than thirty 
pounds upon a superficial foot of a vertical surface ; except, 
perhaps, on elevated places, as mountain-tops for example, 
where it should be taken as high as fifty pounds per foot of 
vertical surface. 


216.—Lead upon Tie-Beam.—The load upon the tie- 
beam must of course be estimated according to the require- 
ments of each case. If the timber is to be exposed to view, 
the load to be carried will be that only of the tie-beam and 
the timber struts resting upon it. If there is to be a ceiling 
attached to the tie-beam, the weight to be added will be in 
accordance with the material composing the ceiling. If of 
wood, it need not weigh more than two or three pounds per 
foot. If of lath and plaster, it will weigh about nine pounds ; 
and if of iron, from ten to fifteen pounds, according to the 
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thickness of the metal. Again, if there is to be a loft in the 
roof, the requisite flooring may be taken at five pounds, and 
the load upon the floor at from twenty-five to seventy 
pounds, according to the purpose for which it is to be used. 


217.—Roof-Weights in Detail.—The load to be sustained 
by a roof-truss has been referred to in the previous three 
articles in general terms. It will now be treated more in 
detail. But first a few words regarding the slope of the 
roof. In a severe climate, roofs ought to be constructed 
steeper than in a milder one, in order that snow may have a | 
tendency to slide off before it becomes of sufficient weight 
to endanger the safety of the roof. In selecting the material 
with which the roof is to be covered, regard should be had 
to the requirements of the inclination: slate and shingles 
cannot be used safely on roofs of small rise. The smallest 
inclination of the various kinds of covering is here given, 
together with the weight per superficial foot of each. 


Weight upon a 


MATERIAL, Least Inclination. T 
Tim oo coo 6 Smt ae E E ‘Rise I inch to a foot. 2 to 14 lbs. 
(Lo DODGE > OS ee eee ara aera oe peas I tor “ 
LEAC o oo ea Os a A E E “a inches 4 toy“ 
CIS os opako oaee eee eae foes. oe Izto2 “ 
STOR MING SAINES. eo eee c00 cscs seen os one E I$ to2 “ 
Moum cypress shingles... ........-++ sO: | ee Se a g S 
SIMCA E a Se ae e a E E EE tO S 5 to9 “ 


i 


The weight of the covering as here estimated includes 
the weight of whatever is used to fix it in place, such as 
nails, etc. The weight of that which the covering is laid 
upon, such as plank, boards, or lath, is not included. The 
weight of plank is about 3 pounds per foot superficial ; of 
boards, 2 pounds; and lath, about half a pound. 

Generally, for a slate roof, the weight of the covering, in- 
cluding plank and jack-rafters, amounts to about 12 pounds, 
as stated in Ar¢. 215; but in every case, the weight of each 
article of the covering should be estimated, and the full load 
ascertained by summing up these weights. 
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2i8.—Load per Foot Horizontal.. The weight ot the 
covering as referred to in the last article is the weight per 
foot on the zzc/ined surface ; but it is desirable to know how 
much per foot, measured “orizontally, this is equal to. The 
horizontal measure of one foot of the inclined surface is 
equal to the cosine of the angle of inclination. Then, to ob- 
tain the inclined measure corresponding to one foot horizon- 
tal, we have— 


where > represents the pressure on a foot of the inclined 
surface, and C the weight of so much of the inclined cover- 
ing as corresponds to one foot horizontal. The cosine of an 
angle is equal to the base of the right-angled triangle divided 
by the hypothenuse (see Trigonometrical Terms, Art. 474), 
which in this case is half the span divided by the length of 
= , where s is the span, and / the length otgite 
rafter. Hence, the load per foot horizontal equals— 


(NE Tay iueis, Ole 


_ Pee 
mcon eh o oo (92.) 
a1 


or, twice the pressure per foot of zzclincd surface multiplied 
by the length of the rafter and divided by the span, both in 
feet, will give the weight per foot measured horizontally. 


219.—Weight of Truss.—The weight of the framed truss 
will be in proportion to the load and to the span. This, for 
the weight upon a foot horizontal, will about equal— 


T= 007; CS: 


which equals the weight in pounds per foot horizontal to be 
allowed for a wooden truss with iron suspension-rods and a 
horizontal tie-beam, near enough for the requirements of our 
present purpose; where s equals the length or span of the 
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truss,and C the weight per foot horizontal of the roof cover- 
ing, as in equation (92.). Substituting for C its value, as in 
(92.), we have— 


L= 0-00775242 
Ss 


T = 0-0154 1p; (93. 


which equals the weight in pounds per foot horizontal to 
be allowed for the truss. 


220.—Weight of Snow on Roofs.—The weight of snow 
will be in proportion to the depth it acquires, which will be 
in proportion to the rigor of the climate of the place where 
the building is to be erected. Upon roofs of ordinary incli- 
nation, snow, if deposited in the absence of wind, will not 
slide off; at least until after it has acquired some depth, and 
then the tendency to slide will be in proportion to the angle 
of inclination. The weight of snow may be taken, therefore, 
at its weight per cubic foot (8 pounds) multiphed by the 
depth it isusual for it to acquire. This, in the latitude of 
New York, may be taken at about 24 feet. Its weight 
would, therefore, be 20 pounds per foot superficial, meas- 
ured horizontally. 


221.—Effect of Wind on Roofs.—The direction of wind 
is horizontal, or nearly so, when unobstructed. Precipitous 
mountains or tall buildings deflect the wind considerably 
from its usual horizontal direction. Its power usually does 
not exceed 30 pounds per superficial foot except on ele- 
vated places, where it sometimes reaches 50 pounds or more. 
This is the pressure upon a vertical surface; roofs, however, 
generally present to the wind an inclined surface. The ef- 
fect of a horizontal force on an inclined surface is in pro- 
portion to the sine of the angle of inclination; the direction 
of this effect being at right angles to the inclined surface, 
The force thus acting may be resolved into forces acting in 
two directions—the one horizontal, the other vertical; the 
former tending, in the case of a roof, to thrust aside the walls 
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on which the roof rests, and the latter acting directly on the 
materials of which the roof is constructed—this latter force 
being in proportion to the sine of the angle of inclination 
multiplied by the cosine. This will be made clear by the 
D following explanation. Re- 
ferring to Fig.83, let DKE 
be the angle of inclination 
of the roof, D E being equal 
to one foot. Bisect DK at 
| A; draw A L parallel with 

Fic. 83. EK; make A Lequal tothe 
horizontal pressure of the wind upon one foot superficial of 
a vertical plane. Draw AC perpendicular to DK, and LF 
parallel with AC from F draw FC parallel with EX; draw 
A B parallel with DZ. The sides of the triangle Z A F rep- 
resent the three several forces in equilibrium: Z A is the 
force of the wind; Z F is the pressure upon the roof; and 
A F is the force with which the wind moves on up the roof 
towards D. Now, to find the relation of the force of the 
wind to the strain produced by it in the direction 4 C, we 
have— 


E 


radi sin =e eee - 
FC=LA; therefore— 
rad. : Sings. LA AC =A cine 
AC =F sins 


or, the strain perpendicular to the surface of the roof equals 
the force of the wind multiplied by the sine of the angle of 
inclination. When AC represents this strain, then, of the 
two forces referred to above, & C represents the horizontal 
force, and AB the vertical force. To obtain this last force, 
we have— 


rad.: cos ice ieee 
Putting for A C its value as above, we have— 


made cos A a a a E Ose 
E ON 
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me iemrertical cilect is equal tothe product of the force of 
the wind upon a superficial foot into the sine and the cosine 
of the angle of inclination. This result is that which is due 
to the pressure of the wind upon so much of the inclined 
surface as is covered by one square foot of a vertical sur- 
face. The wind, acting horizontally through one foot super- 
ficial of vertical section, acts on an area of inclined surface 
equal to the reciprocal of the sine of inclination, and the 
horizontal measurement of this inclined surface is equal to 
the cosine of the angle of inclination divided by the sine. 
This may be illustrated from Fig. 83, thus— 


mead DA PA. 


D E equals 1 foot ; therefore— 


sin. : rad.::1:DK=——; 
sin. 
or, the surface acted upon by one square foot of sectional 
area equals the reciprocal of the sine of the angle of incli- 
nation. Again, the horizontal measure of this inclined sur- 
face may be obtained thus— 


e o DEKET, 
sin. 
or, KE, the horizontal measurement, equals the cosine of the 
angle of inclination divided by the sine. 
In the figure, make X G equal to one foot; then we 
have— 


TID EGR Ay VA 


in which V, as above, represents the vertical pressure due to 
the wind acting upon the surface KD, and W the vertical 
pressure due to the wind acting upon the surface KH, or 
so much as covers KG, one foot horizontal. 


Now we have, as above, K £Z equal to D5, KG = t,and 
in. 
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V = Fsin. cos. Substituting these values, we have, instead 
of the above proportion— 


D tee A Snc OoN 
sin. 
from which— 
F sin. Cos. Ave 
W = EI = A Sin. (94.) 
sin. 


or, the vertical effect of the wind upon so much of the roof 
as covers each square foot horizontal, is equal to the pro- 
duct of the force of the wind per square foot into the square 
of the sine of the angle of inclination. 

Lxample—When the force of the wind upon a square 
foot of vertical surface is 30 pounds, what will be the verti- 
cal effect per square foot horizontal upona roof the inclina- 
tion of which is 26° 33’, or 6 inches to the foot? 

Here we have F = 30, and the sine of 26° 33’ is 0-44608 ; 
therefore— . 


W = 30x 0: 44608 = 5 09037. 
This is conveniently solved by logarithms; thus— 
log 30 =" 14771212 


0-44698 = 9-6502868 
0-44698 = 9-6502868 


5:9937 = 0-7776949 


or, the vertical effect is (5-9937, or) 6 pounds. 

The form of equation (94.) may be changed; for, in a right- 
angled triangle, the sine of the angle at the base is equal to 
the perpendicular divided by the hypothenuse; which, in 
the case of a roof, is the height divided by the length of the 


rafter; or— 
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Therefore, equation (94.) may be changed to— 


hh? 


ae (95-) 


U 
or, the vertical effect upon each square foot of a roof is equal 
to the product of the force of the wind per foot into the 
square of the height of the roof at the ridge, divided by the 
square of the length of the rafter (the height and length both 
in feet.) 

Example—When the force of the wind is 30 pounds, the 
height of the roof 10 feet, and the length of the rafter 22-36 
feet, what will be the vertical: effect of the wind? Here we 
Pave = 30, Æ = 10, and / = 22-36; and— 


TO 2 
W = 30x ———> See =O. 


222. 
items comprising the total load upon a roof are the cover- 
ing, the truss, the wind, snow, the plastering or other kind 
of ceiling, and the load which may be deposited upon a floor 
formed in the roof; or, the total load— 


ASO 7 e S+ PS. 


The value per foot horizontal for these has been found as 
mines C= a iP = eho ie Fe. moe © dhe 
value must be taken according to circumstances, as in Art. 
220. 50, also, the value of P and Z are to be assigned as 
required for each particular case, as in Art. 216. The total 


load, therefore, with these substitutions, will be—- 


i = ee o1sg (p+ FI + S4+ P+ L: 
which reduces to— 


2 h 
wi = p (A+ soa + Ft S+ PHL; (96.) 
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in which Zis the length of the rafter; > is the weight of the 
covering per foot superficial, including the roof boards or 
slats, the jack-rafters, etc. ; s is the span of the roof; % is the 
vertical height above a horizontal line passing through the 
feet of the rafters; F is the force of the wind per square foot 
against a vertical surface; S is the weight of snow per 
square foot horizontal; P is the weight per superficial foot 
of the ceiling at the tie-beam ; and L, the load per superficial 
foot in the roof, including weight of flooring and floor- 
timbers. The dimensions, s, 7, and %, are each in feet; the 
weight of 2, F, S, P, and L are each in pounds. The value 
of ż is for a square foot of the zzclined surface. 


223.—Strains in Roof-Timbers Computed.—The graphic 
method of obtaining the strains, asshownin Arts. 205 to 211, 
is, for its conciseness and simplicity, to be preferred to any 
other method; yet, on some accounts, the method.of obtain- 
ing the strains by the parallelogram of forces and by arith- 
metical computations will be found useful, and will now be 
referred to. 

By the parallelogram of forces, the weight of the roof is 
in proportion to the oblique thrust or pressure ïn the axis of 
the rafter as twice the height of the roof is to the length of 
the rafter; or— 


ee E A 
or, transposing— 
A E R ee (97.) 
AAA T 


where Y equals the pressure in the axis of the rafter, and R 
the weight of one truss and its load. Again, the weight of 
the roof is in proportion to the horizontal thrust in the tie- 
beam as twice the height of the roof is to half the span; or— 


R: AH. 2k: 2; 
2 
or, transposing— 
S As 
akiz: Ke (98.) 
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where // equals the horizontal thrust in the tie-beam. To 
obtain R, the weight of the roof, multiply M, the load per 
foot, as in equation (96.), by s, the span, and by c, the dis- 
tance from centres at which the trusses are placed ; or— 


R ES N e S 


With this value of R substituted for it, we have— 


Mcsl., 
= ey er (99) 
and— 
DL os 
= ess 100. 
H We (100.) 


in which Y equals the strain in the axis of the rafter, and 
the strain in the tie-beam. These are the greatest strains 
in the rafter and tie-beam. At certain parts of these pieces 
the strains are less, as will be shown in the next article. 


224.—Strains in Roof-Timbers Shown Geometrically, 
The pressure in each timber may be obtained as shown in 
Fig. 84, where A B represents the axis of the tie-beam, A C 
the axis of the rafter, DE and FB the axes of the braces, 
and DG, FE, and C B the axes of the suspension-rods. In 
this design for a truss, the distance A BZ is divided into three 
equal parts, and the rods located at the two points of division, 
Gand Æ. By thisarrangement the rafter A Cis supported at 
equidistant points, D and F. The point D supports the rafter 
for a distance extending half-way to A and half-way to F, and 
the point / sustains half-way to D and half-way to C. Also, 
the point C sustains half-way to F, and, on the other rafter, 
half-way to the corresponding point to F. And because these 
points of support are located at equal distances apart, there- 
fore the load on each is the same in amount. On DG make 
Da equal by any decimally divided scale to the number of 
hundreds of pounds in the load on D, and draw the parallel- 
ogram @6Dc. Then, by the same scale, Dd represents 
(Art. 71) the pressure in the axis of the rafter by the load at 


4 
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D; also, Dc the pressure inthe brace DE. Draw cd hori- 
zontal; then D d is the vertical pressure exerted by the brace 
DEat Æ. The point F sustains, besides the common load 
represented by Pa, also the vertical pressure exerted by the 
brace DE; therefore, make Fe equal to the sum of Da and 
Dd,and draw the parallelogram Fgef. Then Fg, meas- 
ured by the scale, is the pressure in the axis of the rafter 
caused by the load at F, and F f is the load in the axis of the 
brace 7. Draw fz horizontal; then A% is the vertical 
pressure exerted by the brace A Sat B. The point C, besides 
the common load represented by Da, sustains the vertical 
pressure F% caused by the brace FB, and a like amount 
from the corresponding brace on the opposite side. There- 
fore, make C7 equal to the sum of Da and twice FA, and 
draw J% parallel to the opposite rafter. Then C¥ is the 
pressure in the axis of the rafter at C. This is not the only 
pressure in the rafter, although it is the total pressure at its 
head C. Atthe point F, besides the pressure C$, there is 
Fg. At the point D, besides these two pressures, there is 
the pressure D ó. At the foot, at A, there is still an addi- 
tional pressure; for while the point D sustains the load half- 
way to F and half-way to A, the point A sustains the load 
half-way to D. This load is, in this case, just half the load 
at D. Therefore draw A vertical, and equal, by the scale, 
to half of Da. Extend CA to/; draw mZ horizontal. 
Then A/ isthe pressure inthe rafter at A caused by the 
weight of the roof from 4 halfway to D. Now the total of 
the pressures in the rafter is equal to the sum of A/+D 6+ 
Fg added to Ck. Therefore make $z equal to the sum of 
Al+D6+F g,and draw xo parallel with the opposite raf- 
ter, and 2/7 horizontal. Then Co, measured by the same 
scale, will be found equal to the total weight of the roof on 
both sides of CB. Since Da represents s, the portion of the 
weight borne by the point D, therefore Co, representing the 
whole weight of the roof, should equal six times Da, as it 
does, because D supports just one sixth of the whole load. 
Since C z is the total oblique thrust in the axis of the rafter 
at its foot, therefore z f is the horizontal thrust in the tie- 
beam at A. 
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225.—Application of the Geometrical System of Strains.— 
The strains in a roof-truss can be ascertained geometrically, 
as shown in Art. 224. To make a practical application of 
the results, in any particular case, it is requisite first to as- 
certain the load at the head of each brace, as represented by 
the line Da, Fig. 84. The load corresponding to any part 
of the roof is equal to the product of the superficial area of 
that particular part (measured horizontally) multiplied by 
the weight per square foot of the roof. Or, when M equals 
the weight per square foot, c the distance from centres at 
which the trusses are placed, and xz the horizontal distance 
between the heads of the braces, then the total load at the 
head of a brace is represented by— 


N = U (101.) 


The value of M is given in general terms in equation (06.). 
To show its actual value, let it be required to find the weight 
per square foot upon a root 52 feet spanand 13 feet high at 
middle; or (Fig. 84), where A B equals half the space, or 26 
feet, and CA 13 feet, then A C, the length ofthe rarte raii 
be 26-069, nearly. And where the weight of covering per 
square foot, on the inclination, is 12 pounds, the force of the 
wind against a vertical plane is 30 pounds; the weight of 
snow per foot horizontal is 20 pounds; the weight of the 
plastering forming the ceiling at the tie-beam is 9 pounds; 
and the load in the roof is nothing ;—with these quantities 
substituted, equation (96.) becomes— 


2 


Wr = 20-060 % 12 | ae = . 
20:009x I2 = 0:0154) + 3051s +2049 +05 


M = (29-069 x 12 x 0-05386) + (30 x 0-2) + 20 +9; 
M = 18-788 1e 20) — ese ce 


or, say, 53:8 pounds. Then if c, the distance from centres 
between trusses, is 10 feet, and z, the distance between 
braces, is One third of A 4, Fig. 34, or 38 — c2 ihe totalload 
at the head of a brace will be, as per equation (101.)— 


M= 3-8 < 10 8 =o: 
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or, say, 4650 pounds. Now, by any decimally divided scale, 
make D a, Fig. 84, equal to 463 parts of the scale; this being 
the number of hundreds of pounds contained in the weight 
at D,as above. Then, by the same scale, the several lines 
in the figure drawn as before shown will be found to repre- 
sent respectively the weights here set opposite to them, as 
follows : 


OE 20 = Le = 234, and represents 2325 pounds; 


Wee = ff =F h= 464 4 4050 ġ 
P= 2 S= A Sre = 52 j 200 nN 
E= Da + Dd = 602 ue 6975 
Ff = 05% © CR 7 
Cj = 3 Da = 139} o> 
oe 2 1) > = 156 i) sce © oe i 
Cr=Ckt+FetDb+Al=312 “ 31200 
@a—Cr+3D0>=>6Db=2Ck 

== 312 ‘¢  31200 4 


Pee 0 = 6) a= 6x 468 = 279“ 27900 5 


It should be observed here that the equality of the lines 77 
and Co is a coincidence dependent upon the relation which 
in this particular case the line CZ happens to bear tothe 
line A B; A B being equal to twice CB. And so of some 
other lines in the figure. Ifthe inclination of the roof were 
made greater or less, the equality of the lines referred to 
would disappear. It should also be observed that the strains 
above found are not quite exact; they are, however, correct 
to within a fraction of a hundred pounds, which is a suffi- 
ciently near approximation for the purpose intended. From 
the results obtained above, we ascertain that the strain in 
Mfemtditer, from ~ to C, is represented by C A, andis equal 
to 15,600 pounds; while the strain at the foot of the rafter, 
from A to D, is represented by C z, and equals 31,200 pounds, 
or double that which is at the head of the rafter. Weascer- 
tain, also, that the maximum strain in the tie-beam, repre- 
sented by 77, is 27,900 pounds; that that in the brace D £E, 
represented by Dc, is 5200 pounds; and that that in the 
brace / B, represented by Ff, is 6575 pounds. The strain 
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in the vertical rod D G is theoretically nothing. There is, 
however, a small strain in it, for it has to carry a part of the 
tie-beam and so much of the çeiling as depends for support 
upon that part. But the manner of locating the weights, 
adopted in this article, does not recognize any load located 
at the point G. This is an objection to this system, but it 
is not material. 

For a recognition of weights at the tie-beam, see Arts. 
205 to 211. The load at G may be found by obtaining the 
product of the surface carried into the weight per foot of 
the ceiling; or, say, 10c” = 10X 10x 8% = 867 pounds 
The load to be carried by the rod F£ is shown at Dd=he, 
which above is found to be 2325 pounds. To this is to be 
added 867 pounds for the ceiling at Æ, as before found for the 
ceiling at G; or, together, 3192 pounds. The central rod 
CB has to carry the two loads brought to B by the two 
braces footed there; and also the weight of the ceiling sup- 
ported by 2. The vertical strain from the brace F B is rep- 
resented at F, and equals 4630 pounds; therefore, the 
total load on CB is 4650 + 4650 + 867 = 10,167 pounds. 


226.—Roof-Fimbers: the Tie-Beam.— The roof-timbers 
comprised in the truss shown in zg. 84 are the rafters, 
tie-beam, two braces, and three rods. Of these, taking first 
the zze-beam, we have a piece subject to tension and some- 
times to cross-strain (see Art. 682, Transverse Strains). In 
this case the tensile strain only need be considered. For 
this a rule is given in Av¢. 117. In this rule, if the factor of 
safety be taken at 20, the result will be sufficiently large to 
allow for necessary cuttings at the joints. Therefore, if the 
beam be of Georgia pine, equation (16.), A7¢. 117, becomes— 


_ 27600 a T 
= 16000. 948? 


or, say, 35 inches. This is ample to resist the tensile strain ; 
but, to resist the transverse strains to which such a long 
piece of timber is subjected in the hands of the workman, 
it would be proper to make it, say, 6 x 9. 
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227.—The Rafter.—A rafter, like a post, is subject to a 
compressive force, and is liable to fail in three ways, name- 
ly : by flexure, by being crushed, or by crushing the material 
against which it presses. To render it entirely safe, there- 
fore, it is requisite to ascertain the requirements for resisting 
failure in each of these three ways. 

Of these it will be convenient to consider, first, that of 
the liability to being crushed. The rule for this is found in 
P7707. Let the rafter be of Georgia pine, thën thervalue 
of C, Table I., will be 9500. The strain in the rafter (Are 
225) is 31,200 pounds. Now, taking the value of a, the fac- 
tor of safety, at 10, we have, by Rule VI. (Art. 107.)— 


31200 x IO 


CS a OL 


e inches area ol cross-section. This is the size of the 
rafter at its smallest section; for example, at any one of the 
joints where it is customary to reduce the area by cutting 
for the struts and rods. 

Again: Let the liability of the rafter to flexure be now 
considered. For this we have a rule in Avt. 114. The 
length of the rafter between unsupported points is nearly 93 
Leonor Oz X12=i116inches. Let the thickness of the rafter 
Bemiaken at 6 inches. Then,by Rule XL (47+. 114), we 
have— 


TA Maie) © 31200x10(1+ $x daio). 
E Gt zs 9500 x 6 
ee IG —— 
Ta eee Loe I9¢* = 373°8 


Then <x. 00109 x 373:3 = ©-611127 
adding unity = I- 
I-O11127 
Substituting this, we have— 


__ 31200 xX 10x 1-611127 502671 -624 


0 = s Too . 
9500 x 6 57000 = 8-819; 
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or, to resist flexure the breadth is required to be 8-82, or, 
say, 9 inches; or, the rafter is to be 6 xg inches at the foot. 
The strain in the rafter at the upper end is only half that at 
the foot; the area of cross-section, therefore, at the head 
need not be more than half that which is required at the 


foot; but itis usual to make itthere about 2 of the size at the 


foot. In this case it would be, therefore, 6 x 6 inches at the 
upper end. 

Lastly, the requirement to resist crushing the surfaces 
against which the rafter presses is to be considered. 

The fibres of timber yield much more readily when 
pressed together by a force acting at right angles to the di- 
rection of their length than when it acts zz a dime with their 
length. 

The value of timber subjected to pressure in these two 
ways is shown in Arts. 94,98. In Table I., the value per 
square inch of the first stated resistance is expressed by P, 


and the ultimate resistance of the other by "i The value 
of timber per square inch to safely resist crushing may be ex- 
pressed by _ in which æ is the factor of safety. Timber 
pressed in an oblique direction will resist a force exceeding 
that expressed by /, and less than that expressed by a 
When the angle of inclination at which the force acts is just 
45°, then the force will be an average between P and A 


And for any angle of inclination, the force will vary inverse- 
ly as the angle; approaching P as the angle is enlarged, 


but approaching oe as the angle is diminished. It will be 


- equal to when the angle becomes zero, and equal P 


when the angle becomes go°. The resistance of timber per 
square inch to an oblique force is therefore expressed by— 
Ae 


M= P+ es © - P); (102.) 
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where 4° equals the complement of the angle of inclination. 
In a roof, is the acute angle formed by the rafter with 
a vertical line. If no convenient instrument be at hand to 
measure the angle, describe an arc upon the plan of the 
truss—thus: with C B (Fig. 84) for radius, describe the arc 
B g, and get the length of this arc in feet by stepping it off 
with a pair of dividers. Then— 


where & equals the length of the arc, and % equals B C, the 
height of the roof. Therefore— 
C 
(=. — P ) (103.) 


equals the value of timber per square inch in a tie-beam, C 
and P being obtained from Table 1., Art. 94. When C for 
the kind of wood in the tie-beam exceeds C set opposite the 
kind of wood in the rafter, then the latter is to be used in 
the rules instead of the former. 

The value of M, equation (103.), is the resistance per 
square inch of the surface pressed at the foot of the rafter. 
The resistance of the entire surface will therefore be J7 A, 
Voce equals the area of the joint. Then, when the re- 
sistance equals the strain, we will have— 


Æ 
o 


é 


RIC | 
MA=S=A| P+ 0-633 7 ~ 


from which we have-— 


i E a o 


A i 104. 
in which S is the strain to be resisted. 

Now, the end of the rafter must be of sufficient size to 
afford a joint the area of which will not be less than that 
expressed by 4 in equation (104.). 

For example, the strain to which the rafter, Fige. 84, is 
subject at its foot is ascertained to be (47t. 225) 31,200 pounds. 
For Georgia pine, the material of the tie-beam, P = 900 
COA lable 7), and C = 9500. 
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The length of the arc Bg is about 14-4 feet: the height 
BC is 13 feet. Let a, the factor of safety, be taken at Io, 
then we have (104.)— 

a O 
~ 900 + (0-638 x Tj) (28992 — 900) 
31200 
A= 900 +(0-705 x 50) 33°35 


or, the superficial area of the bearing at the joint required 
to prevent crushing the tie-beam is 334 inches. 

The results of the computations show that the rafter is 
required to be 6 inches thick, 9 inches wide at the foot, and 
6 inches wide at the top. It is also ascertained that, in cut- 
ting for the bearing for the struts and boring for the sus- 
pension-rods, it is required that there shall be at least 33 
inches area of cross-section left intact; and, farther, that the 
area of the surface of the joint against the tie-beam should 
not be less than 334 inches. 


228.—The Braces.—Each brace is subject to compres- 
sion, and is liable to fail if too small, in the same manner as the 
rafter. Its size is to be ascertained, therefore, in the manner 
described for the rafter; which need not be here repeto 
except, perhaps, as to the liability to fail by flexure ; for in this 
case we have the breadth given, and need to find the thick- 
ness. The breadth of the brace is fixed by the thickness of 
the rafter, for it is usual to have the two pieces flush with 
each other. Rule XI. (477. 114) is to be used, but with this 
difference, namely : instead of the thickness, use the breadth 
as one of the factors in the divisor. Thus— 


_Wa(i+ter) 


j= —— (105.) 


In working this rule, it is required, in order to get the 
value of 7, the ratio between the height and thickness, to 
assume the thickness before it is ascertained ; and after com- 
putation, if the result shows that the assumed value was not 
a near approximation, a second trial will have to be made. 
Usually the first trial will be sufficient. 
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For example, the brace D £ is about 9 feet or 116 inches 
long. As the strain in it is only 5200 pounds, the thickness 
will probably be not over 3 inches. Assuming it at this, we 


fave 7 = = 116 — 38%; the square of which is about 1495. 


Therefore, we have— 
$ x O-O0109 x 1495 = 2-4445 
add unity = 1. 
3:4445 
The equation reduces, therefore, to this— 


E 5200 X 10 X 3-4445 


9500 x 6 Ta 


or, the required thickness of the brace is 34 inches, or the 
brace should be, say, 34x6 inches. In this case the result is 
so near the assumed value, a second trial is not needed. 

For the second brace, we have the length equal to about 
124 feet or 147 inches; and the strain equal to 6575 pounds 
(Art. 225). The ratio, therefore, may be obtained by assum- 
ing the thickness, say, at 4. With this, we have— 


= 147 = 36-75; the square of which is 1350,%. 


With this value of 7— 


} x -OO109 x 135072 = 2-2081 
add unity =1. 
3.2081 


Then— 


6575 x 10x 3:2081 


á 9500 x 6 


=3 - 7006. 

Comparing this result with the assumed value of ¢= 4, 
we find the difference so great as to require a second trial. 
As the value of 7 was taken too low, the result obtained is 
correspondingly low. The true value is somewhere between 
3-7 and 4. Assume it now, say, at 3-9. With this value, we 
have— 


a ae) the square of which is 1420-7. 


— 


f_ 147 
t 
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With this value of 7?— 


3 x -OOIOQ X 1420-7 = 2- 32282 
add unity = 1. 
3+ 32282 
Then— 
__ 6575 X10 x 3+ 32282 


á 9500 x 6 eo, 


This result is a trifle less than the assumed value, 3:9. The 
true value is between these, and probably is about 3-86. 
This is quite near enough for use. This brace, therefore, is 
required to be 3-86 x6 inches, or, say, 4 x 6 inches. 


229,—The Suspension-Rods.— These are usually made of 
wrought iron. This metal, when of excellent quality, may 
be safely trusted with 12,000 pounds per inch sectional area. 
But it is usual, for good work, to compute the area at only 
gooo pounds per inch, and, as ordinarily made, these rods 
ought not to be loaded with more than 7ooo pounds. The 
strain divided by this value per inch of the metal will give 
the sectional area of cross-section. For example, the strain in 
the rod DG, Fig. 84, is 867 pounds (Art. 225); therefore— 


or, the sectional area required is only an eighth of an inch. 
By reference to the table of areas of circles in the Appen- 
dix, the diameter of a rod containing the required area, as 
above, will be found to be a little less than half an inch. A 
rod half an inch in diameter will therefore be of ample 
strength. For appearance’s sake, however, no rod in a truss 
should be less than ? of an inch in diameter. 

The rod FE has to resist a strain of 3192 pounds. For 
this, then, we have— 


A reference to the table of areas shows that a rod contain- 


ROOF-BEAMS. 2 


ing this area would be a little more than 3 of an inch in di- 
ameter; it would be of ample strength, say, at 4 of an inch 
in diameter. 

The rod C B, at the centre, has to carry a strain of 10,167 
pounds. For this, then, we have— 


eoo 
=< = 1-452. 


A reference to the table of areas shows that this rod should 
be 14 inches in diameter. 


230.—Roof-Beams, Jack-Rafters, and Purlins.—T hese 
timbers are subject to loads nearly uniformly distributed, 
and their dimensions may be obtained by Rule XXX., equa- 
mone(35-), 472. 140. In this equation, V=cfé (Art. 152). 
Substituting this value for U, and 7 Z for ô, equation (35.) be- 
comes— 


and putting for 7v the rate of deflection, .o4, we have— 


Cle 
bd? = aa (106.) 
a formula convenient for roof-timbers. 

Example.—\n a roof where the roofing is to be supported 
on white-pine roof-beams 10 feet long, placed 24 feet from 
centres, and where the load per foot superficial is to be 4o 
pounds, including wind and snow: what should be the di- 
mensions of the roof-beams? By equation (106.)— 


pg — AOR 28 x 10° 
0-064 x 2900 


= 536-6. 


Now if 4, the breadth, be fixed, say, at 3, then— 


8 
acca 6: 
3 179 ? 


d = 5-64 nearly. 


212 CONSTRUCTION. 


The roof-beams, therefore, require to be 3 x 5%, or, say, 3 x6. 
All pieces of timber subject to cross-strains will sustain 
safely much greater strains when extended in one piece over 
two, three, or more distances between bearings; therefore, 
roof-beams, jack-rafters, and purlins should, if possible, be 
made in as long lengths as practicable; the roof-beams and 
purlins laid on, not framed into, the principal rafters, and 
extended over at least two spaces, the joints alternating on 
the trusses ; and likewise the jack-rafters laid on the purlins 
in long lengths. 


231.—Five Examples of Roofs: are shown at Figs. 85, 86, 
87, 88, and 89. In /zg. 85,a@ is an iron suspension-rod, 0, 4 are 
braces. In /2g. 86, a, a, and 
b are iron rods, and d,d, c, c 
are braces. In Frig. 87, a, b 
are iron rods, d, d braces, and 
c the straining beam. In 

Fic. 85. Fig. 88,a,a, b, b are iron rods, 
c,e, d,d are braces, and c is a en beam. In Fig. 89, pur- 


ee eee 


al > 
Ce as 


r 


Fic. 86. 


ee a 


Fic. 87. 


lins are located at PP, etc.; the inclined beam that lies upon 
them is the jack-rafter; the post at the ridgeis the king- 
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post, the others are queen-posts. In this design the tie-beam 
is increased in height along the middle by a strengthening 
piece (Art. 163), for the purpose of sustaining additional 
weight placed in the room form- 
ed in the truss (47. 216). 

Fig. 90 shows a method of 
constructing a truss having a 
built-rib in the place of prin- 
cipal rafters. The proper form 
for the curve is that of the par- 
abola (477. 560). This curve, 
when as flat as is described in 
the figure, approximates so close- 
Bro ihat Of the circle that the 
latter may be used in its stead. 
The height, a0, is just half of 
ac, the curve to pass through 
the middle of the rib. The rib 
is composed of two series of 
abutting pieces, bolted together. . 
These pieces should be as long ` 
as the dimensions of the timber 
will admit, in order that there 
may be but few joints. The sus- 
pending pieces are in halves, 
notched and bolted to the tie- 
beam and rib, and a purlin is 
framed upon the upper end of 
each. A truss of this construc- 
tion needs, for ordinary roofs, 
no diagonal braces between the 
suspending pieces, but if extra 
strength is required the braces 
may be added. The best place 
for the suspending pieces is at 
the joints of the rib. A rib of this kind will be sufficiently 
strong if the area of its section contain about one fourth 
more timber than is required for that of a rafter for a roof 
of the same size. The proportion of the depth to the thick- 
ness should be about as 10 to 7. 
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232.-—-Roof-Truss with Elevated Tie-Beam.— Designs 
such as are shown in //7¢, of have the tie elevated for the ac- 
commodation of an arch in the ceiling. This and all similar 
designs are seriously objectionable, and should always be 
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avoided; as the smail height gained by the omission of the 
tic-beam can never compensate for the powerful lateral 
strains which are exerted by the oblique position of the 
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supports, tending to separate the walls. Where an arch is 
required in the ceiling, the best plan is to carry up the 
walls as high as the top of the arch. Then, by using a 
horizontal tie-beam, the oblique strains will be entirely re- 
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moved. It is well known that many a public building has 
been all but ruined by the settling of the roof, consequent 
upon a defective plan in the formation of the truss in this 
respect. It is very necessary, therefore, that the horizontal 


FIG. or. 


tie-beam be used, except where the walls are made so strong 
and firm by buttresses, or other support, as to prevent a 
possibility of their separating. (See Artz. 212.) 
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233.—Hip-Roofs: Lines and Bevils.—The lines 4 ð and 
6c, in Fig. 92, represent the walls at the angle of a building; 
6 ¢ is the seat of the hip-rafter, and g fof a jack or cripple 
rafter. Draw e at right angles to de, and make it equal 
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to the rise of the roof; join 4 and #, and #6 will be the 
length of the hip-rafter. Through e draw dz at right angles 
to óc; upon 4, with the radius 04, describe the arc hz, 
cutting dz in z; join 6 and 2, and extend g f to meet 47 in 7; 
then g7 will be the length of the jack-rafter. The length 
of each jack-rafter is found in the same manner—by extend- 
ing its seat to cut the line dz. From f draw fk at right 
angles to f g, also f/ at right angles to ġe; make fk equal 
to f ¿by the arc ¿ķ, or make g k equal to gj by the arc 7£; 
then the angle at 7 will be the ¢op-devil of the jack-rafters, 
and the one at & will be the down-bevil.* 


234.—The Backing of the Hip-Rafter.—At any con- 
venient place in de (Frig. 92), as o, draw m x at right angles to 
be; from o, tangical to 6, describe a semicircle, cutting 3 e 
in s; join m and sand z and s; then these lines will form at 
s the proper angle for bevilling the top of the hip-rafter. 
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235.—Domes.—The usual form for domes is that of the 
sphere; the base circular. When the interior dome does not 
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rise too high, a horizontal tie may be thrown across, by 
which any degree of strength required may be obtained. 


* The lengths and bevils of rafters for roof-vadleys can also be found by the 


above process. 
+ See also 47ż. 68. 
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Fig. 93 shows a section, and Fig. 94 the plan, of a dome of 
this kind, ad being the tie-beam in both. Two trusses of 
this kind (2g. 93), parallel to each other, are to be placed 
one on each side of the opening in the top of the dome. 
Upon these the whole framework is to depend for support, 


and their strength must be calculated accordingly. (See 
Arts. 70 to 80 and 214 to 222.) If the dome is large and of 
importance, two other trusses may be introduced at right 
angles to the foregoing, the tie-beams being preserved in 


FIG. 95. 


one continuous length by framing them high enough to pass 
over the others. 


236,—Ribbed Dome.— When the interior must be kept 
free, then the framing may be composed of a succession of 
ribs standing upon a continuous circular curb of timber, as 
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seen at (igs. 95 and g6—the latter being a plan and the former 
a section. This curb must be well secured, as it serves in 
the place of a tie-beam to resist the lateral thrust of the ribs. 
In small domes these ribs may be easily cut from wide 
plank; but where an extensive structure is required, they 
must be built in two thicknesses so as to break joints, in the 
same manner as is described for a roof at Avt. 231. They 
should be placed at about two feet apart at the base, and 
strutted as at a in fig. 95. 


Fic. 96. 


The scantling of each thickness of the rib may be as fol- 
lows: 


For domes of 24 feet diameter, 1 x 8 inches. 


(73 l 6c 6é 36 (73 ić I+ x 10 (73 
6c (<3 (73 60 64 66 2 x 13 6c 
66 í< E gO cc tc 24 x 13 éc 
éc éé c6 108 6¢ “¢ 3 x 13 ES 


237.—Dome: Curve of Equilibrium.— The surfaces of a 
dome may be finished to any curve that may be desired, but 
the framing should be constructed of such form that the 
curve of equilibrium shall be sure to pass through the middle 
of the depth of the framing. The nature of this curve is 
such that, if an arch or dome be constructed in accordance 
with it, no one part of the structure will be less capable than 
another of resisting the strains and pressures to which the 
whole fabric may be exposed. The curve of equilibrium for 
an arched vault or a roof, where the load is equally diffused 
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over the whole surface, is that of a parabola (A7v. 460); for 
a dome having no /antcrn, tower, or cupola above it, a cubic 
parabola (Fig. 97); and for one having a tower, etc., above it, 
a curve approaching that of an hyperbola must be adopted, 
as the greatest strength is required at its upper parts. If 
the curve of a dome be circular (as in the vertical section, 
fig.95), the pressure will have a tendency to burst the dome 
outwards at about one third of its height. Therefore, when 
this form is used in the construction of an extensive dome, 
an iron band should be placed around the framework at 
that height; and whatever may be the form of the curve, a 
band or tie of some kind is necessary around or across the 


base. 


If the framing be of a form less convex than the curve of 
equilibrium, the weight will have a tendency to crush the 
ribs inwards, but this pressure may be effectually overcome 
by strutting between the ribs; and hence it is important 
that the struts be so placed as to form continuous horizontal 
emcles. 


238.—Cubiec Parabola Computed.—Let a $ (Fig. 97) be 
the base, and dc the height. Bisect a bat d, and divide ad 
into 100 equal parts; of these give dc 26, cf 181, fg 143, g l 
121, %1 10%, 27 94, and the balance, 83, to 7a; divide Jc into 
S equal parts, and from the points of division draw lines 
parallel to a 4, to meet perpendiculars from the several points 
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of division in a 8, at the points o,0,0, etc. Then a curve 
traced through these points will be the one required. 


239.—Small Domes over Stairways: are frequently made 
elliptical in both plan and section ; and as no two of the ribs 


d 
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in one quarter of the dome are alike in form, a method for 
obtaining the curves may be useful. 


FIG. 99. 


To find the curves for the ribs of an elliptical dome, let 
abcd (Fig. 98) be the plan of a dome, and ef the seat of 
one of the ribs. Then take e f for the transverse aris and 
twice the rise, og, of the dome for the conjugate, and de- 
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scribe (according to Arts. 548, 549, etc.) the semi-ellipse 
eg f, which will be the curve required for the rib egf. The 
other ribs are found in the same manner. 


240.—Covering for a Spherical Dome.—To find the 
shape, let A (/7g.99) be the plan, and Z the section, of a given 
dome. From a draw ae at right angles to ad; find the 
stretch-out (47t. 524) of o b, and make dc equal to it; divide 
the arc o ġ and the line d c each into a like number of equal 
parts, as 5 (a large number will insure greater accuracy than 
a small one) ; upon c, through the several points of division 
in cd, describe the arcs o do, 1 ¢ 1, 2 f2, etc.; make do equal 
to half the width of one of the boards, and draw os parallel 
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to ac; join sand a, and from the points of division in the arc 
ob drop perpendiculars, meeting a sinz j k; from these 
points draw 7 4, 73, etc., parallel to ac; make do, ¢1, etc., on 
the lower side of ac, equal to do, e 1, etc., on the upper side; 
trace a curve through the points o, 1, 2, 3, 4, c, on each side 
of dc; then oco will be the proper shape for the board. By 
dividing the circumference of the base A into equal parts, 
and making the bottom, odo, of the board of a size equal to 
one of those parts, every board may be made of the same 
size. In the same manner as the above, the shape of the 
covering for sections of another form may be found, such as 
an ogee, cove, etc. 

To find the curve of the boards when laid in horizontal 
courses, let A B C (Fig. 100) be the section of a given dome, 
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and D Z its axis. Divide SC into as many parts as there 
are to be courses of boards, in the points 1, 2, 3, etc.; through 
mand 2 draw a line to meet the axis extended at æ; then æ 
will be the centre for describing the edges of the board F. 
Through 3 and 2 draw 3 4; then J will be the centre for de- 


aa 


aa 


FIG. 101, 


scribing F. Through 4 and 3 draw 4d; then d will be the 
centre for G. Bis the centre for the arc 10. If this method 
is taken to find the centres for the boards at the base of the 
dome, they would occur so distant as to make it impracti- 
cable; the following method is preferable for this purpose: 
G being the last board obtained by the above method, ex- 
tend the curve of its inner edge until it meets the axis, D J, 


H 
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in ¢; from 3, through e, draw 3 f, meeting the arc A B in f; 
join and 4, fand 5,and fand 6, cutting the axis, D 5, in s, x, 
and 7; from 4, 5, and 6 draw lines parallel to 4 Cand cutting 
theaxisinc, 2, andy; make c 4 (Fag. 101) equal toc 41in the pre- 
vious figure, and cs equal to cs also in the previous figure ; 
then describe the inner edge of the board H, according to 
Art. 516; the outer edge can be obtained by gauging from 
the inner edge. In like manner proceed to obtain the next 
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board—taking A 5 for.half the chord, and > z for the height 
of the segment. Should the segment be too large to be de- 
scribed easily, reduce it by finding intermediate points in the 
curve, as at Artz. 515. 


24|.—Polygonal Dome: Form of Angle-Rib.—To ob- 
tain the shape of this rib, let A G H (Fig. 102) be the plan of 
a given dome, and C D a vertical section taken at the line 
G EEE om 1, 2, 3, ctc.,in the arc CD draw ordinates, paral- 
lel to A D, to meet fG; from the points of intersection on 
JGC draw ordinates at right angles to fG; make s1 equal 
to oI, s 2 equal to 02, etc.; then G/B, obtained in this way, 
will be the angle-rib required. The best position for the 
sheathing-boards for a dome of this kind is horizontal, but if 
they are required to be bent from the base to the vertex, 
their shape may be found in a similar manner to that shown 
Bt 2/72. 99. 


BRIDGES. 


Fic. 103 


242.—Bridges.—Of plans for the construction of bridges, 
perhaps the following are the most useful. /zg. 103 shows a 
method of constructing wooden bridges where the banks 
of the river are high enough to permit the use of the tie- 
beam, ad. The upright pieces, cd, are notched and bolted 
on in pairs, for the support of the tie-beam. A bridge of 
this construction exerts no lateral pressure upon the abut- 
ments. This method may be employed even where the banks 
of the river are low, by letting the timbers for the roadway 
rest immediately upon the tie-beam. In this case the 1rame- 
work above will serve the purpose of a railing. 
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Fig. 104 exhibits a wooden bridge without a tie-beam. 
Where staunch buttresses can be obtained this method may 
be recommended; but if there is any doubt ot their stability, 
it should not be attempted, as it is evident that such a sys- 
tem of framing is capable of a tremendous lateral thrust. 


Fic. 104. 


243.—Bridges: Built-Rib.—/%g. 105 represents a bridge 
with a buzlt-rib (see Art. 231) as a chief support. The curve 
of equilibrium will not differ much from that of a parabola; 
this, therefore, may be used—especially if the rib is made 
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gradually a little stronger as it approaches the buttresses. 
As it is desirable that a bridge be kept low, the following 
table is given to show the least rise that may be given to the 
rib. 


Span in Feet.|Least Rise in Feet Eee in Feet. Least Rise in Feet 


Least Rise in Feet||Span in Feet. 


iia 

30 O°5 120 7 280 24 
40 0-8 140 8 300 28 
50 I-4 160 Io 320 32 
60 2 180 II 350 39 
70 24 200 I2 380 47 
80 3 220 14 400 53 
go 4 240 17 

100 5 260 20 
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The rise should never be made less than this, but in all 
cases greater if practicable ; asa small rise requires a greater 
quantity of timber to make the bridge equally strong. The 
greatest uniform weight with which a bridge is likely to be 
loaded is, probably, that of a dense crowd of people. This 
may be estimated at 70 pounds per square foot, and the fram- 
ing and gravelled roadway at 230 pounds more; which 
amounts to 300 pounds on a square foot. The following 
rule, based upon this estimate, may be useful in determining 
the area of the ribs. 

Rule LXVII.—Multiply the width of the ide. by the 
square of half the span, both in feet, and divide this pro- 
duct by the rise in feet multiplied by the number of ribs ; 
the quotient multiplied by the decimal o-oo11 will give the 
area of each rib in feet. When the roadway is only planked, 
use the decimal 0-0007 instead of 0-0011, - 

Example—What should be the area of the ribs for a 
bridge of 200 feet span, to rise 15 feet and be 30 feet wide, 
with three curved ribs? The half of the span is 100, and 
its square is 10000; this multiplied by 30 gives 300000, and 
15 multiplied by 3 gives 45; then 300000 divided by 45 
gives 66662, which multiplied by o-oorr gives 7-333 feet or 
1056 inches for the area of each rib. Such a rib may be 24 
inches thick by 44 inches deep, and composed of 6 pieces, 
2 in width and 3 in depth. 

The above rule gives the area of a rib that would be 
requisite to support the greatest possible wzzform load. 
But in large bridges, a varzable load, such as a heavy wagon, 
is capable of exerting much greater strains; in such cases, 
therefore, the rib should be made larger.* 

In constructing these ribs, if the span be not over 50 feet, 
each rib may be made in two or three thicknesses of timber 
(three thicknesses is preferable), of convenient lengths bolted 
together; but in larger spans, where the rib will be such as 
to render it difficult to procure timber of sufficient breadth, 
they may be constructed by bending the pieces to the proper 
curve and bolting them together. In this case, where tim- 


* See Tredgold’s Carpentry by Hurst, Arts. 174 to 177. 
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ber of sufficient length to span the opening cannot be ob- 
tained, and scarfing is necessary. such joints must be made 
as will resist both tension and compression (see /zg. 114). 
To ascertain the greatest depth for the pieces which compose 
the rib, so that the process of bending may not injure their 
elasticity, multiply the radius of curvature in feet by the 
decimal 0-05, and the product will be the depth in inches. 

Example.—Suppose the curve of the rib to be described 
witha radius of too feet, then what should bethedepth? The 
radius in feet, 100, multiplied by 0-05 gives a product of 5 
inches. White pine or oak timber 5 inches thick would 
freely bend to the above curve; and if the required depth 
of such a rib be 20 inches, it would have to be composed of at 
least 4 pieces. Pitch pine is not quite so elastic as white 
pine or oak—its thickness may be found by using the deci- 
mal 0-046 instead of 0-05. 
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244.—Bridges: Framed Rib.—In spans of over 250 
feet, a framed rib, as in Fig. 106, would be preferable to the 
foregoing. Of this, the upper and the lower edges are 
formed as just described, by bending the timber to the proper 
curve. The pieces that tend to the centre of the curve, 
called vadials,.are notched and bolted on in pairs, and the 
cross-braces are halved together in the middle, and abut end 
. to end between the radials. The distance between the ribs 
of a bridge should not exceed about 8 feet. The roadway 
should be supported by vertical standards bolted to the ribs 
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at about every 10 to 15 feet. At the place where they rest’ 
on the ribs, a double, horizontal tie should be notched and 
bolted on the back of the ribs, and also another on the un. 
derside ; and diagonal braces should be framed betwcen the 
Standards, over the space between the ribs, to prevent lat- 
eral motion. The timbers for the roadway may be as light 
as their situation will admit, as all useless timber is only an 
unnecessary load upon the arch. 


245.—Bridges: Roadway.—If{ a roadway be 18 feet 
wide, two carriages can pass without inconvenience. Its . 
Meciietnerctore, should be either 9, 18, 27, or 36 feet, ac- 
cording to the amount of travel. The width of the foot. 
path should be two feet for every person. When a stream- 
of water has a rapid current, as few piers ag practicable 
should be allowed to obstruct its course; otherwise the 
bridge will be liable to be swept away by freshets. When 
the span is not over 300 feet, and the banks of the river are 
of sufficient height to admit of it, only one arch should be 
employed. The rise of the arch is limited by the form of 
the roadway, and by the height of the banks of the river 
(see Art. 243). The rise of the roadway should not exceed 
one in 24 feet, but as the framing settles about one in 72, the 
roadway should be framed to rise one in 18, that it may be 
one in 24 after settling. The commencement of the arch at 
the abutments—the sfrizzg, as it is termed—should not be’ 
below high-water mark ; and the bridge should be placed at 
right angles with the course of the current. 


246.--Bridses: Abutments.—The best material for the 
abutments and piers of a bridge is stone; and no other 
should be used. The following rule is to determine the ex- 
tent of the abutments, they being rectangular, and built with 
stone weighing 120 pounds to a cubic foct. 

Rule LXVIIL—Multiply the square of the height of the- 
abutment by 160, and divide this product by the weight ofa 
square foot of the arch, and by the rise of the arch; add 
unity to the quotient, and extract the square root. Dimin- 
ish the square root by unity, and multiply the root so dimin- 
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ished by half the span of the arch, and by the weight of a 
square foot of the arch. Divide the last product by 120 
times the height of the abutment, and the quotient will be 
the thickness of the abutment. : 

Example.—Let the height of the abutment from the base 
to the springing of the arch be 20o feet, half the span 10o feet, 
the weight of a square foot of the arch, including the great- 
est possible load upon it, 300 pounds, and the rise of the arch 
18 feet: what should be its thickness? The square of the 
height of the abutment, 400, multiplied by 160 gives 64000, 
and 300 by 18 gives 5400; 64000 divided by 5400 gives a 
quotient of 11-852; one added to this makes 12-852, the 
square root of which is 3-6; this, less one is 2-6; this mul- 
tiplied by 100 gives 260, and this again by 300 gives 78000; 
this divided by 120 times the height of the abutment, 2400, 
gives 32 feet 6 inches, the thickness required. 

The dimensions of a pier will be found by the same rule; 
for, although the thrust of an arch may be balanced by an 
adjoining arch when the bridge is finished, and while it re- 
mains uninjured, yet, during the erection, and in the event 
of one arch being destroyed, the pier should be capable of 
‘sustaining the entire thrust of the other. 

Piers are sometimes constructed of timber their princi- 
pal strength depending on piles driven into the earth; but 
such piers should never be adopted where it is possible to 
avoid them; for, being alternately wet and dry, they decay 
much sooner than the upper parts of the bridge. Spruce 
and elm are considered good for piles. Where the height 
from the bottom of the river to the roadway is great, it is a 
good plan to cut them off at a little below low-water mark, 
cap them with a horizontal tie, and upon this erect the posts 
for the support of the roadway. This method cuts off the 
part that is continually wet from that which is only occa- 
sionally so, and thus affords an opportunity for replacing the 
upper part. The pieces which are immersed will last a 
great length of time, especially when of elm; for it is a 
well-established fact that timber is less durable when subject 
to alternate dryness and moisture than when it is either con- 
tinually wet or continually dry. It has been ascertained that 
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the piles under London Bridge, after having been driven 
about 600 years, were not materially decayed. These pugs 
are chiefly of elm, and wholly immersed. 


—fig. 107 is a design 
for a centre for a stone bridge where intermediate supports, 
as piles driven into the bed of the river, are practicable. Its 
timbers are so distributed as to sustain the weight of the 
arch-stones as they are being laid, without destroying the 
original form of the centre ; and also to prevent its destruc- 
tion or settlement, should any of the piles be swept away. 
The most usual error in badly-constructed centres is that 
the timbers are disposed so as to cause the framing to 
rise at the crown during the laying of the arch-stones up 
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the sides. To remedy this evil, some have loaded the crown 
with heavy stones; but a centre properly constructed will 
need no such precaution. i 

Experiments have shown that an arch-stone does not press 
upon the centring until its bed is inclined to the horizon at 
an angle of from 30 to 45 degrees, according to the hardness 
of the stone, and whether it is laid in mortar or not. For 
general purposes, the point at which the pressure com- 
mences may be considered to be at that joint which forms 
an angle of 32 degrees with the horizon. At this point the 
pressure is inconsiderable, but gradually increases towards 
the crown. The following table gives the portion of the 
weight of the arch-stones that presses upon the framing at 
the various angles of inclination formed by the bed of the 
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stone with the horizon. The pressure perpendicular to the 
curve 1s equal to the weight of the arch-stone multiplied by 
the decimal— 


-O, when the angle of inclination is 32 degrees. 


-04 : j É CIM 
-08 66 cb é6 36 66 
12° €6 ry 6 38 «t 
217 i & T t 40 66 
.21' «t T 66 42 rT 
-25 : 6c rT; 7 44 66 
-20 T rT 6 46 66 
-33 a rz 66 48 66 
-37 : 66 “a 66 50 66 
-4 t ““c rT: 2 7 
-44 Á f % 54) ee 
-48 sé 6 é6 56 66 
52 rT t t 58 ‘ 
-54 e 66 “a 66 60 6s 


From this it 1s seen that at the inclination of 44 degrees the 
pressure equals one quarter the weight of the stone; at 57 
degrees, half' the weight; and when a vertical line, as a6 
(Fig. 108), passing through the centre of 
gravity of the arch-stone, does not fall 
within its bed, c d, the pressure may be con- 
sidered equal to the whole weight of the 
stone. This will be the case at about 60 
degrees, when the depth of the stene is 
double its breadth. The direction of these 
pressures is considered in a line with the radius of the curve. 
The weight upon a centre being known, the pressure may be 
estimated and the timber calculated accordingly. But it 
must be remembered that the whole weight is never placed 
upon the framing at once—as seems to have been the idea 
had in view by the designers of some centres. In building 
the arch, it should be commenced at each buttress at the 
same time (as is generally the case), and each side should 
progress equally towards the crown. In designing the fram- 
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ing, the effect produced by each successive layer of stone 
should be considered. The pressure of the stones upon one 
side should, by the arrangement of the struts, be counter- 
poised by that of the stones upon the other side. 

Over a river whose stream is rapid, or where it is neces- 
sary to preserve an uninterrupted passage for the purposes 
of navigation, the centre must be constructed without in- 
termediate supports, and without a continued horizontal tie 
at the base; such a centre is shown at zg. 109. In laying 
the stones from the base up to@ande, the pieces 6d and 
bd act as ties to prevent any rising at 6. After this, while 
the stones are being laid from «æ and from c to 4, they act as 
struts; the piece f g is added for additional security. 
Upon this plan, with some variation to suit circumstances, 
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centres may be constructed for any span usual in stone- 
bridge building. 

In bridge centres, the principal timbers should abut, and 
not be intercepted by a suspension or radial piece between. 
These should be in halves, notched on each side and bolted. 
The timbers should intersect as little as possible, for the 
more joints the greater is the settling; and halving them 
together is a bad practice, as it destroys nearly one half the 
strength of the timber. Ties should be introduced across, 
especially where many timbers mect; and as the centre is 
to serve but a temporary purpose, the whole should be de- 
signed with a view to employ the timber afterwards for 
other uses. For this reason, all unnecessary cutting should 
be avoided. 
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Centres should be sufficiently strong to preserve a 
staunch and steady form during the whole process of build- 
ing; for any shaking or trembling will have a tendency to 
prevent the mortar or cement from se¢ézzg. For this pur- 
pose, also, the centre should be lowered a trifle immedi- 
ately after the key-stone is laid, in order that the stones may 
take their bearing before the mortar is set; otherwise the 
joints will open on the underside. The trusses, in centring, 
are placed at the distance of from 4 to 6 feet apart, accord- 
ing to their strength and the weight of the arch. Between 
every two trusses diagonal braces should be introduced to 
prevent lateral motion. 

In order that the centre may be easily lowered, the 
frames, or trusses, should be placed upon wedge-formed 
sills, as is shown at d (Fig. 109). These are contrived so as 
to admit of the settling of the frame by driving the wedge 
d with a maul, or, in large centres, with a piece of timber 
mounted as a battering-ram. The operation of lowering a 
centre should be very slowly performed, in order that the 
parts of the arch may take their bearing uniformly. The 
wedge pieces, instead of being placed parallel with the 
truss, are sometimes made sufficiently long and laid through 
the arch, in a direction at right angles to that shown at /7¢. 
109. This method obviates the necessity of stationing men 
beneath the arch during the process of lowering; and was 
originally adopted with success soon after the occurrence of 
an accident, in lowering a centre, by which nine men were 
killed. 

To give some idea of the manner of estimating the pres- 
sures, ın order to select timber of the proper scantling, cal- 
culate the pressure (A7¢. 247) of the arch-stones from z to 6 
(Fig. 109), and suppose half this pressure concentrated at a, 
and acting in the direction a f. Then, by the parallelogram 
of forces (Art. 71), the strain in the several pieces compos- 
ing the frame bda may be computed. Again, calculate 
the pressure of that portion of the arch included between a 
and c, and consider half of it collected at 4, and acting in a 
vertical direction; then, by the parallelogram of forces, the 
pressure on the beams $d and $d may be found. Add the 
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pressure of that portion of the arch which is included be- 
tween z and 6 to half the weight of the centre, and consider 
this amount concentrated at d, and acting in a vertical direc- 
tion; then, by constructing the parallelogram of forces, the 
pressure upon @ 7 may be ascertained. 

The strains having been obtained, the dimensions of the 
several pieces in the frames b a d and bcd may be found by 
computation, as directed in the case of roof-trusses, from 
Arts. 226 to 229. The tie-beams dd, dd, if made of suff- 
cient size to resist the compressive strain acting upon them 
from the load at 4, will be more than large enough to resist 
the tensile strain upon them during the laying of the first 
part of the arch-stones below a and c. 


248.—Arch-Siones: Joints.— [n an arch, the arch-stones 
are so shaped that the joints between them are perpendicu- 
lar to the curve of the arch, or to its tangent at the point at 
which the joint intersects the curve. Ina circular arch, the 


FIG. I10. 


joints tend toward the centre of the circle; in an elliptical 
arch, the joints may be found by the following process : 
To find the direction of the joints for an elliptical arch; 


Fic. III. 


a joint being wanted at a (Fig. 110), draw lines from that 
point to the foci, f and f; bisect the angle f e f with the 
line a4, then ad will be the direction of the joint. 
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To find the direction of the joints for a parabolic arch; 
a joint being wanted at a (Fig. 111), draw ae at right angles 
to the axis eg; make cg cqual to ce, and jom a and ¢: 
draw ak at right angles to eg; then ah will be the 
direction of the joint. The direction of the joint from 3 is 
found in the same manner. The lines agand 6 f are tan- 
gents to the curve at those points respectively; and any 
number of joints in the curve may be obtained by first 
ascertaining the tangents, and then drawing lines at right 
angles to them. (See A7z. 462.) 


JOINTS. 


24-9.—TVimber Joints.—The joint shown in Fig. 112 is 
simple and strong; but the strength consists wholly in the 
bolts, and in the friction of the parts produced by screwing 
the pieces firmly together. Should the timber shrink to 


Fic. 112. 


even a small degree, the strength would depend altogether 
on the bolts. It would be made much stronger by indent- 
ing the pieces together, as at the upper edge of the tie-beam 


Ce ee 
= 
i ie 
Fic, 113. 


in /zg. 113, or by placing keys in the joints, as at the lower 
edge in the same figure. This process, however, weakens 
the beam in proportion to the depth of the indents. 


2 e 35 
), nner er a y; 
Fic. 114 


Fig. 114 shows a method of scarfing, or splicing, a tie- 
beam without bolts. The keys are to be of well-seasoned, 
hard wood, and, if possible, very cross-grained. The addi- 
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tion of bolts would make this a very strong splice, or even 
white-oak pins would add materially to its strength. 

Fiz. 115 shows about as strong a splice, perhaps, as can 
well be made. It is to be recommended for its simplicity ; 
as, on account of there being no oblique joints in it, it can 
be readily and accurately executed. A complicated joint is 
the worst that can be adopted; still, some have proposed 
joints that seem to have little else besides complication to 
recommend them. 

In proportioning the parts of these scarfs, the depths of 


all the indents taken together should be equal to one third 
of the depth of the beam. In oak, ash or elm, the whole 
length of the scarf should be six times the depth, or thick- 
ness, of the beam, when there are no bolts; but, if bolts in- 
stead of indents are used, then three times the breadth; and 
when both methods are combined, twice the depth of the 
beam. The length of the scarf in pine and similar soft 
woods, depending wholly on indents, should be about 12 
times the thickness, or depth, of the beam; when depend- 
ing wholly on bolts, 6 times the breadth; and when both 
methods are combined, 4 times the depth. 


Fic. 116. 


Sometimes beams have to be pieced that are required 
to resist cross-strains—such as a girder, or the tic-beam of a 
roof when supporting the ceiling. In such beams, the 
fibres of the wood in the upper part are compressed; and 
therefore a simple butt joint at that place (as in Fie. 116) 
is far preferable to any other. In such case, an oblique 
joint is the very worst. The under side of the beam being 
in a state of tension, it must be indented or bolted, or both; 
and an iron plate under the heads of the bolts gives a great 
addition of strength. 
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Scarfing requires accuracy and care, as all the indents 
should bear equally; otherwise, one being strained more 
than another, there would be a tendency to splinter off the 
parts. Hence the simplest form that will attain the object 
is by far the best. In all beams that are compressed end- 
wise, abutting joints, formed at right angles to the direction 
of their length, are at once the simplest and the best. Fora 
temporary purpose, /zg. 112 would do very well; it would 
be improved, however, by having a piece bolted on all four 
sides. /ig. 113, and indeed each of the others, since they 
have no oblique joints, would resist compression well. 

In framing one beam into another for bearing purposes, 
such as a floor-beam into a trimmer, the best place to make 
the mortise in the trimmer is in the neutral line (Arts. 120, 
121), which is in the middle of its depth. Some have 
thought that, as the fibres of the upper edge are compressed, 


Fic. 117. 


a mortise might be made there, and the tenon driven in 
tight enough to make the parts as capable of resisting the 
compression as they would be without it; and they have 
therefore concluded that plan to be the best. This could 
not be the case, even if the tenon would not shrink; fora 
joint between two pieces cannot possibly be made to resist 
compression so well as a solid piece without joints. The 
. proper place, therefore, for the mortise is at the middle of 
the depth of the beam; but the best place for the tenon, in 
the floor-beam, is at its bottom edge. For the nearer this 
-is placed to the upper edge, the greater is the liability for it 
to splinter off; if the joint is formed, therefore, as at /zg. 117, 
it will combine all the advantages that can be obtained. Dou- 
ble tenons are objectionable, because the piece framed into 
is needlessly weakened, and the tenons are seldom so accu- 
rately made as to bear equally. For this reason, unless the tusk 
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at a in the figure fits exactly, so as to bear equally with the 
tenon, it had better be omitted. And in sawing the shoulders 
care should be taken not to saw into the tenon in the least, 
as it would wound the beam in the place least able to bear it. 

Thus it will be seen that framing weakens both pieces, 
more or less. It should, therefore, be avoided as much as 
possible , and where it is practicable one piece should rest 
upon the other, rather than be framed into it. This re- 
mark applies to the bearing of floor-beams on a girder, to 
the purlins and jack-rafters of a roof, etc. 

In a framed truss for a roof, bridge, partition, etc., the 
joints should be so constructed as to direct the pressures 
through the axes of the several pieces, and also to avoid 
every tendency of the parts to slide. To attain this object, 


Fic. 118. FIG. 119. Fic. 120. 


the abutting surface on the end of a strut should be at 
right angles to the direction of the pressure ; as at the joint 
shown in Fg. 118 for the foot of a rafter (see Azz. 86), in Fig. 
119 for the head of a rafter, and in Fig. 120 for the foot of a 
strut or brace. The joint at Fig. 118 is not cut completely 
across the tie-beam, but a narrow lip is left standing in the 
middle, and a corresponding indent is made in the rafter, to 
prevent the parts from separating sideways. The abutting 
surface should be made as large as the attainment of other 
necessary objects will admit. The iron strap is added to 
prevent the rafter sliding out, should the end of the tie- 
beam, by decay or otherwise, splinter off. In making the 
joint shown at Fzg. 119, it should be left a little open at a, 
so as to bring the parts toa fair bearing at the settling of 
the truss, which must necessarily take place from the shrink- 
ing of the king-post and other parts. If the joint is made 
fair at first, when the truss settles it will cause it to open at 
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the under side of the rafter, thus throwing the whole pres- 
sure upon the sharp edge at æ. This will cause an indenta- 
tion in the king-post, by which the truss will be made to 
settle further ; and this pressure not being in the axis of the 
rafter, it will be greatly increased, thereby rendering the 
rafter liable to split and break. 


Fic. 121. Fic, 122, Fic. 123. 


If the rafters and struts were made to abut end to end, 
as in fags. 121, 122 and 123, and the king or queen post 
notched on in halves and bolted, the ill effects of shrinking 
would be avoided. This method has been practised with 
success in some of the most celebrated bridges and roofs in 
Europe ; and, were its use adopted in this country, the un- 
seemly sight of a ogged ridge would seldom be met with. 


FIG. 124. Fic, 125. 


A plate of cast-iron between the abutting surfaces will 
equalize the pressure. 

Fig. 124 is a proper joint for a collar-beam in a small 
roof: the principle shown here should characterize all tie- 
joints. The dovetail joint, although extensively practised 
in the above and similar cases, is the very worst that can be 
employed. The shrinking of the timber, if only to a small 


—— 
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degree, permits the tie to withdraw—as is shown at /7g. 
12s. The dotted line shows the position of the tie after it 
has shrunk. 

Locust and white-oak pins are great additions to the 
strength of a joint. In many cases they would supply the 
place of iron bolts; and, on account of their small cost, they 
should be used in preference wherever the strength of iron 
is not requisite. In small framing, good cut nails are of 
great service at the joints; but they should not be trusted 
to bear any considerable pressure, as they are apt to be 
brittle. Iron straps are seldom necessary, as all the joinings 
in carpentry may be made without them. They can be 
used to advantage, however, at the foot of suspending-pieces, 
and for the rafter at the end of the tie-beam. In roofs for 
ordinary purposes, the iron straps for suspending-picces 
may be as follows: When the longest unsupported part of 
the tie-beam 1s— 


10 feet, the strap may be 1 inch wide by y thick. 
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In fastening a strap, its hold on the suspending-piece will be 
much increased by turning its ends into the wood. Iron 
straps should be protected from rust; for thin plates of iron 
decay very soon, especially when exposed to dampness. 
For this purpose, as soon as the strap is made let it be 
heated to about a blue heat, and, while it is hot, pour over 
its entire surface raw linseed oil, or rub it with beeswax. 
Either of these will give it a coating which dampness will 
not penetrate. 


SECTION III.—STAIRS. 


250.—Stairs: General Requirements.—The STAIRS is 
that commodious arrangement of steps in a building by 
which access is obtained from one story to another. Their 
position, form, and finish, when determined with discrimi- 
nating taste, add greatly to the comfort and elegance of a 
structure. As regards their position, the first object should 
be to have them near the middle of the building, in order 
that they may afford an equally easy access to all the rooms 
and passages. Next in importance is light; to obtain which 
they would seem to be best situated near an outer wall, in 
which windows might be constructed for the purpose; yet 
a skylight, or opening in the roof, would not only provide 
light, and so secure a central position for the stairs, but may 
be made, also, to assist materially as an ornament to the 
building, and, what is of more importance, afford an oppor- 
tunity for better ventilation. 

All stairs, especially those of the most important build- 
ings, should be erected of stoze or some equally durable and 
fire-resisting material, that the means of egress from a burn- 
ing building may not be too rapidly destroyed. 

Winding stairs, or those in which the direction is gradu- 
ally changed by means of winders, or steps which taper in 
width, are interesting by reason of the greater skill required 
in their construction; but are objectionable, for the reason 
that children are exposed to accident by their liability to fall 
when passing over the narrow ends of the steps. Stairs of 
this kind should be tolerated only where there is not sufh- 
cient space for those with flyers, or steps of parallel width. 

Stairs in one long continuous flight are also objection- 
able. Platforms or landings should be introduced at inter- 
vals, so that any one flight may not contain more than about 
twelve or fifteen steps. 

The width of stairs should be in accordance with the im- 
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portance of the building in which they are placed, varying 
from 3 to 12 feet. Where two persons are expected to pass 
each other conveniently the least width admissible is 3 feet. 
Still, in crowded cities, where land is valuable, the space 
allowed for passages is correspondingly small, and in these 
stairs are sometimes made as narrow as 24 feet. 

From 3 to 4 feet is a suitable width for a good dwelling ; 
while 5 feet will be found ample for stairs in buildings occu- 
pied by many people; and from 8 to 12 feet is sufficient for 
the width of stairs in halls of assembly. 

To avoid tripping or stumbling, care should be exer- 
cised, in the planning of a stairs, to secure an even grade. 
To this end, the zoszzg, or outer edge, of each step should be 
exactly in line with all the other nosings. In stairs com- 
posed of both flyers and winders, precaution in this regard 
is especially needed. In such stairs, the steps—filyers and 
winders alike—should be of one width on the line along 
which a person would naturally walk when having his hand 
upon the rail. This ¢vead-line, consequently, would be paral- 
lel with the hand-rail, and is usually taken at a distance of 
from 18 to 20 inches from the centre of it. In the plan of 
the stairs this tread-line should be drawn and divided into 
equal parts, each part being the ¢vead, or width of a flyer 
from the face of one riser to the face of the next. 


25{.—The Grade of Stairs.—The extra exertion required 
in ascending a staircase over that for walking on level 
ground is due to the weight which a person at each step is 
required to lift; that is, the weight of his own body. Hence 
the difficulty of ascent will be in proportion to the height of 
ere step, Or to the 7zse, as it is termed. To facilitate the 
operation of going up stairs, therefore, the rzsers should be 
low. The grade of a stairs, or its angle of ascent, depends 
not only upon the height of the riser, but also upon the 
width of the step; and this has a certain relation to the 
riser; for the width of a step should be in proportion to the 
smallness of the angle of ascent. 

The distance from the top of one riser to the top of the 
next is the distance travelled at each step taken, and this dis- 
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tance should vary as the grade of the stairs; for a person 
who in climbing a ladder, or a nearly vertical stairs, can 
travel only’12 inches, or l@s Mat a step, will@be able wien 
equal or greater facility to travel at least twice this distance 
on level ground. The distance travelled, therefore, should 
be in proportion inversely to the angle of ascent; or, the di- 
mensions of riser and step should be reciprocal: a low rise 
should have a wide step, and a high rise a narrow step. 


252.—Pitch-Board: Relation of Rise to Tread.— Among 
the various devices for determining the relation of the rise 
to the read, or net width of step, one is to make the sum of 
the two equal to 18 inches. 

For example, for a rise of 6 inches the tread should be 
12, for 7 inches the tread should be 11; or— 


6 12 =i o L 0 = to 
6} + 114 = 18 8$ + 9 = 18 
7 + ll = 18 o ae @ == 18 
74 + 104 = 18 Os po, ole 


This rule is simple, but the results in extreme cases are not 
satisfactory. If the ascent of a stairs be gradual and easy, 
the length from the top of one rise to that of another, or the 
hypothenuse of the pitch-board, may be proportionally long ; 
but if the stairs be steep, the length must be shorter. 

There is a French method, introduced by Blondel in his 
Cours d’Architecture. Itis referred to in Gwilt’s Encyclo- 
pedia, Art. 2813. 

This method is based upon the assumed distance of 24 
inches as being a convenient step upon level ground, and 
upon 12 inches as the most convenient height td rise when 
the ascent is vertical. These are French inches, old system. 
The 24 inches French equals about 25;', inches English. 

With these distances as base and perpendicular, a right- 
angled triangle is formed, which 1s used as a scale upon 
which the proportions of a pitch-board are found. For 
example, let a line be drawn from any point in the hypothe- 
nuse of this triangle to the right angle of the triangle; then 
this line will equal the length of the pitch-board, along the 
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rake, for a stairs having a grade equal to the angle formed 
by this line and the base-line of the scale. 

In the absence of the triangular scale, the lengths of the 
pitch-boards, as found by this rule, may be computed by this 
expression— 


W = 2545 —24%; (107.) 


in which W equals the tread, or base of the pitch-board, and 
A the riser, or its perpendicular height. 
For example, let  =6; then— 


W = 2575 — 2 x 6 = 1345. 


This result is greater than would be proper in some cases. 

The length of the hypothenuse of the pitch-board should 
be proportional not only to the angle of ascent (Art. 251), but 
also to the strength and height of the class of people who 
are to use the stairs. Tall and strong persons will take 
longer steps than short and feeble people. The hypothe- 
nuse of the pitch-board should be made in proportion to 
the distance taken at a step on level ground by the persons 
who are to use the stairs. 

If people are divided into two classes, one composed of 
robust workmen and the other of delicate women and in- 
firm men, then there may be two scales formed for the pitch- 
boards of stairs—one to be used for shops and factories, and 
the other for dwellings. The distance on level ground trav- 
elled per step, by men, varies from about 26 to 32 inches, or 
on an average 28 inches. The height to which men are 
accustomed to rise on ladders is from 12 to 16 meine at each 
step, or on the average 14 inches. 

With these a eo therefore, of 14 and 28 inches, a 
scale may be formed for pitch-boards for stairs, in buildings 
to be used exclusively by robust workmen. And with 12 
and 24 inches another scale may be formed for pitch-boards 
for stairs, in buildings to be used by women and feeble 
people. These two scales are both shown in Fig. 126. 
They are made thus: Let C A B be aright angle. Make A 
B equal to 28 inches, and A C equal to 14; then join 8 and 
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C. At right angles to C b, from A, draw A F; then with 
A F for radius describe the arc F G. Then a line, as A K 
or A L, drawn from A at any angle with 4 B and limited by 
the line G F B will give the length of the hypothenuse of 
the pitch-board, for shop stairs of a grade equal to the angle 
which said line makes with A B. From Ķ, perpendicular to 
A B, draw K N; then XN will be the proper riser for a 
pitch-board of which A Nis the tread. So, likewise, L M 
will be the appropriate riser for the tread A M. The arc FG 
is introduced to limit the rake-line of pitch-boards ‘occur- 
ring between / and C, in order to avoid making them longer 
than the one at /. The scale for the stairs for dwellings is 
made in the same inanner; A D= 24 inches being the base, 
A E = 12 inches the rise, and Y H D the line limiting the 
rake-lines of pitch-boards. 


Big 126. 


To compute the length of risers and treads, we have for 
the scale for shops, for those occurring between Fand B— 


7 = 5 2877): (108.) 
PE = BPG (109.) 


and for those between / and G, we have— 


r= 156-8 — 7?; (108, A.) 
[Virose (109, A.) 


For the scale for dwellings, we have, for those occurring 
between 7 and D— 
yr =4(24—1¢); (108, B.) 


== 24 — 27; (109, B.) 
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and for those between H and ¥, we have— 


= a eF (108, C.) 


t=VIiI5:-2—=7*; (109, C.) 


where, in each equation, 7 represents the riser, and ¢ the 
tread, or net step. 

By these formule, the following tables have been com- 
puted : 


STAIRS FOR SHOPS. 


Rise Tread. ‘Ratio—Rise to Tread: Rise. | Tread. Ratio—Rise to Tread. 
2: 24° I to I2: 7°40 13°20 I to 1-78 
3° 22. 7 33 7:60 12-80 T°" no 
3-50 21: I“ o: 7-80 12-40 I ** I-59 
4: 20: | ee 8- I2- I “ 1-50 
4°50 IQ: Ton 99 8-20 11-6 TO T 
5° 18: I ‘** 3:60 . 8-50 II I) I-29 
5°4 17:20 I ‘< 3816 8-80 10-40 EO E iong 
5:7 16-60 I “ 2-QI 9° 10: Lo Sea 
6: 16: Too 82-67 9:30 9°40 I “ fon 
6-25 15:50 r ‘* 2-48 9:60 8-80 I ‘* 0-92 
6-50 15: Py) aN 10: 8. tL “ o-o 
6-70 I4:60 tT 3 2-16 10-50 7° I <“ 0107 
6-90 14:20 I * 2-06 II 6- re OGG 
qe 14: oe | 14-50 4°95 1 0743 
7°20 13:60 toe ee OO) || alee 3-58 I‘ 0:30 
STAIRS FOR DWELLINGS. 

Rise. Tread. |Ratio—Rise to Tread. Rise. Tread. |Ratio—Rise to Tread. 
2° 20: I to IO. 7:40 9:20 I to I-24 
3° 18- I “To. 7:50 9: I “ I-20 
3°50 17° I “ 4-86 7:60 8-80 I SARTO 
4° 16- 1 gs 7:70 8-60 I “T-I 
4°50 15: fe 3-33 7-80 8-40 eer 08 
5° Ig: tT) 2-30 7°90 8-20 to eh - On 
5°40 13-20 r “2-44 8. 8- Teo ois 
5:70 12:60 Te aomi §-10 7-80 I 0-96 
6: 12° e 8-30 7-40 I ‘f 0-89 
6-25 II+50 TTS 8-50 af T  ©-62 
6-50 II: I “ 1-60 8:75 6-50 fe O7] 
6-75 10-50 I “ 1-56 9: 6. ioo S Ooy 
Je I0: I “ 1-43 9:30 5:40 i 0:58 
7-10 9:80 TETES 9:60 4°80 0-50 
7:20 9:60 I 1-33 10: 3:90 I “ 0-39 
7°30 9:40 i) 1-20 10°50 2-20 tr“ 0-20 


These tables will be useful in determining questions in- 
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volving the proportion between the rise and tread of a 
pitch-board. 

For stairs in which the run is limited, to determine the 
number of risers which would give an easy ascent: Divide 
the run by the Zeigt, and find in the proper table, above, 
the ratio nearest to the quotient, and in a line with this ratio, 
in the second column to the left, will be found the corre- 
sponding ríser. With this divide the vzse in inches; the guo- 
tient, or the nearest whole number thereto, will be the required 
number oÍ risers in the stairs. 

Example.—For the stairs in a dwelling, let the rise be 12’ 
8”, or 152 inches. Let the run between the extreme_risers 
be 17' 2". To this, for the purpose of obtaining the correct 
angle of ascent, by having an equal number of risers and 
treads, add, for one more tread, say 10 inches, its probable 
width; thus making the total run 18 feet, or 216 inches. 
Thus we have for the run 216, and for the rise 152. Divid- 
ing the former by the latter gives 1-42 nearly. In the table 
of stairs for dwellings, the ratio nearest to this is 1-43, and in 
the line to the left, in the second column, is 7, the approxi- 
mate size of riser appropriate to this case. Dividing the 
rise, 152 inches, by this 7, we have 21% as the quotient. 

This is nearer to 22 than to 21; therefore, the number of 
risers required is 22. 

When the number of risers is determined, then the rise 
divided by this number will give the height of each riser ; 
thus, in the above case, the rise is 152 inches. This divided 
by 22 gives 6-909 inches for the height of the riser. 

When the height of the riser is known, then, if the run is 
unlimited, the width of tread will be found in the proper table 
above. For example, if the riser is 7 inches or nearly that, 
then in the table of stairs for dwellings, in the next column 
to the right, and opposite 7 in the column of risers, is found 
10, the approximate width of tread. By the use of equation 
(109, B.), the width may be had exactly according to the 
scale. For example, equation (109, B.) with 6-91 for the 
riser, becomes— 

L= 24 2 6-91 = OS, 
or about 10,3; inches. 
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When the run is limited and the number of risers is 
known, then the width of tread is obtained by dividing the 
run by the number of treads. There are always of treads 
one less than there are of risers, in each flight. 


253.—Dimensions of the Pitch-Board.—The first thing 
in commencing to build a stairs is to make the fztch-board ; 
this is done in the following manner: Obtain very accurate- 
ly, in feet and inches, the rise, or perpendicular height, of the 
story in which the stairs are to be placed. This must be 
taken from the top of the lower floor to the top of the upper 
floor. Then, to obtain the number of rises and treads and 
their size, proceed as directed in A7t. 252. Having obtained 
these, the pitch-board may be made in the following man- 
ner: Upon a piece of well-seasoned board about 3 of an 


inch thick, having one edge jointed 
straight and square, lay the corner Vee 
of a steel square, as shown at fig. 127. 


Make a b equal to the riser, and dc 
equal to the tread; mark along the 
edges with a knife, and cut by the 
marks, making the edges of the pitch-board perfectly 
square. The grain of the wood should run in the direction 
indicated in the figure, because, in case of shrinkage, the 
rise and the tread will be equally affected by it. When a 
pitch-board is first made, the dimensions of the riser and 
tread should be preserved in figures, in order that, in case 
of shrinkage or damage otherwise, a second may be 
made. 


PIG, 127: 


t 


254.—The String of a Stairs, —The space required for 
timber and plastering under the steps is about 5 inches for 
wmainary stairs, or G inches if furred; set a gauge, there- 
fore, at 5 or 6 inches, as the case requires, and run it on the 
lower edge of the plank, as ad (Fig. 128). Commencing at 
one end, lay the longest side of the pitch-board against the 
gauge-mark, a 0, as at c, and draw by the edges the lines for 
the first rise and tread; then place it successively as at d, 7, 
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and f, until the required number of risers shall be laid down. 
To insure accuracy, it is well to ascertain the theoretical 
raking length of the pitch-board by computation, as in note 
to Art. 536, by getting the square root of the sum of the 
squares of the rise and run, and using this by which to 
divide the line 2d into equal parts. 


c d e Fa 
Í í 
Fic. 128. 


255.—Step and Riser Connection.—/7g. 129 represents 
a section of step and riser, joined after the most approved 
method. In this, æ represents the end of a block about 2 


FIG. 129. 


inches long, two or three of which, in the length of the 
step, are glued in the corner. The cove at dis planed up 
square, glued in, and stuck or moulded after the glue is 
set. 


PLATFORM STAIRS. 


256.—Platform Stairs: the Cylinder.—A platform stairs 
ascends from one story to another in two or more flights, 
having platforms or landings between for resting and to 
change their direction. This kind of stairs, being simple, is 
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easily constructed, and at the same time is to be preferred 
to those with wizders, for the convenience it affords in use 
(Art. 250). The cylinder may be of 
any diameter desirable, from a few 
inches to 3 or more feet, but it is 
generally small, about 6 inches. It 
may be worked out of one solid 
piece, but a better way is to glue 
Ueeciier 3 pieces, as in /zg. 130; in 
which the pieces a, 4, and c compose 
the cylinder, and d and e represent 
parts of the strings. The strings, 
after being glued to the cylinder, are secured with screws. 
The joining at o and o is the most proper for that kind of 
joint. 


d 


FIG. 130. 
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257.— Form of Lower Edge of Cylinder. — Find the 


sae Dout, 22 (F2. 131), of the face of the cylinder, @éc, 
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according to Art. 524; from d and e draw df and eg at 
right angles to de; draw /g parallel to de, and make 4 f 
and gz each equal to one riser; from č and f draw 77 and 
Jfk parallel to 2g; place the tread of the pitch-board at these 
last lines, and draw by the lower edge the lines £4 and zZ; 
parallel to these draw wx and of, at the requisite distance 
for the dimensions of the string; from s, the centre of the 
plan, draw sg parallel to df; divide 4g and g g each into two 
equal parts, as at v and w; from v and w draw vz and wo 
parallel to fd; join z and o, cutting gs in 7; then the angles 
unr and rot, being eased off according to Art. 521, will give 
the proper curve for the bottom edge of the cylinder. A 
centre may be found upon which to describe these curves, 
thus: from x draw ux at right angles to mz; from 7 draw 
rz at right angles to zo; then x will be the centre for the 
curve #7. The centre for thek urve 77 may be found inva 
similar manner. Centres from which to strike these curves 
are usually quite unnecessary; an experienced workman 
will readily form the curves guided alone by his practised 


eye. 
mae 
e C= lla 


Fig, 132. 


258.—Position of the Balusters.—Place the centre of 
the first baluster, 4 (Fig. 132), half its diameter from the face 
of the riser, c d, and one third its diameter from the end of 
the step, eg; and place the centre oi the other balu terka 
hali the tread irom the centre ot the frst. A hne ihirouws h 
tinescentre of the rail will occur vertically over the keon 
of the balusters. The usual length of the balusters is 2 feet 
5 inches and 2 feet 9 inches respectively, for the short and 
long balusters. Their length may be greater than is here 
indicated, but, for safety, should never be less. The differ- 
ence in length between the short and long balusters is 
equal to one half the height of a riser. 
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259.—Winding Stairs: have the steps narrower at one 
end than at the other. In some stairs there are steps of 
parallel width incorporated with the tapering steps ; in this 
case the former are called Apers, and the latter wznders. 


260.—KRegular Winding Stairs.—In /7g. 133, abcd rep- 
resents the inner surface of the wall enclosing the space 
allotted to the stairs, a e the length of the steps, and e f g h 
the cylinder, or face of the front-string. The linea eis given 
as the face of the first riser, and the point 7 for the limit of 


FIG. 133. 


the last. Make e č equal to 18 inches, and upon-o, with 02 
for radius, describe the arc 77; obtain the number of risers 
and of treads required to ascend to the floor at 7, according 
to Art. 252, and divide the arc z7 into the same number of 
equal parts as there are to be treads ; through the points of 
division, I, 2, 3, etc., and from the wall-string to the front- 
string, draw lines tending to the centre, o; then these lines 
will represent the face of each riser, and determine the form 
and width of the steps. Allow the necessary projection for 
the nosing beyond @e, which should be equal to the thick- 
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ness of the step, and then q e} k will be the dimensions for 
each step. Make a pitch-board for the wall-string having a & 
for the tread, and the rise as previously ascertained; with 
this lay out on a thicknessed plank the several risers and 
treads, as at /zg. 128, gauging from the upper edge of the 
string for the line at which to set the pitch-board. 

Upon the back of the string, with a 14-inch dado plane, 
make a succession of grooves I} inches apart, and parallel 
with the lines for the risers on the face. These grooves 
must be cut along the whole length of the plank, and deep 
enough to admit of the plank’s bending around the curve 
abcd. Then construct a drum, or cylinder, of any com- 
mon kind of stuff, made to fit a curve with a radius the 
thickness of the string less than oa; upon this the string must 
be bent, and the grooves filled with strips of wood, called 
keys, which must be very nicely fitted and glued in. After 
it has dried, a board thin enough to bend around on the out- 
side of the ‘string must be glued on from one end to the 
other, and nailed with clout-nails. In doing this, be careful 
not to nail into any place opposite to where a riser or step is 
to enter on the face. 

After the string has been on the drum a sufficient time 
for the glue to set, take it off, and cut the mortices for the 
steps and risers on the face at the lines previously made; 
which may be done by boring with a centre-bit half through 
the string, and nicely chiselling to the line. The drum need 
not be made to extend over the whole space occupied by the 
stairs, but merely so far as requisite to receive one piece of 
the wall-string at a time; for it is evident that more than 
one will be required. The front-string may be constructed 
in the same manner; taking e / instead of a k for the tread of 
the pitch-board, dadoing it with a smaller dado plane, and 
bending it on a drum of the proper size. 


26|,.— Winding Stairs: Shape and Position of Timbers,— 
The dotted lines in Fig. 133 show the position of the timbers 
as regards the plan; the shape of each is obtained as follows: 
In Fig. 134, the line 1 a is equal to a riser, less the thickness 
of the floor, and the lines 2 m, 3 2, 4 0, 5 p, and 6 q are each 
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equal to one riser. The line æ 2 is equal to æ m in Fig. 133, 
the line # 3 to m n in that figure, etc. In drawing this 
figure, commence at a, and make the lines a 1 and a 2 of the 
length above specified, and draw them at right angles to 
each other; draw 2 at right angles to æ 2, and m 3 at 
right angles to # 2, and make 2 7z and m 3 of the lengths 
as above specified; and so proceed to the end. Then 
through the points I, 2, 3, 4, 5, and 6 trace the line 14; upon 
Piempoints 1, 2, 3, 4, etc., with the size of the timber for 
radius, describe arcs as shown in the figure, and by these 
the lower line may be traced parallel to the upper. This 
will give the proper shape for the timber, a ò, in Fig. 133; 
and that of the others may be found in a similar manner. In 
ordinary cases, the shape of one face of the timber will be 
sufficient, for a good workman can easily hew it to its 
proper level by that; but where great accuracy is desirable, 
a pattern for the other side may be found in the same man- 


a m z o Ż g 
EIG. 134. 


ner as for the first. In many cases, the timbers beneath cir- 
cular stairs are put up after the stairs are erected, and with- 
out previously giving them the required form ; the work- 
man in shaping them being guided by the form marked out 
by the lower edge of the risers. 


262.—Winding Stairs with Flyers: Grade of Front- 
String.—In stairs of this kind, if the winders are confined to 
the quarter circle, the transition from the winders to the 
flyers is too abrupt for convenience, as well as in appear- 
ance. To remove this unsightly bend in the rail and string, 
it is usual to take in among the winders one or more of the 
flyers, and thus graduate the width of the winders to that of 
the flyers. But this is not always done so as to secure the 
best results. By the method now to be shown, both rail and 
strings will be gracefully graded. In Fug. 135, æ ġ repre- 
sents the line of the facia along the floor of the upper story, 
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bec the face of the cylinder, and c the face of the front- 
string. Make gd equal to4of the diameter of the baluster, 
and parallel to a b, dec, and c d draw the centre-line of the 
rail, fg,g42,and27; make 2%% and g/ each equal to half the 
width of the rail, and through & and /, parallel to the centre- 
line, draw lines for the convex and the concave sides of the 
rail; tangical to the convex side of the rail, and parallel to 
k m, draw 2 0; obtain the stretch-out, g 7, of the semicircle, 
k pm, according to A7vt. 524; extend æ èto z, and Zaz tem 
make c s equal to the length of the steps, and z z equal to 18 
inches, and parallel to m p describe the arcs sz and uw 6; 
from ź draw ¢ w, tending to the centre of the cylinder; from 
6, and on the line 6 # x, run off the regular tread, as at 5, 4, 
3,2, 1, and v; make'w r equalite half the arc «6, and Make 
the point of division nearest to x, as v, the limit of the par- 
allel steps, or flyers; make 7 o equal to m z; from o draw o 
a** at right angles to z 0, and equal to one riser; from a? 
draw a? s parallel to z 0, and equal to one tread; from s, 
through o, draw s 6°. 

Then from w draw wc? at right angles to z 0, and set up 
on the line w c? the same number of risers that the floor, A, 
is above the first winder, A, as at 1, 2, 3,4, 5, and 6; through 
§ (on the arc 6 u) draw d° e°, tending to the centre ormtig 
cylinder; from e? draw ec? f? at right angles to zo, and 
through 5 (on the line w e')idraw 2° 7* parallel tome. 
through 6 (on the line wc’) and f? draw the line 4? 6°; 
make 6 c? equal to half a riser, and from c° and 6 draw c z 
and 677 parallel tow” o; make iz” equal to.4* 7; frome 
draw 7° £? at right angles to 2" #7, and fromy* draw’ Ti 
at right angles to 774°; upan k with A 7“ tor ridu KeS 
scribe the arc 7°27; make 4° /° equal to 0° 77, andke eroii 
Menangle at 6* by the curve 7*7*. Inthe fipurevine curve 
is described from a centre, but as this might be imprac- 
ticable in a full-size plan, the curve may be obtained accord- 


* In the references a2, b?, etc., a new form is introduced for the first time. 
During the time taken to refer to the figure, the memory of the form of these 
may pass from the mind, while that of the sound alone remains; they may 
then be mistaken for a2, ó 2, etc. This can be avoided in reading by giving 
them a sound corresponding to their meaning, which is a second, 6 second, etc. 
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ing to Avt.521. Then from 1, 2, 3, and 4 (on the line w c°) 
dra lines parallel to z o, meeting the curve in m*, 2°, 0°, 
and f°; from these points draw lines at right angles to z o, 


and meeting it in +7, 7°, s”, and ¢?; from x? and r? draw 


FIG. 135. 


lines tending to #*, and meeting the convex side of the rail 
in y?and <; make mv? equal tor s? and m w? equal to 
7 rom e 2)", and o", through 4, 3, 2,and 1, draw lines 
meeting the line of the wall-string in 2°, 4°, c°, and d°; from 
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e’, where the centre-line of the rail crosses the line of the 
floor, draw e? f? at right angles to z o, and from f?, through 
6, draw /*¢?; then the heavy lines fig?,erd?, Pa oe 
v*c*, w*d*, and z y will be the lines for the risers, which, 
being extended to the line of the front-string, 6 e cd, will 
give the dimensions of the winders and the grading of the 
front-string, as was required. 


HAND-RAILING. 


263.—Wand-Railing for Stairs.—A piece of hand-rail- 
ing intended for the curved part of a stairs, when properly 
shaped, has a twisted form, deviating widely from plane sur- 
faces. If laid upon a table it may easily be rocked to and 
fro, and can be made to coincide with the surface of the 
table in only three points. And yet it is usual to cut such 
twisted pieces from ordinary parallel-faced plank; and to 
cut the plank in form according to a face-mould, previously 
formed from given dimensions obtained from the plan of the 
stairs. The shape of the finished wreath differs so widely 
from the piece when first cut from the plank as to make it 
appear to a novice a matter of exceeding difficulty, if not an 
impossibility, to design a face-mould which shall cover accu- 
rately the form of the completed wreath. But he will find, 
as he progresses in a study of the subject, that it is not only 
a possibility, but that the science has been reduced to such 
a system that all necessary moulds may be obtained with 
great facility. To attain to this proficiency, however, re- 
quires close attention and continued persistent study, yet no 
more than this important science deserves. The young car- 
penter may entertain a less worthy ambition than that of 
desiring to be able to form from planks of black-walnut or 
mahogany those pieces of hand-railing which, when secured 
together with rail-screws, shall, on applying them over the 
stairs for which they are intended, be found to fit their 
places exactly, and to form graceful curves at the cylinders. 
That railing which requires to be placed upon the stairs 
before cutting the joints, or which requires the curves or 
butt-joints to be refitted after leaving the shop, is discredit- 
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able to the workman who makes it. No true mechanic will 
be content until he shall be proved able to form the curves 
and cut the joints in the shop, and so accurately that no altera- 
tion shall be needed when the railing is brought to its place 
on the stairs. The science of hand-railing requires some 
knowledge of descriptive geometry—that branch of geometry 
which has for its object the solution of problems involving 
three dimensions by means of intersecting planes. The 
method of obtaining the lengths and bevils of hip and valley 
rafters, etc., as in Arz. 233, is a practical example of descrip- 
tive geometry. The lines and angles to be developed in 
problems of hand-railing are to be obtained by methods 
dependent upon like principles. 


264.-—Hand-Railing: Definitions; Planes and Solids, 
—Preliminary to an exposition of the method for drawing 
the face-moulds of a hand-rail wreath, certain terms used in 
descriptive geometry need to be defined. Among the tools 
used by a carpenter are those well-known implements called 
planes, such as the jack-plane, fore-plane, smoothing-plane, 
etc. These enable the workman to straighten and smooth 
the faces of boards and plank, and to dress them out of 
wind, or so that their surfaces shall be true and unwinding. 
The term plane, as used in descriptive geometry, however, 
refers not to the implement aforesaid, but to the unwinding 
surface formed by these implements. A plane in geometry 
is defined to be such a surface that if any two points in it be 
joined by a straight line, this line will be in contact with the 
surface at every point in its length. With like results lines 
may be drawn in all possible directions upon such a sur- 
face. This can be done only upon an unwinding surface ; 
therefore, a plane is an unwinding surface. Planes are 
understood to be unlimited in their extent, and to pass freely 
through other planes encountered. 

The science of stair-building has to do with przsms and 
cylinders, examples of which are shown in /7gs. 136, 137, and 
138. A right prism (figs. 136 and 137) is a solid standing 
upon a horizontal plane, and with faces each of which is a 
plane. Two of these faces—top and bottom—are horizontal 
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and are equal polygons, having their corresponding sides 
parallel. 

The other faces of the prism are parallelograms, each of 
which is a vertical plane. When the vertical sides of a 
prism are of equal width, and in number increased indefi- 
nitely, the two polygonal faces of the prism do not differ 
essentially from circles, and thence the prism becomes a 
cylinder. Thus a right cylinder may be defined to be a 
prism, with circles for the horizontal faces (Fig. 138). 


FIG. 136. Pig. 137o Fic, 138. 


265. — Mand- Railing: Preliminary Considerations. — 
If within the zvc//-hole, or stair-opening, of a circular stairs a 
solid cylinder be constructed of such diameter as shall fill the 
well-hole completely, touching the hand-railing at all points, 
and then if the top of this cylinder be cut off on a line with 
the top of the hand-railing, the upper end of the cylinder 
would present a winding surface. But if, instead of cutting 
the cylinder as suggested, it be cut by several planes, each 
of which shall extend so as to cover only one of the wreaths 
of the railing, and be so inclined as to touch its top in three 
points, then the form of each of these planes, at its intersec- 
tion with the vertical sides of the cylinder, would present 
the shape of the concave edge of the face-mould for that 
particular piece of hand-railing covered by the plame: 
Again, if a hollow cylinder be constructed so as to be in 
contact with the outer edge of the hand-railing throughout 
its length, and this cylinder be also cut by the aforesaid 
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planes, then each of said planes at its intersection with this 
latter cylinder would present the form of the convex edge 
of the said face-mould. A plank of proper thickness may 
now have marked upon it the shape of this face-mould, and 
the piece covered by the face-mould, when cut from the 
plank, will evidently contain a wreath lke that over which 
the face-mould was formed, and which, by cutting away the 
surplus material above and below, may be gradually wrought 
into the graceful form of the required wreath. 

By the considerations here presented some general idea 
may be had of the method pursued, by which the form of a 
face-mould for hand-railing is obtained. A little reflection 
upon what has been advanced will show that the problem 
to be solved is to pass a plane obliquely through a cylinder 
at certain given points, and find its shape at its intersection 
with the vertical surface of the cylinder. Peter Nicholson 
was the first to show how this might be done, and for the 
invention was rewarded, by a scientific society of London, 
with a gold medal. Other writers have suggested some 
slight improvements on Nicholson’s methods. The method 
to which preference is now given, for its simplicity ot work- 
ing and certainty of results, is that which deals with the 
tangents to the curves, instead of with the curves themselves; 
so we do not pass a plane through a cylinder, but through a 
prism the vertical sides of which are tangent to the cylinder, 
and contain the controlling tangents of the face-moulds. The 
task, therefore, is confined principally to finding the tangents 
upon the face-mould. This accomplished, the rest is easy, as 
will be seen. 

The method by which is found the form of the top of a 
prism cut by an oblique plane will now be shown. 


266.—A Prism Cut by an Oblique Plane.— A prism is 
shown in perspective at /7g. 139, cut by an oblique plane. 
The points aécd are the angles of the horizontal base, and 
peeve 7, cac7, and adeg are the vertical sides; while 
efbg is the top, the form of which is to be shown. 


267.—Form of Top of Prism.—In ig. 139 the form of 
the top of the prism is shown as it appears in perspective, 
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not in its veal shape; this is now to be developed. In Fig. 
140, let the sauare abcd represent by scale the actual form 


a 
Fic. 139. 


and size of the base, adcd, of the prism shown in Fig. 139. 
Make c, and dd, respectively equal to the actual heights at 


cf and de, Fig. 139; the lines dd, and cc, being set up per- 
pendicular to the line dc. Extend the lines dc and d,c, until 
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they meet in %4; join d and % Now this line 2 % is the inter- 
section of two planes: one, the base, or horizontal plane upon ` 
which the prism stands; the other, the cutting plane, or the 
plane which, passing obliquely through the prism, cuts it so 
as to produce, by intersecting the vertical sides of the prism, 
pe form b feg, Fig. 139. 

To show that ġ% is the line of intersection of these two 
planes, let the paper on which the triangle d/d, is drawn 
(designated by the letter B) be lifted by the point d, and 
revolved on the line d% until d, stands vertically over g, and 
c, over c; then B will be a plane standing on the line dh, 
vertical to the base-plane A. The point % being in the line 
cd extended, and the line cd being in the base-plane A, there- 
fore % is in the base-plane A. Now the line d,c, represents 
the line ef of Fg. 139, and is therefore in the cutting plane ; 
consequently the point %, being also in the line d,c, ex- 
tended, is also in the cutting plane. By reference to Fig. 
139 it will be seen that the point 4 is in both the cutting and 
base planes; we must therefore conclude that, since the two 
points 6 and # are in both the cutting and base planes, a line 
joining these two points must be the intersection of these two 
planes. The determination of the line of intersection of the 
base and cutting planes is very important, as it is a control- 
ling line ; as will be seen in defining the lines upon which 
the form of the face-mould depends. Care should therefore 
be taken that the method of obtaining it be clearly under- 
stood. 

It will be observed that the intersecting line 4%, being in 
the horizontal plane A, is therefore a horizontal line. Also, 
that this horizontal line 6 % being a line in the cutting plane, 
therefore all lines upon the cutting plane which are drawn 
parallel to b% must also be horizontal lines. The import- 
ance of this will shortly be seen. Through a, perpendicular 
to bh, draw the line ġ, æ, and parallel with this line draw 
dd Oud 3s centre describe the arc d,d; draw d,a 


Mis? 
parallel with dd,, and extend the latter to d,,,; on d, as 
Seitmemdesctibe the arc d, Z; join and d, We now 
have three vertical planes which are to be brought into 


position around the base-plane A, as follows: Revolve & 
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upon dh, E upon dd, and C upon 6,,d,,, each until it stands 
perpendicular to the plane A. Then the points d, and d, 


will coincide and be vertically over d; the points d, and a, 


will coincide and stand vertically over d, ; and c, will cover c. 
These vertical planes will enclose a wedge-shaped figure, 


lying with one face, ò, d,d Ah, horizontal and coincident with 


the base-plane A, and three vertical laces, or ayaa @ ee 


LU Ge Gag? 44411) 
and hdd. By drawing the figure upon a piece of stout 
paper, cutting it out at the outer edges, making creases in ` 
the lines 4d, dd,, d,,b,, then folding the three planes B, £E, 
and C at right angles to A, the relation of the lines will be 
readily seen. Now, to obtain the form of the top or cover to 
the wedge-shaped figure, perpendicular to ġ, g, draw 0h, 


and d,e; on @, as centre describe the arc %%,; make d,e 
equal to d,,d; join e and Z. Now the form of the top of the 
wedge-shaped figure is shown within the bounds d,,0,,h,e. 


By revolving this plane D on the line 6,,d,,, until it is at 
a right angle to the plane C, and this while the latter is 
supposed to be vertical to the plane 4, it will be perceived 
that this movement will place the plane D on top of the 
wedge-shaped figure, and in such a manner as that the point 
e will coincide with d, d, and the point 4, will fall upon and 
be coincident with the point 4, and the lines of the cover 
will coincide with the corresponding lines of the top edges 
of the sides of the figure; for example, the line ġ, æ, is 
common to the top and the side C; the line d,,,e equals d, d, 
which equals d,d,,,,; therefore, the line d,,,e will coincide 


with d, d, of the side Æ; the line e 4, will coincide with @h 
of the side Z; and the line 6,,4, will coincide with the line 
b,,k. Thus the figure D bounded by 0,,d,,,e, will exactly 
fit as a cover to the wedge-shaped figure. Upon this cover 
we may now develop the form of the top of the prism. 
Preliminary thereto, however, it will be observed, as was 
before remarked, that lines upon the cutting plane which 
are parallel to the intersecting line 4,4, are horizontal; 
and each, therefore, must be of the same length as the line 
in the base-plane A vertically beneath it. For example, the 
line d@,,,¢e,18 a line in the cutting plane D, parallel with the 
line 4,,/, in the same plane, and this line 4,,Z, will (when the 
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cutting plane D is revolved into its proper position) be co- 
incident with the intersecting line 4,4; therefore, the line 
d,¢ is a line in the cutting plane D, drawn parallel with the 
intersecting line 4,,4. Now this line d,e, when in position, 
will be coincident with the line d,,,,@,, which lies vertically 
over the line z, of the base-plane A ; its length, therefore, 
is equal to that of the latter. In like manner it may be 
shown that the length of any line on the plane D parallel 
to 6, %,,is equal in length to the corresponding line upon 
the plane A vertically beneath it. 

Therefore, to obtain the form of the top of the prism, we 
proceed as follows: Perpendicular to 6,,d, draw ¢c,,, and 
mee perpendicular to 6 ,d,, draw c and equal toc, c: 
epee, as centre describe the arc 68,; join d,a,,, 6, f, and ae. 
Now we have here in plane D the form of the top of the 
prism, as shown in the figure bounded by the lines a,,,b, fe. 
This will be readily seen when the plane D is revolved into 
position. Then the point z, will be vertically over a; the 
point e coincident with d, d, and vertically over g; the point 
f coincident with c,and vertically over c; while 4, will coin- 
cide with 4 of the base-plane A. 

The figure ao fe, therefore, represents correctly both 
in form and size the top of the prism as it is shown in per- 
spective at 0 fe g, Fig. 139. The line ef, Fig. 140, is equal to 
the line d,c,, and so of the other lines bounding the edges of 
the figure. 

The cutting plane feg, Fig. 139, may be taken to repre- 
sent the surface of the plank from which the wreath of hand- 
railing is to be cut; the wreath curving around from å to ¢, 
as shown in /zg. 141, the lines dg and ge being tangent to 
the curve in the cutting plane; while ad and ad are tan- 
gents to the curve on the base plane, or plane of the cylin- 
der. The location of the cutting plane, however, is usually 
not at the upper surface of the plank, but midway between 
the upper and under surfaces. The tangents in the plane 
are found to be more conveniently located here for deter- 
mining the position of the butt-joints. For a moulded rail 
two curved lines, each with a pair of tangents, are required 
iponthe euttine plane, one for the outer edge of the rail} 
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and the other for the inner edge; but for a round rail only 
one curve with its tangents is required, as that from å to e 
in Fig. 141, which is taken to represent the curved line run- 
ning through the centre of the cross-section of the rail. As 
an easy application of the principles regarding the prism, 
just developed, an example will now be given. 


e 
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268.—Face-Mould for Hand-Railing of Platform Stairs. 
—Let 72 and / m, Fig. 142, represent the central or axial lines 
of the hand-rails of the two flights, one above, the other be- 
low the platform; and let the semicircle 7d/ be the central 
line of the rail around the cylinder at the platform, the risers 
at the platform being located at and Z. Vertically over the 
platform risers draw gg,; make gr, equal to a riser of the 
lower flight, and 7, g, and ss, each equal to a riser of the 
upper flight. Draw g,s and gk, horizontal and equal 
each to a tread of each flight respectively, Through r, draw 
k, a „ and through g, draw s, ż„ Vertically over d draw a, ¢,. 
Horizontally draw a, a, and ¢, ¢,,. 

It is usual to extend the wreath of the cylinder so as to 
includea part of the straight rail—such a part as convenience 
may require. Let the straight part here to be included ex- 
tend from ¿to ġ on the plan. Vertically over 6 draw @, c,» 
and horizontally draw 6, w,,; at any point on 4, w, locate w,, 
and make w, w, equal to 7/, and bisect itin w, erect the 
perpendiculars w, a, W d,,, and w, v; join ¢,,and a,,,,; from 
d,,, horizontally draw d,,, d,,; parallel with 7, 4 draw 
aye We now have the plan and elevations of the prism, 
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containing at its angles the tangents required for the wreath 
extending from å tod on the plan. The elevation F isa view 
of the cylinder looking in the direction dc. 


Comparing Fig. 142 with Fig. 141, the line 4,w,, is the 
trace, upon a vertical plane, of the horizontal plane abcd 
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of Fag. 141, or is the ground-line from which the heights of 
the prism are to be taken. 

The triangle a, 6, a,,is represented in Fig. 141 at ad g, and 
the inclined line 0, a, is the tangent of the rail of the lower 
Might, and is represented in Fsg. 141 ator mea 2) is 
the tangent of the railing around the cylinder, and the half 
Of it is represented in zg. 141 at ge Thekcic Tii E 
shown in /zg. 141 atc f, while the height wd,,, or a,d,, is 
shown in /zg. 141 at de. 

The vertical planes B £ C may now be constructed about 
the prism asin /zg. 140, proceeding thus: Make cc, equal to 
b,c n and dd, equal to a,d,,; through c, draw d, 4; through 
6 draw 26; perpendicular to 4 6, through a draw 6, d,; 
from d parallel with ġ,, d, draw dd,,,,; on d as centre describe 
the arc d,d; draw d,,, da Woda o Paralelni 
on d „as centre describe the arc d, d „,; Join d, to bpe Par 
allel with 4,,4 draw from each important point of the plan, 
as shown, an ordinate extending to the line b, <, and thence 
across plane D draw ordinates perpendicular to 6,,d,,,, and 
make them respectively equal to the corresponding ordinates 
of the plane 4, measured from the line 2, ¢,; joie toy A 
io 6,,@,, toz, and 6 to f; also join 4 tor. Phen) 2 carne 
tangent standing over ad, and a,,,e is the tangent standing ~ 
over ad. The line 67 is the part of the fansent wien 
stands over 62, the portion of the wreath which is straight. 
The curve ez,p,Z, is the trace upon the cutting plane of the 
quarter circle dz p/, traced through the points ,f,, and as 
many more as desirable, found by ordinates as any other 
point in the plane A. Thus we have complete the line 
b, l n,e, the central line of the wreath extending from 0.to d 
inthe plan. This is the essential part of the face-mould, which 
is now to be drawn as follows: At /zg. 143 repeat the par- 
allelogram a,,6,fe of Fig. 142, and, with a radius equal to 
half the diameter of the rail, describe, from centres taken on 
the central line, the several circles shown; and tangent to 
these circles draw the outer and inner edges of the rail. 
The joint at 4, is to be drawn perpendicular to the tangent 
b,a,,, while that at eis to be perpendicular to the tangent 
ea,, This completes the face-mould for the wreath over 
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blud of the plan. If the pitch-board of the upper flight be 
the same as that of the lower flight, the face-mould at Fig.- 
143 will, reversed, serve also for the wreath over the other 
half of the cylinder. 

In using this face-mould, place it upon a plank equal in 
thickness to the diameter of the rail, mark its form upon the 
plank, and saw square through; then chamfer the wreath to 
an octagonal form, after which carefully remove the angles 
so as to produce the required round form. The joints, as well 
as the curved edges, are to be cut square through the plank. 

Many more lines have been used in obtaining this face- 
mould than were really necessary for so simple a case, but no 
more than was deemed advisable in order properly to eluci- 
date the general principles involved. A very simple method 
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for face-moulds of platform stairs with small cylinders will 
now be shown. 


269.—More Simple Method for Hand-Rail to Platform 
Stairs.—In /7zg. 144, 7g e represents a pitch-board of the first 
flight, and d and z the pitch-board of the second flight ofa plat- 
form stairs, the line e f being the top of the platform; and 
abc is the plan of a line passing through the centre of 
the rail around the cylinder. Throughz and @ draw 72, 
and through j ande draw j, from draw £7 parallel to fc ; 
from 6 draw bm parallel to gd; from / draw /r parallel to 
kj; from n draw zżź at right angles to j, on the line od 
make o¢ equal to zz, joinc and z; on the line /c, Fig. 145, 
make ec equal to en at Fig. 144; frome draw cż at right 
angles to 7c, and make cz equal to c¢ at Fig. 144; through Z 
draw p/ parallel to 7c, and make ¢/ equal to ¢/at Fig. 144; 
join Zand c, and complete the parallelogram ec/s; find the 
points 0, 0,0, according to Art. 551; upon e, 0, 0, 0,and 4 
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successively, with a radius equal to half the width of the 
rail, describe the circles shown in the figure; then a curve 
traced on both sides of these circles, and just touching them, 


£ 
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will give the proper form for the mould. The joint at Zis 
drawn at right angles to cZ. 


Fic. 145. 


This simple method for obtaining the face-moulds for the 
hand-rail of a platform stairs appeared first in the early edi- 
tions of this work. It was invented by a Mr. Kells, an 
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eminent stair-builder of this city. A comparison with /%g. 
142 will explain the use of the few lines introduced. For a 
full comprehension of it reference is made to Fig. 146, in 
which the cylinder, for this purpose, is made rectangular 
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instead of circular. The figure gives a perspective view of 
a part of the upper and of the lower flights, and a part of 
the platform about the cylinder. The heavy lines, 72, mc, 
and cj, show the direction of the rail, and are supposed to 
pass through the centre of it. Assuming that the rake of 


270 STAIRS. 


the second flight is the same as that of the first, as is gener- 
ally the case, the face-mould for the lower twist will, when 
reversed, do for the upper flight; that part of the rail, there- 
fore, which passes from e to c, and from c to /, is all that will 
need explanation. 

Suppose, then, that the parallelogram eaoc represent a 
plane lying perpendicularly over ead/, being inclined in 
the direction ec, and level in the direction cø; suppose this 


é 
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plane caoc be revolved on ec as an axis, in the manner indi- 
cated by the arcs oz and ax, until it coincides with the 
plane ev¢c; the line ao will then be represented by the line 
an; then add the parallelogram +7¢z, and the triangle cz /, 
deducting the triangle evs; then the edges of the plane es dc, 
inclined in the direction ec, and also in the direction c 4 will 
lie perpendicuiarly over the plane ead f. From this we 
gather that the line co, being at right angles to ec, must, in 
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order to reach the point /4 be lengthened the distance zz, 
and the right angle ec¢ be made obtuse by the addition to 
it of the angle ¢c/. By reference to Fig. 144, it will be seen 
that this lengthening is performed by forming the right- 
angled triangle coz, corresponding to the triangle coz in 
Fig. 146. The line c¢ is then transferred to /7zg. 145, and 
placed at right angles to ec; this angle ecż is then increased 
by adding the angle ¢c/, corresponding to ¢c/, fig. 146. 
Thus the point / is reached, and the proper position and 
length of the lines ec and cZ obtained. To obtain the face- 
mould for a rail over a cylindrical well-hole, the same process 
is necessary to be followed until the length and position of 
these lines are found; then, by forming the parallelogram 
ec/s, and describing a quarter of an ellipse therein, the 
proper form will be given. 


Fic. 3148. 


270.—Hiand-Railing for a Larger Cylinder.—/7¢. 147 
represents a plan and a vertical section of a line passing 
through the centre of the rail as before. From ġ draw 4% 
parallel to cd; extend the lines zd and 7e until they meet £4 
in#and /; from z draw xz/ parallel to 04; through Z draw 
J¢ parallel to 74; from draw £&¢ at right angles to 7£; on 
the line of make o¢ equalto#?t. Make ec (Fig. 148) equal 
to ek at /zg. 147; from ¢ draw cf at right angles to ec, and 
equal to cz at Fe 147; trom ¢ draw 77 parallel to ce, and 
make ¢/ equal to ¢/at fg. 147; complete the parallelogram 
ects, and find the points a, 2, o, as before ; then describe the 
circles and complete the mould as in Fig. 145. The difference 
between this and Case 1 is that the line ¢¢, instead of being 
raised and thrown cut, is lowered and drawn in. A method 
of planning a cylinder so as to avoid the necessity of cant- 
ing the plank, either up or down, will now be shown. 
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271.—PFace-Mould without Canting the Plank.—Instead 
of placing the platform-risers at the spring of the cylinder, a 
more easy and graceful appearance may be given to the 
rail, and the necessity of canting either of the twists entirely 
obviated, by fixing the place of the above risers at a certain 
distance within the cylinder, as shown in Fig. 149—the lines 
indicating the face of the risers cutting the cylinder at £ and 
/, instead of at # and g, the spring of the cylinder. To 
ascertain the position of the risers, let adc be the pitch- 
board of the lower flight, and cde that of the upper flight, 
these being placed so that dc and 
cd shall form a right line. Extend 
acto cut dein f; draw fg parallel 
to dò, and of indefinite length; 
draw go at right angles to fg, and 
equal in length to the radius of the 
circle formed by the centre of the 
railin passing around the cylinder ; 
on o as centre describe the semi- 
circle gz, through o draw 7@s par- 
allel to db; make o% equal to the 
radius of the cylinder, and describe 
on o the face of the cylinder pra; 
then extend gb across the cylinder, ` 
cutting it in Z and #—giving the 
position of the face of the risers, 
as required, To find the face- 
mould for the twists is simple and 
obvious: it being merely a quarter 
of an ellipse, having o J for semi- 
minor axis, and sf for the semi-major axis; or, at Ftg. 151, 
let dci bea right angle; make c z equal to 07, Fig. 149, and dc 
equal to sf, Fig. 149; then draw do parallel to cz, and com- 
plete the curve as before. 


FIG. 149. 


272.—Railing for Platform Stairs where the Rake 
meets the Level.—In /7g. 150, abc is the plan of a line pass- 
ing through the centre of the rail around the cylinder as 
before, and je is a vertical section of two steps starting 
from the floor, 4g. Bisect ef ind, and through d draw df 
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parallel to 4g; bisect fz in 4 and from / draw /¢ parallel 
to 27; from z draw z/ at right angles to 7z; on the line 0b 
make oz equal to zz. Then, to obtain a mould for the twist 
going up the flight, proceed as at zg. 145; making ec in 
that figure equal to ezin /zg. 150, and the other lines of a 
length and position such as is indicated by the letters of 
reference in each figure. To obtain the mould for the level 
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rail, extend ġo (Fig. 150) toz; make oz equal to //, and join 
gand c; make cz (/7g. 151) equal to cz at Fig. 150; through 
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c draw cd at right angles to cz; make dc equal to df at 
Fig. 150, and complete the parallelogram odci; then pro- 
ceed as in the previous cases to find the mould. 


273.—Application of Face-Moulds to Plank. — All the 
moulds obtained by the preceding examples have been for 
round rails. For these, the mould may be applied to a plank 
of the same thickness as the rail is intended to be, and the 
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plank sawed square through, the joints being cut square 
from the face of the plank. A twist thus cut and truly 
rounded will hang in a proper position over the plan, and 
present a perfect and graceful wreath. 


274.—Face-Moulds for Moulded Rails upon Platform 
Stairs.—In /7g. 152, æ òc is the plan of a line passing through 
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the centre of the rail around the cylinder, as before, and the 
lines above it are a vertical section of steps, risers, and plat- 
form, with the lines for the rail obtained as in 77g. 144. Set 
half the width of the rail from 4 to f and from ċ to 7, and 
from f and v draw fe and rd parallel to ca. At Jig. 153 
the centre-lines of the rail 7c and ¢/ are obtamied as in the 
previous examples, making jc equal ju of Fig. 152, cz 
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equal vf of Fig. 152, and ¢/ equal s/ of Fag. 152. Make cz 
and ck each equal to ci at Fig. 152, and draw the lines 2 7 
and kg parallel to ¢7; make Ze and /r equal to we and rd at 
Fig. 152, and draw dnand eg parallel to Zc; also, through 7 
draw og parallel to /c; then, in the paralelograms maro 
and goegq, find the elliptic curves, @ 77 and ag, according to 
Art. $51, and they will define the curves. The hne @f, 
being drawn through ¢ perpendicular to /¢, defines the 
joint which is to be cut square through the plank. 


275.—Application of Face-Moulds to Plank.—In zg. 
152 make a drawing, from d to #, of the cross-section of the 
hand-rail, and tangent to the lower corner draw the line gf. 
The distance between the lines je and g jis the thickness of 
the plank from which the rail is to be cut. Lay the face- 
mould upon the plank, mark its shape upon the plank, and 
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saw it square through. To proceed strictly in accordance 
with the requirements of the principles upon which the face- 
mould is formed, the cutting ought to be made vertically 
through the plank, the latter being in the position which it 
would occupy when upon the stairs. Formerly it was the 
custom to cut it thus, with its long raking lines. But, owing 
to the great labor and inconvenience of this method, efforts 
were made to secure an easier process. By investigation it 
was found that it was possible, without change in the: aca 
mould, to cut the plank square through and still obtain the 
correct figure for the railing, and this method is the one now 
usually pursued. Not only is the labor of sawing much re- 
duced by this change; but to the workman it 1s an entire re- 
lief, as he now, after marking the form of the wreath upon the 
plank, sends it to a steam saw-mill, and, at a small cost, has it 
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cut out with an upright scroll-saw. When thus cut out in 
the square, the upper surface of the plank is to be faced up 
true and unwinding, and the outer edge jointed straight 
and square from the face. Thena figure of the cross-section 
of the hand-railing is to be carefully drawn on the ends of the 
squared block as shown in /zgs. 154 and 155, and which 
are regulated so as to be correctly in position, as follows. 
First, as to the end % of the straight part %7: In Aig. 154, 
let a öc d be an end view of the squared block, of which ac fd 
is the shape of the end of the straight part. Let the point g 
be the centre of this end of the straight part; through ¢ 
draw upon the end ae fd the line 72, so that the angle 074 
shall be equal to the angle £¢c, Fig. 152. This is the angle 
at which the plank is required to be canted, revolving it on 
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the axis of the straight part of the rail. Through g draw 
the line z parallel with ab. Upon a thin sheet of metal 
(zinc is preferable) mark carefully the exact figure of the 
cross-section of the rail, drawing a vertical line through its 
centre, cut away the surplus metal, then, with this zemplate 
as a pattern, mark upon the end ae fd, Fig. 154, the figure of 
the rail as shown, the vertical line upon the template being 
made to coincide with the line 7 4 From z and #4 draw the 
vertical lines 2 # and / x parallel with 7 £. 

Now, as to the other end of the square block: Let dc fe, 
Fig. 155, represent the block, of which ocam is the form of 
the end attic curved part, and o its centre. Througiigg 
draw pg, so that the angle epg shall be equal to the angle 
Ju, Pig. 152 Reo through o draw < 7 parallel! waitieaws 
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from d and / draw the vertical lines 4 r and ds parallel with 
ace the template on cva, the end of the block, so 
that the vertical line through its centre shall coincide with 
q; mark its form, then from y, at mid-thickness, draw w y 
parallel with 2q. 

In applying the mould, let /zg. 156 represent the upper 
face of the squared block, 
with the face-mould lying 
upon it. With the distance 
Werte, 154, and by the 
edge ax, mark a gauge-line 
imeem tie upper face of the Fic. 156. 
squared block. Set the outer edge of the face-mould to coin- 
cide with this gauge-line. Let the end of the face-mould be 
set at w, ¢ w being equal to e w, Fig. 155; then mark the 
block by the edge of the face-mould. 

Now turn the block overand apply the face-mould to the 
underside, as in Aze. 157. With the distance dm, Fig. 154, 
amd by the outer edge of vq . 
the block, mark a gauge- a 
ime trom mm, f7¢.157. Set °r 
taesmnmer edge of the face- 
mould to this gauge-line, 
and slide it endwise till the Fic. 157. 
distance e 7z shall equal e w, Fig. 155, then mark the block by 
the edges of the face-mould. The over wood may now be re- 
moved as indicated by the vertical lines at the sides of the 
cross-section marked on each end of the block (see also /ig. 
367): the direction of the cutting at the curves must be verti- 
cal; the inner curve will require a round-faced plane. A com- 
parison of the several figures referred to, with the directions 
given, together with a little reflection, will manifest the 
reasons for the method here given for applying the face- 
mould. Especially so when it is remembered that the face- 
mould was obtained not for the zop of the rail, but for the rail 
at the mid-thickness of the block. So, therefore, in the 
application to the upper surface of the block, the face-mould 
is slid up the rake far enough to put the mould in position 
vertically over its true position at mid-thickness ; and on the 
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contrary, in applying the face-mould to the underside of the 
plank, it is slid down until it is vertically beneath its true 
position at the mid-thickness of the block. 

When the vertical faces are completed, the over wood 
above and below the wreath 1s to be removed. In doing 
this, the form at the ends, as given by the template, is a suf- 
ficient guide there. Between these the upper and under 
surfaces are to be warped from one end to the other, so as 
to form a graceful curve. With a little practice an intelli- 
gent mechanic will be able to work these surfaces with 
facility. The form of cross-section produced by this opera- 
tion is that of a parallelogram, tangent to the top, bottom, 
and two sides of the rail; and which at and near the ends 
of the block is not quite full. The next operation is that of 
working the moulding at the sides and on top, first by re- 
bates at the sides, then chamfering, and finally moulding the 
curves. Templates to fit the rail, one at the sides, another 
on top, are useful as checks against cutting away too much 
of the wood. 

The joints are all to be worked square through the plank 
in the line drawn perpendicular to the tangent, as shown in 
fig. 153. 


276.—Wand-Railing for Circular Stairs.—Let it be re- 
quired to furnish the face-moulds for a circular stairs similar 
to that shown in /7zg. 133. 

Preliminary to making the face-moulds it is requisite to 
make a plan, or horizontal projection of the stairs, and on 
this to locate the projections of the tangents and develop 
their vertical projections. For this purpose let écde/fg, 
Fig. 158, be the horizontal projection of the centre of the 
rail, and the lines numbered from 1 to 19 be the risers. At 
any point, a, on an extension of the line of the first riser 
locate the centre of the newel. Ona as acentre describe the 
two circles; the larger one equal in diameter tothe diame- 
ter of the newel-cap, the inner one distant from the outer 
one equal to half the width of the rail. Let the first joint in 
the hand-rail be located at 4, at the fourth riser; through 8 
draw 4k tangent to the circle. Select a point, 2, on this 
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tangent which shall be equally distant from 4 and from the 
inner circle of the newel-cap, measured on a line tending to 
a; join % and a, and from a point, q, on the line 40 describe 


FIG. 155: 


the curve from å to the point of the mitre of the newel-cap, 
the curve being tangent, at this point, to the line a4. Select 
positions for the other joints in the hand-rail as at c, d, e, and f. 
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Through these draw lines tangent to the circle.* Then the 
horizontal projection of the tangents will be the lines £4, $£, 
lm, mn, and zp. Now, if a vertical plane stand upon each 
of these lines, these planes would form a prism not quite 
complete standing upon the base-plane, 4. Upon these ver- 
tical planes, C, D, Æ, F, G, and H, lines may be drawn which 
at each joint shall be tangent to the central line of the rail. 
These are the tangents now to be sought. Perpendicular to 
the tangents at 0,c¢,d, etc., draw the meso (7c (a2, ce 
ee, Nd Ayp kk, RRt lallan Creo ASAs Ab the Ouri ems 
and the height is counted from the top of the first riser, 
make ġġ, equal to three risers. (To avoid extending the 
drawing to inconvenient dimensions, the heights in it are 
made only half their actual size. As this is done uniformly 
throughout the drawing, this reduction will lead to no error 
in the desired results.) As c is on the eighth riser, therefore 
make cc, equal to seven risers, and so, in like manner, make 
the heights dd,ec,,and ff each of a height to correspond 
with the number of the riser at which it is placed, deduct- 
ing one riser. These heights fix the location of each tangent 
at its point of contact with the central line of the rail. But 
each tangent is yet free to revolve on this point of contact, 
up or down, as may be required to bring the ends of each 
pair of tangents in contact; or, to make equal in height the 
edges of each pair of vertical planes, which coincide after 
they are revolved on their base-lines into a vertical position ; 
as, for example: the edges ££, and ££,, of the planes C and 
D must be of equal height; so, also, the edges //, and Z4, of 
the planes D and Æ must be of equal height. The method 
of establishing these heights will now be shown. 

To this end let it be observed, that of the horizontal pro- 
jection of any pair of intersecting tangents, their lengths, 
from the point of intersection to the points of contact with 
the circle, are equal; for example: of the two tangents” 
and /%, the distances from &, their point of intersection, to 6 
and c, their points of contact with the circle, are equal ; and 
so also c Z equals @/, dm equals e 7m, etc. It will be observed 


* A tangent is a line perpendicular to the radius, drawn from the point of 
contact. 
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that this equality is not dependent on å, c, d, etc., the points 
of contact, being disposed at equal distances; for, in this 
example, they are placed at unequal distances, some being at 
three treads apart and others at four; and yet while this un- 
equal distribution of the points 4, c, d, etc., has the effect of 
causing the point of contact, as å, c, or c, to divide each whole 
tangent into two unequal parts, it does not disturb the 
equality of the two adjoining parts of any two adjacent tan- 
gents. Now, because of this equality of the two adjoining 
parts of a pair of tangents, the height to be overcome in 
passing from one point of contact to the next must be 
divided equally between the two; each tangent takes half 
the distance. Therefore, for stairs of this kind, the arrange- 
ment being symmetrical, we have this rule by which to fix 
the height of the ends of any two adjoining tangents, namely : 
To the height at the lower point of contact add half the dif- 
ference between the heights at the two points of contact; 
the sum will be the required height of the two adjoining 
meso. tangents. For example: the heights at dvand çc, 
two adjacent points of contact, are respectively three and 
seven risers; the difference is four risers; half this added to 
Methe height of the lower rise, gives five risers as the 
height of #2, kZ n the height at the adjoining ends of the 
tangents Zand 7s. Again, the heights at cand d are re- 
Seectively seven and ten risers; their difference is three; 
half of which, or one and a half risers, added to seven, the 
height at the lower point of contact, makes nine and a half 
Meets as the heights //,7/,, at the ends of the adjoining 
tangents + / and 7z 4 Ina similar manner are established 
the heights of the tangents at 77, z, and p. 

The rule for finding the heights of tangents as just given 
is applicable to circular stairs in which the treads are di- 
vided equally at the front-string, as in Fig. 158. Stairs of 
imesular plan require to have drawn an elevation of the 
rail, stretched out into a plane, upon which the tangents can 
be located. This will be shown farther on. 

ai@ewocations ef the joints ¢, 7, ¢, in this example, were 
disposed at unequal distances merely to show the effect on 
(iewtamements as before noticed. In practice it is proper to 
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locate them at equal distances, for then one face-mould in 
such a stairs will serve for each wreath. 

When the tangent at G has been drawn, the level tangent 
for the landing may be obtained in this manner: As the 
joint f is located at the eighteenth riser, one riser below the 
landing, draw a horizontal line at s, one riser above the point 
f,, and at half a riser above this draw the level line at g ; then 
this line is the level tangent, and fits point of intersection 
with the raking tangent. Draw the vertical line 2, 2, and 
from ż draw the tangent > g, which is the horizontal projec- 
tion of the tangent ~, g, on plane H (which, to avoid undue 
enlargement of the drawing, is reduced in height), where 
Ż b, equals 7 £.. 

To obtain the horizontal tangent ¢ w at the newel, pro- 
ceed thus: Fix the pomt 7, m the tangent 72, arnee 
above 6¢ equal to the elevation of the centre of the newel 
above the height of a short baluster—for example, from 5 
to 8 inches—and draw a line through 7 parallel to 47; this 
is a horizontal line through the middle of the height of the 
newel-cap, and upon which and the rake the easement to 
the newel is formed. Perpendicular to 6¢ draw, ¢, and join 
¢and z; then ¢z is the horizontal tangent. 


277.—Face-Moulds for Circular Stairs.—At Frs. 159 the 
plan of the newel and the adjacent hand-rail are repeated, 
but upon an enlarged scale; and in which ġġ, is the reduced 
height of the point 4 or is equallte oo sless 77, /7eu ice 
and the angle 40, ¢ equals the angle 60,7 of Fig. 158. In 
this plan the actwal heights must now be taken. Join ¢ and 
u; then ¢z is the level tangent, as also the line of intersection 
of the cutting plane C and the horizontal plane 4. Perpen- 
dicular to x, at a point 7 or anywhere above it, drawewa 
Parallel with zx draw 06,,; make 6,,6,, equal to 68; join 


dd 2 il lll 


b and w ; then the angle %6, x, is the angle which the 


Sf ‘if / 
plank in position makes with a vertical line, or what is 
usually termed the flumb-bevil. Perpendicular to 6,,, u, 
draw a a mnd ó, ,,,; make b, 6,,,, Cda O: male u, 
ż equal to m and x #, tOw, 4; join d, and z then 2E 


the tangent in the cutting plane, the horizontal projection of 
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which is 87. The butt-joint at J, is drawn square to the 
iieent o,,,?, Parallel to the intersecting line Zx, draw 
ordinates across the plane A from as many points as desir- 
Mee,and extend them tothe rake-linew, 6,,; through the 
points of their intersection with this line, and perpendicular 
to it, draw corresponding ordinates across the plane C. Make 
d,d equal to d, d, and so in like manner, for all other points, 


“dd 


FIG. 159. 


obtain in the plane C for each point in the horizontal plane 
A its corresponding point in the plane C: in each case 
taking the distance to the point in the plane 4 from the line 
ib,,and applying it in the plane C from the rake-line gy 4. 
Pomutemeurves bend a flexible strip to coincide with the 
several points obtained, and draw the curve by the side of 
Mieco ne point ol the mitre is at <, the mitre-jointis 
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‘dd a 
c,, the most projecting point of the mitre, and parallel to the 
rake-line x, ġ,. Additional wood is left attached, extending 
from Æ to f; this is an allowance to cover the mitre, which 
has to be cut vertically ; the butt-joint at J,,, and the face at 
fc,, are both to be cut square through the plank. The face 
fc, because it is parallel to the rake-line x, 6,,, is a vertical 
face, as well as being perpendicular to the surface of the 
plank. On it, therefore, lines drawn according to the rake, 
or like the angle x, ò, ò, will be vertical and will give the 
direction of the mitre-faces. Wenow have at C the face- 
mould for the railing over the plan from 6 tod in A. The 
mould thus found is that made upon acutting plane C, passed 
through the plank, parallel to its face, but at the middle of 
its thickness. To put it in position, let the plane C be lifted 
by its upper edge c,, and revolved upon the line z, ġ,, until 
it stands perpendicular to the plane 2. Now revolve both 
C and & (kept in this relative position during the revolution) 
upon the line z, 0, until the plane 4 stands perpendicular to 
the plane A. Then every point upon plane C will be verti- 
cally over its corresponding point in the plane A. For ex- 
ample, the point 6, will be vertically over 4, ¢, over ¢, 
and so of all other points. To show the application of the 
face-mould to the plank, make 6,,, 6, equal to half the thick- 
ness of the plank; parallel to x, 6, draw & c,a line which 
represents the upper surface of the plank, for the line x, % 
is at the middle of the thickness. Through 4,,,,, and parallel 
with 6,,, x, draw the line c, ġ,, and extend it across the face- 
mould; make 4, c, equal to 4, c; through c,, and parallel with 
b, 4, draw ce. Now, m no, pis an end view of the plank, 
showing the face view of the butt-joint at č, Through 7, 
the centre, draw a line parallel with the sides. Then 4,, rep- 
resents the point ġ,,; make @,, e, equal to 6, e; through vr, 
the centre, draw e, 7 across the face of the joint; then ¢, 7 is 
a vertical line (see Artz. 284), parallel and perpendicular to 
which the four sides of the squared-up wreath are to be 
drawnas shown. In applying the face-mould to the plank at 
first, for the purpose of marking by its edges the form of the 
face-mould, it will be observed that the face-mould is under- 


stood to have the position indicated by the line x, ò, or at 


shown atid,,and d,,c,. The line fe, is drawn through 


dd 
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the middle of the thickness of the plank. By this marking 
the rail-piece is cut square through the plank, and this cut- 
ting gives the correct form of the wreath, but omy at the 
middle of the thickness of the plank. After itis cut square 
through the plank, then, to obtain the form at the upper and 
under surfaces, the face-mould is required to be moved end- 
wise, but parallel with the auxiliary plane B, and so far as to 
bring the face-mould into a position vertically over or under 
its true position at the middle of the thickness of the plank. 
For example, the point 4,,,,, if the mould were placed at the 
middle of the thickness of the plank, would be at the height 
of the point 4,,; but when upon the top of the plank, the 
point 4,,, would have to be at the height of the point c,, 
therefore the mould must be so moved that the point ò, 
shall pass from 4, to c; consequently 4, ¢ is the distance 
the mould must be moved, or, as it is technically termed, 
Ae iding distance; hence 0c, which is equal to 4, ¢, is 
the distance the mould is to be moved: up when on top, 
and down when underneath. This is more fully explained 
DE. 204. 


278.—Face-Moulds for Circular Stairs.— At /7g. 160 so 
much of the horizontal projection of the hand-railing of 
stairs in žge. 158 is repeated as extends from the joint 0 to 
that at d, but at an enlarged scale. Upon the tangent c ¢ 
set up the heights as given in /7g. 158; for example, make 
‘fe eequal to #,,2,, of Pg. 158, and cc, equal to ce, of Fig. 
158. Join ¢ and & and extend the line to meet c k, extended, 
ie, join z and &; then a@é is the line of intersection of 
the cutting and horizontal planes; it is therefore a horizon- 
tal line, parallel to which the ordinates are to be drawn. 
imerpendicular to ab draw b, c Parallel to eb drawec,, 
oie, ; join’ and c; the angle cc,,6, is the plumb-bevil; 
Pemeendicular to oc. draw 0,0,,,#4,,%,,,andc,c,,,; make 5,6 


bE? Heh HP a Cy, 


a oo 2 and soot the other two points, £,,andc,, make 


14l A 


them respectively equal to their horizontal projections upon 
Da ee joie and“; also, #, and 6,; then 4,4 


4/? ‘di 
ie M eae tne tangents, From c, draw the line c,, 0 


‘df “did 


parallel to 6,c,,; this is the slide-line. In this example, this 


474} 
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line passes through the point 6,,; the slide-line does not 
always pass through the ends of the two tangents; it is not 
required to pass through both, but it is indispensable that it 
be drawn parallel with the rake-line ,c,. The lines for the 
joints at each end are drawn square to the tangent lines. 
Points in the curves, as many as are desirable, are now to 


be found by ordinates as shown in the figure, and as before 
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Fic. 160. 


explained for the points in the tangents. The curves are 
made by drawing a line against the side of a flexible strip 
bent to coincide with the points. 

The face-mould may be put in position by revolving the 
planes C and &, as explained in the last article, for the rail 
at the newel: 

The face-mould for the rail over the plan from c to g is to 
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be obtained in a similar manner, taking the heights from zg. 
158. For example, make dd, equal to d,,d, of Fig. 158, and 
Zi, equal to Z,,2, of Mg. 158 (taking the heights at their 
actual measurement now). Join d, and 4, and extend the 
line to meet the line d/ extended in 7; join y and c; then rc 
is the line of intersection, and parallel to which the ordinates 
are to be drawn. The points in the face-mould may now be 
obtained as in the previous cases, giving attention first to 
the tangent and slide-line; drawing the lines for the joints 
perpendicular to the tangents. 

It may be remarked here that the chord-line bc is parallel 
with the measuring line 6,c,,,, and that the line o£ bisects 
the chord-line; so, also, the line oZ bisects the chord-line cd. 
This coincidence is not accidental ; it will always occur in a 
regular circular stairs. 

Hence in cases of this kind it is not necessary to go 
through the preliminaries by which to obtain the intersect- 
ARE 20, but draw it at once parallel to the line o&, 
bisecting the chord dc and passing through the point of 
intersection of the two tangents. For the distance to slide 
the mould in its after-application, the lines are given at c, 
and d, and their use is explained in the last article, and 


44? 


more fully in Art. 284. 


279.—Face-Moulds for Circular Stairs, again.—At Fig. 
161 so much of the plan of the hand-railing of the stairs of 
Fig. 158 is repeated as is required to show the rail from f 
tog, but drawn at a larger scale. To prepare for the face- 
moulds, perpendicular to pf draw żż, and make ff, equal 
to ~,,p,, of Fig. 158 (taking this height now at its actual 
measurement); join fg, and f; then ff, is the tangent of the 
vertical plane C, and / is a point in the cutting plane at its 
intersection with the base-plane A. Now since vs, the tan- 
gent over pg, is horizontal and is in the cutting plane, 
therefore from f draw fa parallel with 7s or pg; then fa 
is the line of intersection of the cutting and horizontal 
planes, and gives direction to the ordinates. Draw f, 2,, 
perpendicular to fa; make 2,2, equal to pp; join 2, and 
/,; then the angle 2#, f is the plumb-bevil; perpendicular 
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to LI, draw ae and oie make Lah ai equal to LS 
p,,@ equal to p,,,p; join d and f,,; then gdy, and dp, are 
the tangents. Make „e equal to half the thickness of the 
plank; draw f, a parallel with £,p,; make fa equal to ec; 
draw ac, parallel with the tangent f,d; through f, per- 
pendicular to f, d, draw the line for the butt-joint; then f,c, 
is the distance required to determine the vertical line on the 
face of the joint at f, as shown at A. Through 7,,, per- 


FIG. 161. 


pendicular to the tangent 7,,,,d, draw the line for the butt- 
joint; make 7,,,,d equal to ec; then fd is the distance 
required for determining the vertical line on the face of the 
joint at 2,,, as shown at B (see Art. 284). The curved lines 
are obtained. by drawing a line against the edges of a flexi- 
ble rod bent to as many points as desirable, obtained by 
measuring the ordinates of the plan at 4 and transferring 
them to the face-mould by the corresponding ordinates, as 
before explained. 
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280.—Hand-Railing for Winding Stairs.—- The term 
winding is applied more particularly to a stairs having steps 
of parallel width compounded with those which taper in 
width, as in /zg. 135, and as is here shown in zg. 162, in 
which fa dc represents the central line of the rail around the 
cylinder, and the quadrant de, distant from the first quadrant 
20 inches, is the tread-line, upon which from d, a point taken 
at pleasure, the treads are run off. Through e, perpendicu- 


lar to af, draw ae (the occurrence here of one of the 
points of division on the tread-line perpendicularly opposite 
CRE spring of the circle, is only an accidental coincidence); 
make aa, equal to two risers; join æ, and f. With the 
diameter ac, on 6 as a centre, describe the arc at g, crossing 
ac extended; through 6 draw gd,; then æġ, is the stretch- 
out, or development of the quadrant ad. 

Through % draw 47, tending toward the centre of the 
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cylinder; make 4,7, equal to 67; perpendicular to fd, draw 
6 6,and2z2,. As there are four risers from e to 4, make 
a,@,, equal to four risers, and draw a,,z,, parallel with fa; 
through z, draw a,6,,; by intersecting lines, or in any con- 
wemlent manner, Case oimiro any extent theru sae 
Through 7, a point in this curve (chosen so as to be perpen- 
dicularly over mm, a point between a and 7 nearer to a), 
draw &/,a tangent to the curve, Perpendiculariy (omi 
tangent, through 7, draw the line for a butt-jomt alee 
through &,, and perpendicularly to a,d,, draw the line for 
the joint at the centre of the half circle. On thein to 
set up points of division for the riser heights, and through 
these points of division draw horizontal lines to the line 
buj S l 

From these points of contact drop perpendiculars to the 
line fad,,and transfer such of them as require it to the circle 
at, by drawing lines tending to g. Through these points of 
intersection with the central lineof the rail, and through the 
points of division on the tread-line, draw the riser-lines ze, 
an, etc. At half a riser above the floorlime, om top oman. 
upper riser draw a horizontal line, and ease off the angle as 
shown; the intersection of the floor-line with this curve 
gives the position of the top riser at the centre of the rail. 
This completes the plan of the steps and the elevation of the 
rail—requisite preliminaries for the face-moulds. The gradu- 
ation of the treads from flyers to winders obviates an abrupt 
angle at their junction in the rail and front-string. The 
objection to the graduation, that it interferes with the 
regularity of stepping at the tread-line, is not realized in 
practice. 


281.—Face-Moulds for Winding Stairs.—At /7¢. 163 so 
much of the plan at zg. 162 is repeated as is required for the 
face-moulds, but for perspicuity at twice the size. The hori- 
zontal projection of the tangents for the first wreath are ad 
and @é drawn at right angles to each other, tangent to the 
circle at aand 6. Let those tangents be extended beyond 
d; through m, the lower end of the wreath, draw a @,, mak- 
ing an angle with wd cqual to that in 7g. 162, between the 
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line af and a,f; or let the angle dmd, equal a fa, of Fug. 
162. Make dd, equal to dd, Make b, equal to 4,,,4,, of 


Fig. 162; join d, and å, and extend the line to ¢,,; make 
ò, 6, equal to 6,,6,,,, of Fig. 162, and draw & e, parallel with 


a b, @n 
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Fic. 163. 


de. From ec, draw ¢,e parallel with 4,4; through ¢ and f 
draw e f tangent to the circle at f; then de and e f are the 
horizontal projections of the tangents for the upper wreath. 
Then if the plane Z be revolved on ad, the plane C on de, 
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and the plane D on ¢f until they each stand vertical to the 
plane A, the lines mad, d,,¢,, and e,, f, will constitute the 
tangents of the two wreaths in position. This arrangement 
locates the upper joint of the upper wreath at f, leaving fc, 
a part of the circle, to be worked as a part of the long level 
rail on the landing. As the tangent over ef is level, the 
raking part of the rail will all be included in the wreath bz, 
so that at the joint f the rail terminates on the level. 

The portion fe, therefore, is a level rail requiring no 
canting, and it requires no other face-mould than that afforded 
by the plan from f toc. 

For the face-mould for the rail over 7z aà, let the line ¢, d, 
be extended to m,, a point in the base-line 6 m,; then 77 is a 
point in the base-plane A, as well as in the cutting plane £; 
therefore the line mw, # is the ¢ztersecting line parallel to 
which all the ordinates on plane A are to be drawn. Per- 
pendicular to this intersecting line 7z, 7, at any convenient 
place draw m, 6,; make 6, ġ,, parallel to m, 7 and equal to 
66,,; connect &,, with 7z, a point at the intersection of the 
lines m2, m and 6 m,; then the angle 40, 7,1s the plumb- 
bevil. Through d, parallel to m, m, draw d d; from the 
three points @, d,» and @,, draw lines perpendicular mio 
m, 0 n, makez, m,,equal to #7 m: make 0 Z, cqui kion 
Since the measuring base-line 7z, 0, passes through d, the 
point of the angle formed by the two tangents, d@,,, is the 
point of this angle in the cutting plane Æ; therefore join 7, 
and @,, also d and 0,,; then 2 Ca ma a.) arestne 
two tangents at right angles to which the joints at #,, and 
6,are drawn. The curves of the face-mould are now found 
as usual, by transferring the distances by ordinates, as shown, 
from the plane A to the plane Z, making the distance from 
the rake-line 7, 6, to each point in plane £ equal to the dis- 
tance from the corresponding point in the plane 4 to the 
measuring base-line 7, 4. Now, to obtain the sliding distance 
and the vertical line upon the butt-joints, make 4,,, 6, equal 
to half the thickness of the plank; parallel with 7, 6,,, draw 
b, 0; also, Oa and 2, wi; Make GG ead a ueee 
each equal to 4, bn; through ó and w,,, and parallel to the 
respective tangents, draw wu 4, and m,,, mt,,,,; then 6, and 
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m „are the points from which, through the centre of the 
butt-joints, a line is to be drawn which will be vertical when 
the wreath is in position. (See Ar. 284.) 

For the face-mould for the upper quarter, through 4, Fig. 
103, draw ġe, parallel with d, ¢,,; make e e, equal toee; 
draw ¢,,, f, parallel with ef Now, since ¢,,, f, is a horizon- 
tal line and is in the cutting plane ~, therefore, parallel with 
é,,f/, and through 6, draw 6x; then 6x is the required in- 
Ce ng line. Extend f to /,,; make ff, equal to //,; 
femme, and z; then the angle / f, 71s the plumb-bevil. Per- 
memaiemlar toi 27, draw f, Jn amd z z, and make these lines 
hespectively equal to ¢ f and 6x; join f,, and /,,,; also /,,, 
mide = then 7, 7,, and (9%, are the required tangents. 
The butt-joints at 7, and z, are drawn perpendicular to their 
respective tangents. To get the slide distance and vertical 
lines on the butt-joints, make f, f equal to half the thickness 
amne plank; parallel with z f, through /, draw /,/,,,,; also, 
through z, draw z, z; make x, z, equal to 7, f,,,,; through 
allel with z, f,,,, draw z, #,,; then z, is the point 
through which a line is to be drawn to the centre of the 
butt-joint, and this line will be in the vertical plane contain- 
iiemtne tangent. So, also, parallel with the tangent 7, 7_, 
and through /,,,, draw f Ja; then fais the point through 
which a line is to be drawn to the centre of the butt-joint 
O e 284). The curve is now to be obtained by the 
ordinates, as before explained. 


282, Face-Moulds for Winding Stairs, agaim.—In the 
last article, in getting the face-moulds fora winding stairs, 
the two wreaths are found to be very dissimilar in length. 
This dissimilarity may be obviated by a judicious location of 
the butt-joint connecting the two wreaths, as shown in /izg. 
164. Instead of locating the joint precisely at the middle of 
Ga analt circle, as was done in Ag. 163, place it farther down,’ 
say at 2, which is at 2 in /zg. 162, two risers down from the 
top, or at any other point at will. Then through z in the 
plan draw w,s tangent to the circle at z; and perpendicu- 
lar to this tangent draw zz and dd,,; make z x,, equal to 


ddd iw) 
ror oe 12, irom @ erect d g, perpendicular to mad, 


/ 


294 STAIRS. 


make the angle d m d, equal to that of 3, 7 2 of Fag. 162. 
Make dd,, equal to dd,; joing and z,, and extend the line 
to 7z, a point of intersection with the base-line x z,; then z, 
is a point in the base-plane, as also in the cutting plane; 


So 


Fic. 164. 


therefore m, 7 is the intersecting line parallel to which all 
the ordinates of the plan are to be drawn, and perpendicular 
to which mp% the measuring base-line, is drawn. Make 
n,n,,, equal to am; connect m,, and z,,,,, and then transfer 
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by the ordinates to the cutting plane 7z < and z the three 
points of the plan at the ends of the tangents, as before de- 
scribed, as also such points in the curve as may be required 
to mark the curve upon the face-mould, all as shown in previ- 
ous examples. For the face-mould-of the upper wreath, make 
meee ecqial to xa, ol Aze. 162. From z, draw #,,,5,, par- 
Mathia s; extend the lined, 7, to intersect z, s, in s,,; 
parallel with #7, 2 draw s,,s; from s draw s 7 tangent to the 
Gielen? (572 equals s7); through 7, tending to the centre of 
the cylinder, draw the butt-joint; then 7 sand s z are the 
horizontal projections of the tangents for the upper wreath- 
piece, the tangent s7 being level and, consequently, parallel 
to the intersecting line drawn through z. Perpendicular to 
eotaw 7); parallel with z, s, drawas,; make 7,7, equal 
toss,; joinv, andy. From this linc and the measuring base- 
line 7, 2, the points for the tangents are first to be obtained 
e@eethen the points in the curve, all as before described. 
AE a of the circle from 7 to ¢ is on the level, as before 
shown, and may be worked upon the end of the long level 
rail, its form being just what is shown in the plan fromc tor. 


283.—Face-Moulds: Test of Accuracy.— The methods 
which have been advanced for obtaining face-moulds are 
based upon principles of such undoubted correctness that 
there can be no question as to the results, when the methods 
given are thoroughly followed. And yet, notwithstanding 
the correctness of the system and its thorough comprehen- 
sion by the stair-builder, he will fail of success unless he 
exercises the greatest care in getting his dimensions, his per- 
pendiculars, and his angles. The slightest deviation in a 
perpendicular terminated by an oblique line will result ina 
magnified error at the oblique line. To secure the greatest 
possible degree of accuracy, care must be exercised in the 
choice of the instruments by which the drawings are to be 
made: care to know that a straight-edge is what it purports 
tomer that a square, or right-angle, is truly a right-angle; 
that the compasses or dividers be well made, the joint per- 
fect, and the ends neatly ground toa point. Then let the 
drawing-board be carefully planed to a true surface; and, 
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if possible, let the drawing, full size, be made upon large, 
stout roll-paper rather than upon the drawing-board itself, 
as then the points forthe face-mould may be pricked through 
upon the board out of which the face-mould is to be cut, and 
thus a correct transfer be made. For long straight lines it 
is better to use a fine chalk-line than the edge of a wooden 
straight-edge. The line is more trustworthy. Perpendicu- 
lars, especially when long, are better obtained by measure- 
ment or by calculation (4r. 503) than by a square. The 
pencil used should be of fine quality—rather hard, in order 
that its point may be kept fine. With these precautions in 
regard to the instruments used and with due care inane 
manipulations, the face-moulds may be correctly drawn, 
accurate in size and form. Asa test of the accuracy of the 
work, it will be well to observe i regard to the tmc cni 
that the length of a tangent, as found upon the face-mould, 
should always equal its length as shown upon the vertical 
plane. .For example, in Aze. 160, the tangent v op Omen 


ddd 


face-mould should be equal to #,c,, the tangent on the vertical 
plane 4; and im cases like this, where the stairs ane sojmmrce 
regular, with cqual treads at the front-string, the two tan- 
gents of a face-mould are equal to each other, orm c,,, equals 
&0,; and in this case, the hine 2c should egual thes aes 
nies? sar 

Again, as another example, in Meo. tOr @ 7) test meeme 
upon the face-mould, should be equal to //,, the tangent of 
the vertical plane C; while « 7, the othemianeentounti: 
face-mould, should be equal to 7 s, the tangent of the vertical 
plane D. But the more important test is in the length of the 
chord hne joining the ends of the two tangents ; as, for ex- 
ample, the chord m, p Oi 7g, 163, tnenoimzonial projees 
tion of which is the chord 7 6 in plane A. Perpendicular to 
mob draw bg; make 6g equal to ób, and join g and m; then 
m, b, the chord of the face-mould, should be equal to m g. 
After fully testing the accuracy of the drawing for the face- 
mould, choose a well-seasoned thin piece of white-wood, or 
any other wood not hable to split, and plane it to an even 
thickness throughout ; mark upon it the curves, joints, tan- 
gents, and slide-line, and cut the edges true to the curve- 
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lines and joints square through the board; then square over 
such marks as are required to draw each tangent and the 
slide-line also upon the reverse side of the board. This 


completes the face-mould. 


284.—Application of the Face-Mouid.—In order that a 
more comprehensive idea of the lines given for applying a 
face-mould may be had, let A, Frig. 165, represent one end of 
a wreath-piece as it appears when first cut from a plank, and 
when held up in the position it is to occupy at completion 
over the stairs. Also, let & represent the corresponding 
face-mould, laid upon the wreath-piece 4A in the position 
which it should have after sliding. And, for the purpose cf 
a clearer illustration, let it be supposed that the two pieces, 
A and #, are transparent. Then let a, abdc, e, represent a 
solid of wedge form, having a triangular level base, a dd, 
upon the three lines of which stand these three vertical 
wanes, namely: onthe line æ ó the plane a, ac, upon the 
line ad the plane a, a de and on the line dé the plane 6d 
e,¢,; the top of the solid is an inclined plane, a,c, ¢, and the 
menucalline z, g isthe edge of the wedge. Now, it will be 
observed that the point a in the base of the solid is identical 
with @, the centre of the butt-joint, and the point a, (at the 
intersection of two vertical planes and the inclined plane of 
the solid) is vertically over a, and is identical with a, a point 
in the upper surface of the plank. Also, the inclined plane 
c, C, a, which forms the top of the solid, coincides with the 
upper surface of the plank A, from which the wreath-piece 
has been squared ; and the line c, a, (at the angle formed by 
the inclined plane ¢,c, a, and the vertical plane a, a ¢,) coin- 
cides with f g, the slide-line drawn upon the top of the 
plank; also, the line ¢, a, (at the angle formed by the in- 
clined plane ¢, ¢, a and the vertical plane a, a g e) coincides 
with æ, %, the tangent line upon the underside of the face- 
mould after it has been slid to its new position, vertically 
over its true position at the middle of the thickness of the 
plank. From z the line z c is drawn parallel with æ, c,; so, 
also, the line a ¢ is drawn parallel with a, ¢,; consequently 
the line ec is parallel with e, c,; and the plane ec a is parallel 
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with the plane ¢,c,a@,, and coincides with a plane passing 
through the middle of the thickness of the plank, and, conse- 
quently, is the cutting plane referred to in previous articles, 
upon which the lines are drawn which give shape to the 


Fic. 165. 


face-mould. When the face-mould is first laid upon the plank. 
the line z, 7, coincides with z, 7, and when in that position, 
its form marked upon the plank is the form by which the 
plank is sawed square through; but this gives the form of 
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the wreath, not as it is at the surface of the plank, but as it 
is at the middle of the thickness of the plank, or upon the 
plane ace; so that, for example, the line z,, 7,, represents the 
line 27 drawn through a, the centre of the butt-joint ; and 
when the mould JZ is slid to the position shown in the figure, 
tie line z, 7, comes into a position vertically over 27; hence 
Miesthree lines z,2z,@,a@,and 7,7 are each vertical and ina 
vertical plane, 77, 7,7. „By these considerations it will be seen 
that the face-mould Æ, located as shown in the figure, is in its 
true position for the second marking, by which the addi- 
tional cutting is now to be performed vertically. This being 
established, it will now be shown how to get upon the butt- 
joint a line in the vertical plane containing the tangent. If 
the top and bottom lines of the vertical plane a, a dc, be ex- 
tended, they will meet in the point Z, and will extend the 
plane into a triangle /4c,, cutting the upper edge of the 
butt-joint in /, the end of the tangent, and the point in which 
the point a, of the underside of the face-mould was located 
when the mould was first applied to the plank. The line fa 
cathe butt-joint is perpendicular to z 7 or z, 7,. Again, if 
the top and bottom lines of the plane a, adc, be extended, 
pieyvewill meetin 2, and will extend the plane into the tri- 
angle de, cutting the edge of the butt-joint in 4, a point 
from which, if a line be drawn upon the butt-joint to a, its 
centre, this line will be in the vertical plane pde, which 
plane contains the tangent perpendicular to which the butt- 
joint is drawn; consequently lines upon the butt-joint par- 
milel to 7% @ will each be in a vertical plane parallel to the 
vertical tangent plane, and lines drawn upon the butt-joint 
perpendicular to these lines will be horizontal lines; hence 
the line % æ is the required line by which to square the 
wreath at the butt-joint. Now, it will be observed that the 
triangle a fa, is like that given in the various figures for ob- 
taining face-moulds, to regulate the sliding of the face-mould 
and the squaring at the butt-joint. For example, in fg. 
163, the right-angled triangle 0,,, d, 2v is the one referred to. 
This triangle is in a vertical plane parallel to one containing 
the slide-line; its longer side is a vertical line; one of the 
sides containing the right angle is equal to half the thickness 
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of the plank, while the other, drawn parallel to the face of 
the plank, is the distance the face-mould is required to slide. 
Precisely like this, the triangle æ fa, of Fig. 165 is in the 
vertical plane /4c, containing J g, the slide-line; its longer 
side, a, a, is a vertical line; fa, one of the sides containing 
the right angle, is equal to half the thickness of the plank, 
while the other side, drawn coincident with the surface of 
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the plank, is the distance to slide the face-mould. Therefore 
the triangle a, fa of Az. 165 gives the required lines by 
which to regulate the application of the face-moulds. The 
relative position of the more important of these lines is geo- 
metrically shown in /7g. 166, in which A and B are upon the 
horizontal plane of the paper, C is in a vertical plane stand- 
ing on the ground-line J ď, and D is a plan of the butt-joint, 
revolved upon the line z,, 7,, into the horizontal plane, and 
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then perpendicularly removed to the distance / f, The let- 
tering corresponds with that in /zg. 165. The shaded part 
of D shows the end of the squared wreath. When the 
blocked piece has been marked by the face-mould in its 
second application, its edges are to be trimmed vertically as 
shown in /7g. 167, after which the top and bottom surfaces 
of the wreath are to be formed from the shape marked on 
the butt-joints. 


FIG. 167. 


285.—Face-Mould Curves are Elliptical.—The curves of 
the face-mould for the hand-railing of any stairs of circular 
plan are elliptical, and may be drawn by a trammel, or 
in any other convenient manner. The trouble, however, 
attending the process of obtaining the axes, so as to be able 
to employ the trammel in describing the curves, is, in many 
cases, greater than it would be to obtain the curves through 
points found by ordinates, in the usual manner. But as 
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this method for certain reasons may be preferred by some, 
an example is here given in which the curves are drawn by 
a trammel, and in which the method of obtaining the axes is 
shown. 

Let Fig. 168 represent the plan of a hand-rail around part 
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of a cylinder and with the heights set up, the intersection 
line obtained, the measuring base-line drawn, the rake-line 
established, and the tangents on the face-mould located—all 
in the usual manner as hereinbefore described. Then, to 
prepare for the trammel, from v, the centre of the cylinder, 
draw oå, parallel with the intersecting line, and 6,0, perpen- 
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dicular to é J, the rake-line; make 0,0, equal to ġo, and o,a, 
equal to oa; through o, draw o,% parallel with 6,7. From 
o draw oc perpendicular to 06, ; continue the central circular 
line of the rail around to ¢; parallel with ob, draw ezf, 
and from f, the point of intersection of ef with 6,7, and 
Perpendicular to 4,7, draw f,e,; make f,c, equal to fe; 
then v, is the centre of the ellipse, and o,a, the semi-conju- 
gate diameter and o,e, the semi-transverse diameter of an 
ellipse drawn through the centre of the face-mould. To get 
the diameters for the edges of the face-mould, make a,c, and 
a,d, each equal to half the width of the rail, as at ead; par- 
allel to a line drawn from a, to e, and through c, draw the 
line ¢c,g; also, parallel with a line drawn from a, to ¢, draw 
fe see Ar7. 559); then for the curve at the inner edge oi 
tne ftace-mould, o ¢ is the semi-transverse diameter, and g e, 
Ae eni conjugate; while for the curve at the outer edge 
o fis the semi-transverse diameter, and o, d, the semi-conju- 
gate. So much of the edges of the face-mould as are straight 
are parallel with the tangent. Now, placing the trammel at 
the centre, as shown in the figure, and making the distance 
omeine rod from the pencil to the first pin equal to the 
semi-conjugate diameter, and the distance to the second pin 
equal to the semi-transverse diameter, each curve may be 
drawn as shown. (See Azz. 549.) 


286. —Face-Mounlds for Round Rails.—The previous ex- 
amples given for finding face-moulds are intended for soulded 
rails. For round rails the same process is to be followed, 
with this diflerence: that instead of finding curves on the 
face-mould for the sides of the rail, find one for a centre-line 
amd describe circles upon it, as at fz. 145; then trace the 
sides of the mould by the points so found. The thickness of 
stufi for the twists of a round rail is the same as for the 
straight part. The twists are to be sawed square through. . 


287.—Position of the Butt-Joint.—When a block for 
the wreath of a hand-rail is sawed square through the 
plank, the joint, in all cases, is to be laid on the face-mould 
square to the tangent and cut square through the plank. 
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Managed in this way, the butt-joint is in a plane pierced 
perpendicularly by the tangent. But if the block be not 
sawed square through, but vertically from the edges of the 
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face-mould, then, especially, care is required in locating the 
joint. The method of sawing square through is attended 
with so many advantages that it is now generally followed ; 
vet, as it is possible that for certain reasons some may prefer, 


ee. 
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in some cases, to saw vertically, it is proper that the method 
of finding the position of the joint for that purpose should 
be given. Therefore, let A, Frez. 169, be the plan of the rail, 
and Z the elevation, showing its side; in which sz is the 
direction of the butt-joint. From # draw £0 parallel to Zo, 
and #£e at right angles to £0; from 6 draw df, tending to 
the centre of the plan, and from f draw fe parallel to bk; 
from /, through c, draw /7, and from 7 draw z/g parallel to 
ef; join d and 4, and b will be the proper direction for the 
joint on the plan. The direction of the joint on the other 
side, ac, can be found by transferring the distances «4 and 
od to xa and oc. Then the allowance for over wood to 
cover the butt-joint is shown as that which is included be- 
tween the lines ox and db. The face-mould must be so 
drawn as to cover the plan to the line $d for the wreath at 
the left, and to the line ac for that at the right. By some 
the direction of the joint is made to radiate toward the 
centre of the cylinder; indeed, even Mr. Nicholson, in his 
Carpenter's Guide, so advised. That this is an error may be 
shown as follows: In /7g.170, a777 is the plan of a part of the 
rail about the joint, sz is the stretch-out of a z, and gf is the 
Mat Of vertical projection of the plan a77z. This is 
found by drawing a horizontal line from the height set upon 
each perpendicular standing upon the stretch-out line sz. 
The lines upon the plan arji are drawn radiating to the 
centre of the cylinder, and therefore correspond to the 
horizontal lines of the helinet drawn upon its upper and 
under surfaces. , 

Bisect 7¢ on the ordinate drawn from the centre of the 
plan, and through the middle draw cò at right angles to gv; 
from 6 and ¢ draw cd and 2e at right angles tosu; from g 
and z draw lines radiating toward the centre of the plan; 
then do and em will be the direction of the joint on the 
plan, according to Nicholson, and có its direction on the 
falling-mould. It must be admitted that all the lines on the 
upper or the lower side of the rail which radiate toward 
Hekeme ol the cylinder, as do, em or ¿A are level; for 
Menee he eyel line’ wzy, om the tép @f the rail in the 
helinet, is a true representation of the radiating line 7/7 on 
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the plan. The line 04, therefore, on the top of the rail in 
the helinet, is a true representation of ¢7 on the plan, and 
kc on the bottom of the rail truly represents do. From & 
draw &£/ parallel to cd, and from % draw 4 f parallel to dc: 


Fice170, 


join Z and 4, also c and f; then ck/é will be a true repre- 
sentation of the end of the lower piece, B, and cf Aò of the 
end of the upper piece, 4; and f or #Z will show how 
much the joint is open on the inner, or concave, side of the 
rail. 
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To show that the process followed in 47z. 287 is correct, 
let do and em (Fig. 171) be the direction of the butt-joint 
found as at /zg. 169. Now, to project, on the top of the rail 
in the helinet, a line that does not radiate toward the centre 
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of the cylinder, as 7%, draw vertical lines from 7 and & to w 
and #, and join w and %; then it will be evident that w is 
a true representation in the helinet of 7+ on the plan, it 
being in the same plane as j$, and also in the same winding 
surface as wv. The line /x, also, is a true representation on 
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the bottom of the helinet of the linc 2 im the plan) lai 
line of the joint z 7z, therefore, is projected in the same way, 
and truly, by 74 on the top of the helinet, and the line do 
by ca onthe bottom. Join a and 7, and then it will be seen 
that the lines ca, az, and 76 exactly coincide with c 4, the line 
of the joint on the convex side of the rail; thus proving the 
lower end of the upper piece, 4, and the wpper end ois mie 
lower piece, BL, to be in one and the same plane, and that the 
direction of the joint on the plan is the true one. By refer- 
ence to /7zg. 169 it will be seen that the line /z corresponds 
to +z in Fig. 171; and that ef in that figure is a representa- 

tion of fb, and f of dù. : 


288.—Serolls for Hand-Rails: General Rule for Size 
and Position of the Regulating Square.— The breadth 
which the scroll is to occupy, the number of its revolutions, 
and the relative size of the regulating square to the eye of 
the scroll being given, multiply the number of revolutions 
by 4, and to the product add the number of times a side of 
the square is contained in the diameter of the eye, and the 
sum will be the number of equal parts into which the breadth 
is to be divided. Make a side of the regulating square 
equal to one of these parts. To the breadth of the scroll 
add one of the parts thus found, and half the sum will be the 
length of the longest ordinate. 


2 1 


Fic. £72: 


289.—Centres in Regulating Square.—Let a 2 1 0 (Fig. 
172) be the size of a regulating square, found according to 
the previous rule, the required number of revolutions being 
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12. Divide two adjacent sides, as a 2 and 2 1, into as many 
equal parts as there are quarters in the number of revolu- 
tions, as seven; from those points of division draw lines 
across the square at right angles to the lines divided; then 
Mecine the first centre, 2, 3, 4, 5,6, and 7 are the centres for 
the other quarters, and 81s the centre for the eye ; the heavy 
lines that determine these centres being each one part less 
in length than its preceding line. 


e? 


290.—Seroll for Hand-Rail Over Curtail Step. — Let 
a b (Fig. 173) be the given breadth, 17 the given number of 
revolutions, and let the relative size of the regulating square 
homtinc eye De 4 ol the diameter of the ewe. hen, by the 
rule, 12 multipled by 4 gives 7, and 3, the number of times a 
side of the square is contained in the eye, being added, the 
sum is 10. Divide a 4, therefore, into 10 equal parts, and set 
Ciemimonme toc; bisect a cine: then ae will be the length 
Oistiemlensest ordinate (1g oric). From a draw @ d, 
from ¢ draw e1, and from 6 draw @¥, all at right angles to 
ab; make e 1 equal to a, and through 1 draw 1d parallel 
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toa 0; set dc from 1 to 2, and upon 1 2 complete the regu- 
lating square; divide this square as at Fig. 172; then de- 
scribe the arcs that compose the scroll, as follows: upon 1 
describe g e, upon 2 describe ¢ f, upon 3 describe F/ g, 
upon 4 describe g %, etc.; make ď Z equal to the width of the 
rail, and upon 1 describe /m, upon 2 describe mz, etc.; de 
scribe the eye upon 8, and the scroll is completed. 


291.—Scroll for Curtail Step.—Bisect d/ (Fig. 173) in o, 
and make ov equal to 4 of the diameter of a baluster ; make 
vw equal to the projection of the nosing, and e x equal to 
wl; upon I describe w y, and upon 2 describe yz; also, upon 
2 describe vz, upon 3 describe? 7, and so around {0 < sand 
the scroll for the step will be completed. 


292.—Position of Balusters Under Scroll.—Bisect d / 
(Fte. 173) in o, and upon 1, with 1 o for radius, describe the 
circle oru; set the baluster at > fair with the face of the 
second riser, c°, and from 2, with half the tread in the divi- 
ders, space olf as at 0,¢9,7,5,7,u, etc., as faras 7 ; upon sae 
and 5 describe the centre-line of the rail around to the eye 
of the scroll; from the points of division in the circle o r u 
draw lines to the centre-line of the rail, tending to 8, the 
centre of the eye; then the intersection of these radiating 
lines with the centre-line of the rail will determine the posi- 
tion of the balusters, as shown in the figure. 


293.—Falling-Mould for Raking Part of Serott._-Tangi- 
cal to the rail at 4 (fag. 173) draw 4 & parallel to da; then 
k a? will be the joint between the twist and the other part 
of the scroll. Make de? equal to the stretch-out of dc, and 
upon @ ¢? find the position of the point 4, as at k at Ag. 
174, make ed equal to e d in lze. 173, and dc equal to @e- 
in that feure; frome draw ca at right angles to ec (and 
equal to one rise; make có equal to one tread, and from ð, 
through a, draw 47; bisect a cin /, and through / draw mg 
parallel to ¢/; mg is the height of the level part of a 
scroll, which should always be about 34 feet from the floor; 
ease off the angle m f7, according to Art. 521, and draw 


FACE-MOULD FOR THE SCROLL. 311 


gwn parallel to m x 7, and at a distance equal to the thick- 
ness of the rail; at a convenient place for the joint, as 7, 
draw zx at right angles to 67; through x draw f % at right 
angles toe; make d equal to d $? in Fig. 173, and from & 
draw o at right angles to eh; at Fig. 173, make d 4? equal 
to @ & in fig. 174, and draw 4? 6? at right angles to 2 h?; 
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then £ a* and w? 6? will be the position of the joints on the 
plan, and, at Fig. 174, 0 p and 7x their position on the falling- 
mould; and po in (Fig. 174) will be the required falling- 
mould which is to be bent upon the vertical surface from 4° 
hore (Fig. 173). 


FIG. 175. 


294..—Face-Mould for the Seroll.— At Zig. 173, from #& 
Ghee at neht angeles to 7*> d. at Fig. 172, make 4 7 
equolmto2> 7° in Fie. 173, and from 7 draw rs at right 
angles tor; from the intersection of 7s with the level line 
Papen 2 draw 5s 7; at /2e, 173, make 4° 6? equal togs 
We 172, and join J? and 7°; from z° and from as many 
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other points in the arcs, a? Z and d, as is thought neces- 
sary, draw ordinates to r?d at right angles to the latter; 
make 7 4 (Fig. 175) equal in its length and in its divisions to 
the line 7? 6* in Fizg. 173; from 7, 2,0, ~, g, and 7 draw the 
lites 7 Ad, o a, p e, gj, and de at mie hta eeo Gvamd 
equal to 7? $, d*s*, f* a? etc., in Pig, 173; throraiihie point: 
thus found trace the curves £72 and a e andi complere ihe 
face-mould, as shown in the figure. This mould is to be ap- 
plied to a square-edged plank, with the edge, Zó parallel to 
the edge of the plank. The rake-lines upon the edge of the 
plank are to be made to correspond to the angle s % in 
Fig. 174. The thickness of stuff required for this mould is 
shown at fzg. 174, between the lines s ¢ and u v—u v being 
drawn parallel to s 7. 


295.—Form of Newel-Cap from a Seetion of the Rail. 
—Draw a 6 (Fig. 176) through the widest part of the given 
section, and parallel to c d; bisect a 4 in e, and through a, e, 
and 6 draw / 7, fg, and $ j at right angles to a 6; at a con- 
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venient place on the line fg, as o, with a radius equal to 
half the width of the cap, describe the circlez 7 g; make 7 / 
equal toe 6 or ea; join Zand j, also Zand z; from the curve 
f 6 to the line Z 7 draw as many ordinates as is thought 
necessary parallel to fg; from the points at which these 
ordinates meet the line / 7, and upon the centre, o, describe 
arcs in continuation to meet of; from #7 x, etc., draw z s$, tu, 
dempal] to jg; make zs, ¢ w, etc. equal to ef, wv, etc.; 
Migiee =r y, cic., equal to 24, etc.: make o 2, 03, etc, equal to 
on, ot, etc.; make 2 4 equal to z s, and in this way find the 
length of the lines crossing o m; through the points thus 
found describe the section of the newel-cap as shown in 
the figure. 


PIG. 177, 


296.—Boring for Balusters in a Round Rail before it 
is Rounded.—Make the angle o c£ (Fig. 177) equal to the 
amele oc Z at zg. 144; upon c describe a circle with a 
radius equal to half the thickness of the rail; draw the tan- 
gent dd parallel to ¢c, and complete the rectangle e dd f, 
having sides tangical to the circle; from c draw ca at right 
angles tooc; then, dd being the bottom of the rail, set a 
gauge from 6 to a, and run it the whole length of the stuff ; 
in boring, place the centre of the bit in the gauge-mark at a, 
and bore in the direction æ c. To do this easily, make chucks 
as represented in the figure, the bottom edge, g 4, being par- 
allel to oc, and having a place sawed out, as e f, to receive 
the rail. These being nailed to the bench, the rail will be 
held steadily in its proper place for boring vertically. The 
distance apart that the balusters require to be, on the under- 
side of the rail, is one half the length of the rase-side of the 
pitch-board. 
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SPLAYED WORK. 


297.—The Bevels in Splayed Work.—The principles 
employed in finding the lines in stairs are nearly allied to 
those required to find the bevels for sp/ayed work—such as 
hoppers, bread-trays, etc. A method by which these may be 
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obtained will, therefore, here be shown. In Aa 178, abc is 
the angle at which the work is splayed, and 0 ad, on the 
upper edge of the board, is at right angles to a 6; make the 
angle f g 7 equal toa c, and from / draw f % parallel to 
ea; from 6 draw 6 o at right angles to a b; through o draw 
ze parallel to c and join e and æ; then the angle a ed will 
be the proper bevil for the ends from the inside, or £de 
from the outside. If a mitre-joint is required, set f g, the 
thickness of the stuff on the level, from e to m, and join 7z 
and d; then $d m will be the proper bevil for a mitre-joint. 

If the upper edge of the splayed work is to be bevelled, 
so as to be horizontal when the work is placed in its proper 
position, then fg 7, the same as adc, will be the proper 
bevel for that purpose. Suppose, therefore, that a piece in- 
dicated by the lines 4g, g f,and J% were taken off; then a 
line drawn upon the bevelled surface from d at right angles 
to d would show the true position of the joint, because it 
would be in the direction of the board for the other side ; 
but a line so drawn would pass through the point o, thus 
proving the principle correct. So, if a line were drawn upon 
the bevelled surface from d@ at an angle of 45 degrees to £d, 
it would pass through the point z. 


Nea 
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SECTION IV.—DOORS AND WINDOWS. 


DOORS. 


298.—General Requirements.— Among the architectural 
arrangements of an edifice, the door is by no means the least 
in importance; and if properly constructed, it is not only 
an article of use, but also of ornament, adding materially to 
the regularity and elegance of the apartments. The dimen- 
sions and style of finish of a door should be in accordance 
with the size and style of the building, or the apartment 
for which it is designed. As regards the utility of doors, 
the principal door to a public building should be of suffi- 
cient width to admit of a free passage for a crowd of people ; 
while that of a private apartment will be wide enough if it 
permit one person to pass without being incommoded. Ex- 
perience has determined that the least width allowable for 
this is 2 feet 8 inches; although doors leading to inferior 
and unimportant rooms may, if circumstances require it, be 
as narrow as 2 feet 6 inches; and doors for closets, where an 
entrance is seldom required, may be but 2 feet wide. The 
width of the principal door to a public building may be 
from 6 to 12 feet, according to the size of the building; and 
the width of doors for a dwelling may be from 2 feet 8 
inches to 3 feet 6 inches. If the importance of an apart- 
ment in a dwelling be such as to require a door of greater 
width than 3 feet 6 inches, the opening should be closed 
with two doors, or a door in two folds; generally, in such 
cases, where the opening is from 5 to 8 feet, folding or slid- 
ing doors are adopted. As to the height of a door, it should 
in no case be less than about 6 feet 3 inches; and generally 
not less than 6 feet 8 inches. 


299.—The Proportion between Width and Height: of 
single doors, for a dwelling, should be as 2 is to 5; and, for 
entrance-doors to public buildings, as 1 is to 2. If the 
width is given and the height required of a door for a 
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dwelling, multiply the width by 5, and divide the product 
by 2; but if the height is given and the width required, 
divide by 5 and multiply by 2. Where two or more doors 
of different widths show in the same room, it is well to pro- 
portion the dimensions of the more important by the above 
rule, and make the narrower doors of the same height as 
the wider ones; as all the doors in a suit of apartments, 
except the folding or sliding doors, have the best appear- 
ance when of one height. The proportions for folding or 
sliding doors should be such that the width may be equal 
to 4 of the height; yet this rule needs some qualification ; 
for if the width of the opening be greater than one half the 
width of the room, there will not be a sufficient space left 


FIG. 179. 


for opening the doors; also, the height should be about one 
tenth greater than that of the adjacent single doors. 


300.—Panels.—Where doors have but two panels in 
width, let the stiles and muntins be each 4 of the width; or, 
whatever number of panels there may be, let the united 
widths of the stiles and the muntins, or the whole width of 
the solid, be equal to 3 of the width of the door. Thus: in 
a door 35 inches wide, containing two panels in width, the 
stiles should be 5 inches wide; and in a door 3 feet 6 inches 
wide, the stiles should be 6 inches. If a door 3 feet 6 
inches wide is to have 3 panels in width, the stiles and 
muntins should be each 44 inches wide, each panel being 8 
inches. The bottom rail and the lock-rail ought to be cach 
equal in width to 7y of the height of the door; and the top 
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rail, and all others, of the same width as the stiles. The 
moulding on the panel should be equal in width to } of the 
width of the stile. 


301.—Trimmings.—/7g. 179 shows a method of trimming 
doors: a is the door-stud; 4, the lath and plaster; c, the 
ground; d, the jamb; e, the stop, f and g, architrave casings ; 
and #, the door-stile. It is customary in ordinary work to 
form the stop for the door by vebatzng the jamb. But when 
the door is thick and heavy, a better plan is to nail ona 
piece as at ¢ in the figure. This piece can be fitted to the 
door and put on after the door is hung; so, should the door 
be a trifle zvzzding, this will correct the evil, and the door be 
made to shut solid. 

Fig. 180 is an elevation of a door and trimmings suitable 
for the best rooms of adwelling. (For trimmings generally, 
see Sect. V.) The number of panels into which a door 
should be divided may be fixed at pleasure; yet the present 
style of finishing requires that the number be as small as a 
proper regard for strength will admit. In some of our best 
dwellings, doors have been made having only two upright 
panels. A few years’ experience, however, has proved that 
the omission of the lock-rail is at the expense of the strength 
and durability of the door; a four-panel door, therefore, is 
the best that can be made. 


302,—Hanging Doors.—Doors should all be hung so as 
to open into the principal rooms; and, in general, no door 
should be hung to open into the hall, or passage. As to the 
proper edge of the door on which to affix the hinges, no 
general rule can be assigned. 


WINDOWS. 


303.—Requirements for Light.—A window should be 
of such dimensions, and in such a position, as to admit a 
sufficiency of light to that part of the apartment for which 
it is designed. No definite rule for the size can well be 
given that will answer in all cases; yet, as an approxima- 
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tion, the following has been used for general purposes. 
Multiply together the length and the breadth in feet of the 
apartment to be lighted, and the product by the height in 
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feet; then the square root of this product will show the 
required number of square feet of glass. 


304.—Window-Frames.—For the size of window-frames, 
add 4% inches to the width of the glass for their width, and 
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64 inches to the height of the glass for their height. These 
give the dimensions, in the clear, of ordinary frames for 12- 
light windows; the height being taken at the inside edge of 
the sill. In a brick wall, the width of the opening is 8 
inches more than the width of the glass— 44 for the stiles of 
the sash, and 34 for hanging stiles—and the height between 
the stone sill and lintel is about 104 inches more than the 
height of the glass, it being varied according to the thick- 
ness of the sill of the frame. 


305.— Inside Shutters. — Inside shutters folding into 
boxes require to have the box-shutter about one inch wider 
than the flap, in order that the flap may not interfere when 
both are folded into the box. The usual margin shown be- 
tween the face of the shutter when folded into the box and 
the quirk of the stop-bead, or edge of the casing, is half an 
inch; and, in the usual method of letting the w/ole of the 
thickness of the butt hinge into the edge of the box-shutter, 
it is necessary to make allowance for the ¢#row of the hinge. 
This may, in general, be estimated at } of an inch at each 
hinging ; which being added to the margin, the entire width 
of the shutters will be 14 inches more than the width of the 
frame in the clear. Then, to ascertain the width of the box- 
shutter, add 14 inches to the width of the frame in the clear, 
between the pulley-stiles; divide this product by 4, and add 
half an inch to the quotient, and the last product will be 
the required width. For example, suppose the window to 
have 3 lights in width, 11 inches each. Then, 3 times 11 is 
33, and 44 added for the wood of the sash gives 374; 374 
and 14 1s 39, and 39 divided by 4 gives 92; to which add 
half an inch, and the result will be tot inches, the width 
required for the box-shutter. 


306.—Preportion: Width and Meight.—In disposing 
and locating windows in the walls of a building, the rules of 
architectural taste require that they be of different heights 
in different stories, but generally of the same width. The 
windows of the upper stories should all range perpendicu- 
larly over those of the first, or principal, story; and they 
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should be disposed so as to exhibit a balance of parts 
throughout the front of the building. To aid in this it is 
always proper to place the front door in the middle of the 
front of the building ; and, where the size of the house will 
admit of it, this plan should be adopted. (See the latter 
part of Avt..50.) The proportion that the height should 
bear to the width may be, in accordance with general usage, 
as follows: 


The height of basement windows, 14 of the width. 


i 7 principal-story “ 24 - 
i i second-story “ 12 £ 
£ Å third-story < g 
5 £ iOurth-story |) le oy 
cs attic-story ‘the same as the width. 


But, in determining the height of the windows for the 
several stories, it is necessary to take into consideration the 
height of the story in which the window is to be placed. 
For, in addition to the height from the floor, which is gen- 
erally required to be from 28 to 30 inches, room is wanted 
above the head of the window for the window-trimming 
and the cornice of the room, besides some respectable space 
which there ought to be between these. 


307.—Cireular Meads.—Doors and windows usually ter- 
minate in a horizontal line at top. These require no spccial 
directions for their trimmings. But circular-headed doors 
and windows are more difficult of execution, and require 
some attention. If the jambs of a door or window be placed 
at right angles to the face of the wall, the edges of the sof, 
or surface of the head, would be straight, and its length be 
found by getting the stretch-out of the circle (A7?. 524); 
but when the jambs are placed obliquely to the face of the 
wall, occasioned by the demand for light in an oblique 
direction, the form of the soffit will be obtained by the fol- 
lowing article; as also when the face of the wall 1s circular, 
as shown in the succeeding figure. 
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308.—Form of Soffit for Circular Window-Heads.— 
When the light is received in an oblique direction, let abcd 
(Fig. 181) be the ground-plan of a given window, and efaa 
vertical section taken at right angles to the face of the jambs. 


Fic. 181. 


From a, through e, draw ag at right angles to ab; obtain 
the stretch-out of e fa, and make eg equal to it; divide eg 
and e fa each into a like number of equal parts, and drop 
perpendiculars from the points of division in each; from 
the points of intersection, 1, 2, 3, etc., in the line a d, 


draw horizontal lines to meet corresponding perpendicu- 
lars from e g; then those points of intersection will give the 
curve line dg, which will be the one required for the edge 


of the soffit. The other edge, ch, is found in the same 
manner. 
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For the form of the soffit for circular window-heads, 
when the face of the wall is curved, let adcd (Fig. 182) be 
the ground-plan of a given window, and e fa a vertical sec- 
tion of the head taken at right angles to the face of the 
jambs. Proceed as in the foregoing article to obtain the 
line dg; then that will be the curve required for the edge of 
the soffit, the other edge being found in the same manner. 

If the given vertical section be taken in a line with the 
face of the wall, instead of at right angles to the face of the 
jambs, place it upon the line cå (Fig. 181), and, having drawn 
ordinates at right angles to cd, transfer them to efa; in this 
way a section at right angles to the jambs can be obtained. 
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SECTION V.—MOULDINGS AND CORNICES. 


MOULDINGS. 


309.—Mouldings: are so called because they are of the 
same determinate shape throughout their length, as though 
the whole had been cast in the same mould or form. The 
regular mouldings, as found in remains of classic architec- 
ture, are eight in number, and are known by the following 
names: 


Eo a 


me, ieee ult band, cincture, fillet, listel or square: 


| 


Fic. 184. Astragal or bead. 


5 


Torus or tore. 
Fıc. 185. 


A 


aye. ASE. Scotia, trochilus or mouth. 


« 


Ovolo, quarter-round or echinus. 
BIG. 187: 


Cavetto, cove or hollow, 


Fic. 188. 
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Cymatium, or cyma-recta. 
Ogee. 


Inverted cymatium, or cyma-reversa. 
PIG, 190. 


Some of the terms are derived thus: Fillet, from the French 
word f/, thread. Astragal, from astragalos, a bone of the 
heel—or the curvature of the heel. Bead, because this 
moulding, when properly carved, resembles a string of beads. 
Torus, or tore, the Greek for rope, which it resembles when 
on the base of a column. Scotia, from skotta, darkness, be- 
cause of the strong shadow which its depth produces, and 
which is increased by the projection of the torus above it. 
Ovolo, from ovum, an egg, which this member resembles, 
when carved, asin the Ionic capital. Cavetto, from cavus, 
hollow. Cymatium, from kusaton, a wave. 


310.—Characteristics of Mouldings. Neither of these 
mouldings is peculiar to any one of the orders of architect- 
ure; and although each has its appropriate use, yet it is by 
no means confined to any certain position in an assemblage 
of mouldings. The use of the fillet is to bind the parts, as 
also that of the astragal and torus, which resemble ropes. 
The ovolo and cyma-reversa are strong at their upper ex- 
tremities, and are therefore used to support projecting parts 
above them. The cyma-recta and cavetto, being weak at 
their upper extremities, are not used as supporters, but are 
placed uppermost to cover and shelter the other parts. The 
scotia is introduced in the base of a column to separate the 
upper and lower torus, and to produce a pleasing variety 
and relief. The form of the bead and that of the torus isthe 
same; the reasons for giving distinct names to them are 
that the torus, in every order, is always considerably larger 
than the bead, and is placed among the base mouldings, 
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whereas the bead is never placed there, but on the capital or 
entablature; the torus, also, is seldom carved, whereas the 
bead is; and while the torus among the Greeks is frequently 
elliptical in its form, the bead retains its circular shape. While 
the scotia is the reverse of the torus, the cavetto is the re- 
verse of the ovolo, and the cyma-recta and cyma-reversa are 
combinations of the ovolo and cavetto. 


PIG. tol. 


The curves of mouldings, in Roman architecture, were 
most generally composed of parts of circles; while those of 
the Greeks were almost always elliptical, or of some one of 
the conic sections, but rarely circular, except in the case of 
the bead, which was always, among both Greeks and Ro- 
mans, of the form of a semicircle. Sections of the cone af- 
ford a greater variety of forms than those of the sphere; and 
perhaps this is one reason why the Grecian architecture so 
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much excels the Roman. The quick turnings of the ovolo 
and cyma-reversa, in particular, when exposed to a bright 
sun, cause those narrow, well-defined streaks of light which 
give life and splendor to the whole. 


3{1.—A Profile: is an assemblage of essential parts and 
mouldings. That profile produces the happiest effect which 


| rs: 
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Fic. 192. FIG. 193. 


is composed of but few members, varied in form and size, 
and arranged so that the plane and the curved surfaces suc- 
ceed each other alternately. 


312.—The Grecian Torus and Scotia.— Join the extremi- 
ties a and 6 (Fig. 191), and from f, the given projection of 
the moulding, draw fo at right angles to the fillets; from 2 


Fic. 195. 


draw Of at right angles toad; bisect ad inc; join fand c, 
and upon ç, with the radius c f, describe the arc fA, cutting 
bhinhk; through c draw de parallel with the fillets; make 
de and ce each equal to 0/4; then de and ab will be conju- 
gate diameters of the required ellipse. To describe the 
curve by intersection of lines, proceed as directed at Artz. 
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551 and vore, by a trammel, see Art. 549; and to find the 
foci, in order to describe it with a string, see rż. 548. 


313.—The Grecian Echinus.—/7gs. 192 to 199 exhibit, va- 
riously modified, the Grecian ovolo, orechinus. /72gs. 192 to 
196 are elliptical, ad and dc being given tangents to the curve ; 
parallel to which the semi-conjugate diameters, ad and dc, 


Fic. 196. FIG. 197. 


are drawn. In /7gs. 192 and 193 the lines ad and dc are semi- 
axes, the tangents, ad and dc, being at right angles to each 
etmer. To draw the curve, see Ar. 551. In Fig. 197 the 
curve is parabolical, and is drawn according to A7t. 560. In 
figs. 198 and 199 the curve is hyperbolical, being described 
according to A7t. 561. The length of the transverse axis, a 4, 


FIG. 198. FIG. 199. 


being taken at pleasure i in order to flatten the curve, ab 
should be made short in proportion to ac. 


314. 
Figs. 200 and 201, having the n and projection en 
CEI. 551. 


315. a-Recta.—When the projection 
is more than the anes as at /2g. 202, make æ ġ equal to the. 
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height, and divide a dcd into four equal parallelograms ; then 
proceed as directed in note to A7vt.551. When the projec- 
tion is less than the height, draw da (Fig. 203) at right angles 


Fic. 200. 


to ab; complete the rectangle, abcd; divide this into four 
equal rectangles, and proceed according to Art. 551. 


316.— The Grecian Cyma-Reversa.— When the projection 


FIG. 202. 


is more than the height, as at Fig. 204, proceed as directed 
for the last figure; the curve being the same as that, the 
position only being changed. When the projection is less 


d 
FIG. 205. 


than the height, draw ad (Fig. 205) at right angles to the 
fillet; make ad equal to the projection of the moulding ; then 
proceed as directed for /7g. 202. 
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317. Roman Mouldings: are composed of parts of circles, 
and have, therefore, less beauty of form than the Grecian. 
The bead and torus are of the form of the semicircle, and the 
scotia, also, in some instances ; but the latter is often composed 
of two quadrants, having different radii, as at /zgs. 206 and 
207, which resemble the elliptical curve. The ovolo and ca- 
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vettoare generally a quadrant, but often less. When they are 
less, as at Fig. 210, the centre is found thus: join the extrem- 
ities, a and 8, and bisect a4 inc; from çc, and at right angles 
to ab, draw cd, cutting a level line drawn froma ind; thend 
will be the centre. This moulding projects less than its 
height. When the projection is more than the height, as at 
Fig. 212, extend the line from ¢ until it cuts a perpendicular 


Fic. 208. Fic. 209. 


drawn from a, as at d; and that will be the centre of the 
curve. [In a similar manner, the centres are found for the 
Moulines at Ags. 207, 211, 213, 216, 217, 218, and 219. The 
centres for the curves at Figs. 220 and 221 are found thus: 
bisect the line ad at c; upona,c and 6 successively, with ac 
or cò for radius, describe arcs intersecting at d and d; then 
those intersections will be the centres. 
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Fic, 212. Fic. 213. 


Fic, 214. Fic, 215 
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318.—Modern Mouldings: are represented in /vgs. 222 
to 229. They have been quite extensively and successfully 
used in inside finishing. /zg. 222 is appropriate for a bed- 
moulding under a low projecting shelf, and is frequently 
used under mantel-shelves. The tangent 7% is found thus: 
bisect the line a&b at c, and dc at d; from d draw de at 
right angles to e4; from b draw f parallel to ed; upon 4, 


Fic. 218, 


with 4¢@ for radius, describe the arc df; divide this arc 
into 7 equal parts, and set one of the parts from s, the limit 
of the projection, too; make o % equal to oe; from 4, through 
c, draw the tangent 47; divide dh, kc, cz, and za each into 
a like number of equal parts, and draw the intersecting lines 
as directed at Art. 521. If a bolder form is desired, draw 
the tangent, z %, nearer horizontal, and describe an elliptic 


FIG, 220. Fic. 221. 


curve as shown in /zgs. 19I and 224. Fig. 223 is much used 
on base, or skirting, of rooms, and in deep panelling. The 
curve is found in the same manner as that of Frig. 222. In 
this case, however, where the moulding has so little projec- 
tion in comparison with its height, the point e being found 
as in the last figure, 4s may be made equal to se, instead of 
oe asin the last figure. Fig. 224 is appropriate for a crown 
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FIG. 222. 


Pict 22i. 
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moulding of a cornice. In this figure the height and pro- 
jection are given; the direction of the diameter, ad, drawn 


— ee 


= = 


through the middle of the diagonal, e f, is taken at pleasure ; 
and dc is parallel to ae. To find the length of dc, draw bh 


J 


PC, 227 FIG. 228. FIG. 229. 


~~ 


at right angles toad, upon o, with of for radius, describe 
the arc, 7 7, cuttne @2m %;- then make oc and od each 
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equal to ġ%.* To draw the curve, see note to Art. 551. Figs. 
225 to 229 are peculiarly distinct from ancient mouldings, 
being composed principally of straight lines; the few curves 
they possess are quite short and quick. 

igs. 230 and 231 are designs lon amt eqpc Ihe die 
ameter of the antz is divided into 20 equal parts, and the 
height and projection of the members are regulated in ac- 
cordance with those parts, as denoted under H and P, height 
and projection. The projection is measured from the mid- 
dle of the antze. These will be found appropriate for por- 
ticos, doorways, mantelpieces, door and window trimmings, 


FIG. 231. 


etc. The height of the ante for mantelpieces should be 
from 5 to 6 diameters, having an entablature of from 2 to 
2} diameters. This is a good proportion, it being similar to 
the Doric order. But fora portico these proportions are 


* The manner of ascertaining the length of the conjugate diameter, dc, in 
this figure, and also in Figs. 191, 241, and 242 is new, and is important in this 
application. It is founded upon well-known mathematical principles, viz.: All 
the parallelograms that may be circumscribed about an ellipsis are equal to 
one another, and consequently any one is equal to the rectangle of the two 
axes. And again: The sum of the squares of every pair of conjugate diame- 
ters is equal to the sum of the squares of the two axes. 
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much too heavy: an ante 15 diameters high and an entab- 
lature of 3 diameters will have a better appearance. 


CORNICES. 


319.—Designs for Cornices.—/7gs. 232 to 240 are designs 
for eave cornices, and Figs. 241 and 242 are for stucco cor- 
nices for the inside finish of rooms. In some of these the 
projection of the uppermost member from the facia is 
divided into twenty equal parts, and the various members 


Pie 232) 


are proportioned according to those parts, as figured under 
M and P. 


320.—Eave Cornices Proportioned to Height of Build- 
ing.—Draw the line ac (Fig. 243), and make dc and ġa each 
equal to 36 inches; from 6 draw dd at right angles to ac, 
and equal in length to of ac; bisect din c, and from a, 
through e, draw af; upon a, with ac for radius, describe the 
arc cf, and upon e, with e / for radius, describe the arc fd; 
dividesinescurve <2 7c, into 7 equal parts, as at 10, 20, 30, 
etc., and from these points of division draw lines to dc 
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VARIOUS DESIGNS OF CORNICES. 
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FIG. 240. 
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FIG. 241. 


Piew2a2. 


PROPORTION OF CORNICES. 341 


parallel todd; then the distance 41 is the projection of a 
cornice for a building 10 feet high; 42, the projection at 20 
eieh; $3, the projection at 30 feet, etc. If the projec- 
tion of a cornice for a building 34 feet high is required, 
divide the arc between 30 and 40 into Io equal parts, and 


d 10 
20 
Me 
30 
49 
€ 
50 
6o 
70 
a b E E 
Fic. 243. 


from the fourth point from 30 draw a line to the base, dc, 
parallel with dd; then the distance of the point at which 
that line cuts the base from 6 will be the projection re- 
quired. So proceed fora cornice of any height within 70 
feet. The above is based on the supposition that 36 inches 


Fic. 244. 


is the proper projection for a cornice 7o feet high. This, 
for general purposes, will be found correct; still, the length 
of the line dc may be varied to suit the judgment of those 
who think differently. 

Having obtained the projection of a cornice, divide it 
into 20 equal parts, and apportion the several members 
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according to its destination—as is shown at /7gs. 238, 239, 
and 240. 


321.—Cornice Proportioned to a given Cornice.—Let 
the cornice at Fig. 244 be the given cornice. Upon any 
point in the lowest line of the lowest member, as at a, with the 
height of the required cornice for radius, describe an intersect- 
ing arc across the uppermost line, as at J; join æ and d; 
then 41 will be the perpendicular height of the upper fillet 
for the proposed cornice, 1 2 the height of the crown mould- 
ing—and so of all the members requiring to be enlarged to 
the sizes indicated on this line. For the projection of the 


Fic. 245. 


proposed cornice, draw ad at right angles to a J, and cd at 
right angles to óc; parallel with cg draw lines from each 
projection of the given cornice to the line ad; then ed will 
be the required projection for the proposed cornice, and the 
perpendicular lines falling upon ed will indicate the proper 
projection for the members. 

To proportion a cornice according to a larger given cor- 
nice, let A (Fig. 245) be the given cornice. Extend ao to å, 
and draw cd at right angles to ad; extend the horizontal 
lines of the commice, A, until they touch od; place tne heroin 
of the proposed cornice from o to e, and join fand e; upon 
o, with the projection of the given cornice, oa, for radius, 
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describe the quadrant ad; from d draw dd parallel to fe; 
upon 4, with o ġ for radius, describe the quadrant dc; then 
oc will be the proper projection for the proposed cornice. 
Join a and c; draw lines from the projection of the different 
members of the given cornice to ao parallel to od; from 
these divisions on the line ao draw lines to the line oc 
parallel to ac; from the divisions on the line o f draw lines 
to the line ve parallel to the line fe; then the divisions on 
the lines oe and oc will indicate the proper height and pro- 
jection for the different members of the proposed cornice. 
In this process, we have assumed the height, o e, of the pro- 
posed cornice to be given; but if the projection, oc, alone 


Fic. 246. Fic. 247. 


be given, we can cbtain the same result by a different pro- 
cess. Thus: upon o, with oc for radius, describe the quad- 
rant c ġ; upon o, with oa for radius, describe the quadrant 
ad; join d and 6; from fdraw fe parallel todd; then oe 
will be the proper height for the proposed cornice, and the 
height and projection of the different members can be 
obtained by the above directions. By this problem, a cor- 
nice can be proportioned according to a smaller given one 
as well as to a /arger ; but the method described in the pre- 
vious article is much more simple for that purpose. 


322.—Angle Bracket in a Built Cornice —Let 4 (Fig. 
240) be the wall of the building, and Z the given bracket, 
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which, for the present purpose, is turned down horizontally. 
The angle-bracket, C, is obtained thus: through the ex- 
tremity, a, and parallel with the wall, fd, draw the line a4; 
make ec equal af, and through ¢ draw cb parallel with ed; 
join d and 4, and from the several angular points in & draw 
ordinates to cut d% in 1, 2, and 3; at those points erect lines 
perpendicular to dò; from # draw 4g parallel to fa; take 


Fic, 248. 


the ordinates, 1 0, 20, etc., at B, and transfer them to C, and 
the angle-bracket, C, will be defined. In the same manner, 
the angle-bracket for an internal cornice, or the angle-rib of 
a coved ceiling, or of groins, as at /zg. 247, can be found. 


323.—Raking Mouldings matehed with Level Returns.— 
Let A (Fig. 248) be the given moulding, and 4 é the rake of 
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the roof. Divide the curve of the given moulding into any 
number of parts, equal or unequal, as at 1, 2, and 3; from 
these points draw horizontal lines toa perpendicular erected 
from c; at any convenient place on the rake, as at 5, draw 
acat right angles to A J; also from 4 draw the horizontal 
line a; place the thickness, da, of the moulding at A from 
b to a, and from a draw the perpendicular line ae; from 
points 1, 2, 3, at 4, draw lines to C parallel to 4d; 
migisera 1, ¢ 2, and @ 3, at 6, and at C, equal to a 1, etc., at A; 
through the points, 1, 2, and 3, at 2, trace the curve—this 
will be the proper form for the raking moulding, From 1, 
2, and 3,at C, drop perpendiculars to the corresponding 
ordinates from 1, 2, and 3,at 4; through the points of inter- 
section, trace the curve—this will be the proper form for the 
return at the top. 


PART II. 


SECTION VI.—GEOMETRY. 


324.—Mathematies Essential.—In this and the following 
Sections, which will constitute Part II., there are treated of 
certain matters which may be considered as elementary. 
They are all very necessary to be understood and acquired 
by the builder, and are here compactly presented in a shape 
which, it is believed, will aid him in his studies, and at the 
same time prove to be a great convenience asa matter of 
Relerence, 

The many geometrical forms which enter into the 
composition of a building suggest a knowledge of Elemen- 
tary Geometry as essential to an intelligent comprehension 
of its plan and purpose. One of the prime requisites of a 
building is stability, a quality which depends upon a proper 
distribution of the material of which the building is con- 
structed; hence a knowledge of the laws of pressure and 
the strength of materials is essential; and as these are based 
upon the laws of proportion and are expressed more con- 
cisely in algebraic language, a knowledge of Proportion and 
of Algebra are likewise indispensable to a comprehensive 
understanding of the subject. There will be found in this 
work, however, only so much of these parts of mathematics 
as have been deemed of the most obvious utility in the 
Science of Building. Fora more exhaustive treatment of 
the subjects named, the reader is referred to the many able 
works, readily accessible, which make these subjects their 
specialties. 


325.—Elementary Geometry.—In all reasoning defini- 
tions are necessary, in order to insure in the minds of the 
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proponent and respondent identity of ideas. A corollary is 
an inference deduced from a previous course of reasoning. 
An axiom is a proposition evident at first sight. In the fol- 
lowing demonstrations there are many axioms taken for 
granted (such as, things equal to the same thing are equal to 
one another, etc.); these it was thought not necessary to 
introduce in form. 


326.—Definition.—If a straight line, as 4 B (Fig. 249), 
stand upon another straight line, as CD, so that the two 


A 


Cc B D 
FIG. 249. 


angles made at the point B are equal—A BC to 4 BD (Art. 
499, obtuse angle)—then each of the two angles is called a 
right angle. 


327.—Definition.—The circumference of every circle 
is supposed to be divided into 360 equal parts, called 
degrees; hence a semicircle contains 180 degrees, a quad- 
rant 90, etc. 


E . 
C B D 
Fic. 250. 


328.—Definition.—The measure of an angle is the num- 
ber of degrees contained between its two sides, using the 
angular point as a centre upon which to describe the arc. 
Thus the arc C Æ (Fig. 250) is the measure of the angle 
CBE, fA ot the angle £ DA, and A Doi theangle AT 


329.—Corollary.—As the two angles at B (Fig. 249) are 
right angles, and as the semicircle, C A D, contains 180 de- 
grees (Art. 327), the measure of two right angles, therefore, is 
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180 degrees; of one right angle, 90 degrees; of half a right 
angle, 45; of one third of a right angle, 30, etc. 


330.—Definition.—In measuring an angle (47ź. 328), no 
regard is to be had to the length of its sides, but only to the 
degree of their inclination. Hence egual angles are such as 
have the same degree of inclination, without regard to the 
length of their sides. 


.—If two straight lines parallel to one 
another, as AB and CD (Fig. 251), stand upon another 
straight line, as £ F, the angles A BF and CDF are seule 
and the sere ABES A to the angle C D Z. 


332.—Definition.—If a straight line, as A B (Fig. 250), 
stand obliquely upon another straight line, as C D, then one 
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of the angles, as A BC, is called an obtuse angle, and the 
other, as A BD, an acute angle. 


333.—Axiom.—The two angles A B Dand A BC (Fig. 250) 
are together equal to two right angles (Arts. 326, 329); also, 
Hiemtince angles AbD, EBA and CEE are together 
equal to two right angles. 


334.—Corolary.—Hence all the angles that can be 
made upon one side of a line, meeting in a point in that 
line, are together equal to two right angles. 


335,—Corollary.— Hence all the angles that can be made 
on both sides of a line, at a point in that line, or all the 
angles that can be made about a point, are together equal to 
four right angles. 
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336.—Proposition.—If to each of two equal angles a 
third angle be added, their sums will be equal. Let ABC 
and D E F (Fig. 252) be equal angles, and the angle / 7 K the 
one to be added. Make the angles G&A and H E D each 
equal to the given angle J F K; then the angle G BC will be 
equal to the angle H £ F; for if A B Cand DEF be angles 


H 


FIG. 252. 


of 90 degrees, and /¥K 30, then the angles GBC and 
fl EF will ‘be each equal to 90 and 30 added, viz., 120 
decrees, 


337.—Proposition.— Triangles that have two of their 
sides and the angle contained between them respectively 
equal, have also their third sides and the two remaining 


A D 


B C Z F 
FIG. 253. 


angles equal; and consequently one triangle will every way 


equal the other. Let A AC (Fig. 253) and DEF be two 
given triangles, having the angle at A equal to the angle at 


D, the side 4 B equal to the side D Æ, and the side 4 C 
equal to the side D F; then the third side of one, 2 C, is equal 
to the third'side of the other, 2 F; the angle at 4 1s cqui 
the angle at Æ and the angle at C is equal to the angle at 
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F, For if one triangle be applied to the other, the three 
points £, A, C, coinciding with the three points Æ, D, F, the 
WME C must coincide with the line £ F; the angle at B 
mith the angle at Z; the angle at C with the angle at F; 
and the triangle B A C be every way equal to the triangle 
AD F. 


338.—Proposition.—The two angles at the base of an 
isosceles triangle are equal. Let A BC (fig. 254) be an 


FIG. 254. 


isosceles triangle, of which the sides, A Band A C, are equal. 
Ibisect the angle (477. 306) 6 A C by the line A D. Then, the 
Mice. being equal to the line A C, the line A D of the 
mamele Z being equal to the line A D of the triangle ~ 
(being common to each), the angle B A D being equal to the 
angle D A C,—the line B D must, according to A7t. 337, be 


G D D Cc 
FIG. 255. 


equal to the line D C, and the angle at B must be equal to 
tieanele at C. 


339.—Proposition,—A diagonal crossing a parallelogram 
divides it into two equal triangles. Let CD EF (Fig. 255) 
be a given parallelogram, and C F a line crossing it diag- 
Ciaivemetnen.as 2 C iscqual to AD, and AF to CD, the 
angle at Æ to the angle at D, the triangle 4 must, according 
tom E a Be equal to the triangle £. 
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340.—Proposition.—Let F K L M (Fig. 256) be a given 
parallelogram, and A Z a diagonal. At any distance between 
¥Kand L M draw NP parallel to F K; through the point 
G, the intersection of the lines AZ and NP, draw H/ 
parallel to K M. In every parallelogram thus divided, the 
parallelogram A is equal to the parallelogram 4. For, ac- 
cording to Art. 339, the triangle F K Z is equal to the tri- 
angle K L M, the triangle C to the triangle D, and £ to F; 


this being the case, take D and F from the tnangle K Z M, 
and Cand Æ from the triangle Y K L, and what remains in 
one must be equal to what remains in the other; therefore, 
the parallelogram A is equal to the parallelogram ZB. 


341.—Proposition.—Parallelograms standing upon the 
same base and between the same parallels are equal. Let 
ABCD and EFCD (Fig. 257) be given parallelograms 


C D 
FIG. 257. 


standing upon the same base, CD, and between the same 
parallels, A F and CD. Then 4 2 and £F, being equal to 
CD, are equal to one another; B Æ being added to both 
ABand EF, AE equals BF; the line A C being equal to 
B D, and A E to B F, and the angle C A E being equal (Art. 
331) to the angle D b F, the triangle A Æ C must be equal 
(Art. 337) to the triangle B/D; these two triangles being 
equal, take the same amount, the triangle B E G, from each, 
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and what remains in one, A B G C, must be equal to what 
remains in the other, Æ FD G; these two quadrangles being 
equal, add the same amount, the triangle C G D, to each, and 
they must still be equal; therefore, the parallelogram 
A BCD is equal to the parallelogram £ F C D. 


34-2.—Corollary.— Hence, if a parallelogram and triangle 
stand upon the same base and between the same parallels, 


ES 
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F 


the parallelogram will be equal to double the triangle. 
Thus, the parallelogram A D (Fig. 257) is double (47t. 339) 
Gierttiangle C E D. 


343.—Proposition.—Let FG H D (Fig. 258) bea given 
quadrangle with the diagonal FD. From G draw GE 


FIG. 259. 


parallel to FD; extend HD to Æ; join Fand Æ; then the 
triangle FE H will be equal in area to the quadrangle 
FGHD. For since the triangles FDG and FDE stand 
upon the same base, FD, and between the same parallels, 
FD and G £, they are therefore equal (Arts. 341, 342); and 
since the triangle C is common to both, the remaining tri- 
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angles, A and £, are therefore equal; then, 2 being equal to 
A, the triangle / & M is equal to the quadrangle ~ G AD. 


344. Proposition.—lf two straight lines cut each other, 
as /G and H 7 (Fig. 259), the vertical, or opposite angles, 
A and C, are equal. Thus, FÆ, standing upon A F, forms 
the angles 4 and C, which together amount (Art. 333) to two 
right angles; in the same manner, the angles A and B form 
two right angles; since the angles 4 and b are equal to B 
and C, take the same amount, the angle 5, from each pair, 
and what remains of one pair is equal to what remains of 
the other; therefore, the angle A is equal to the angle C. 
The same can be proved of the opposite angles 8 and D. 

F E 


B C D 
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345.—Proposition.—The three angles of any triangle are 
equal to two right angles. Let A BC (Fig. 260) be a given 
triangle, with its sides extended to ~, Æ and D, and the line 
CG drawn parallel to BZ. As GCis parallel to Æ B, the 
anele at M is equal (472. 331) to the angle at 2s 1s the lume: 
F Cand BE cut one another at A, the opposite angles at w 
and N are equal (A77, 334); as the angle at M is equal (Azz 
331) to the angle at F, the angle at F is equal to the angle at 
M, therefore, the three angles meeting at C are equal to the 
three angles of the triangle A BC; and since the three angles 
at C are equal (472.333) to two right angles, the three angles 
of the triangle A BC must likewise be equal to two right 
angles. Any triangle can be subjected to the same proof. 


346.—Coroliary.—Hence, if one angle of a triangle be a 
right angle, the other two angles amount to just one right 
angle. 


RIGIIT ANGLE IN SEMICIRCLE. 355 


34.7.—Corollary.—If one angle of a triangle be a ‘right 
angle and the two remaining angles are equal to one another, 
these are each equal to half a right angle. 


348.—Corellary-—If any two angles of a triangle amount 
to a right angle, the remaining one is a right angle. 


34.9.—Corollary.—If any two angles of a triangle are to- 
gether equal to the remaining angle, that remaining angle ts 
a right angle. 


350.—Corollary.—If any two angles of a triangle are each 
equal to two thirds of a right angle, the remaining angle is 
also equal to two thirds of a right angle. 


351.—Corollary.—Hence, the angles of an equilateral 
triangle are each equal to two thirds of a right angle. 
B: a 
NG 
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352.—Proposition.—lf{ from the extremities of the di- 
ameter of a semicircle two straight lines be drawn to any 
point in the circumference, the angle formed by them at that 
poimt willbe aright angle. Let A ZC (Fig. 261) bea given 
semicircle; and A Band BC lines drawn from the extrem- 
mies @l the diameter AC tothe given point 4; the angle 
formed at that point by these lines is a right angle. Join 
Maespoint 4 and the centre D; the lines DA, D4, and DC, 
being radii of the same circle, are equal; the angle at Æ is, 
therefore, equal (47. 338) to the angle at Æ; also, the angle 
AEC RETo the same reason, equal tothe angle at F; the 
angle A BC, being equal to the angles at A and C taken to- 
Se St theretore (A77, 340), be a right angle. 


353.—Proposition.—The square on the hypothenuse of a 
right-angled triangle is equal to the squares on the two re- 
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maining sides. Let 4 BC (7g. 262) be a given right-angled 
triangle, having a square formed on each of its sides; then 
the square B Æ is equal to the squares Æ Cand GB taken 
together. Thiscan ke proved by showing that the parallelo- 
gram LL is equal to the square GA; and that the parallelo- 
eram C L is equal to the square AC Thean e ean) 
right angle, and the angle A B Fis aright angle; add to each 
of these the angle 4 BC; then the angle FB C will evidently 
be equal (47ż. 336) to the angle A BD; the triangle FBC 
and the square G £, being both upon the same base, F B, and 
between the same parallels, FB and GC, the square G B is 
equal (Artz. 342) to twice the triangle FB C; the triangle 
A BD and the parallelogram & L, being both upon the same 
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base, B D, and between the same parallels, BD and A L, the 
parallelogram SZ is equal to twice the triangle ABD; 
the triangles, FB C and A BD, being equal to one another 
(Art. 337), the square GB is equal to the parallelogram BZ, 
either being equal to twice the triangle FB C or A BD. The 
method of proving HC equal to C L is exactly similar—thus 
proving the square B E equal to the squares Æ C and G B, 
taken together. 

This problem, which is the 47th of the First Book of 
Euclid, is said to have been demonstrated first by Pythago- 
ras. It is stated (but the story is of doubtful authority) 
that as a thank-offering for its discovery he sacrificed a hun- 
dred oxen to the gods. From this circumstance it 1s some- 
times called the %ecatomò problem. It is of great value in 
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the exact sciences, more especially in Mensuration and As- 
tronomy, in which many otherwise intricate calculations are 
by it made easy of solution. 


354.—Proposition.—In an equilateral octagon the semi- 
diagonal of a circumscribed square, having its sides coinci- 
dent with four of the sides of the octagon, equals the dis- 
tance along a side of the square from its corner to the more 
remote angle of the octagon occurring on that side of the 
square. Let /vg. 263 represent the square referred to; in 
which O is the centre of each; then A O equals A D. To 
prove this, it need only be shown that the triangle A OD is 
an isosceles triangle having its sides 4 O and A D equal. The 
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octagon being equilateral, it is also equiangular, therefore 
memos SCO, ECO, A DO, ete, are all equal. Of the 
right-angled triangle FEC, F C and FE being equal, the 
two angles FEC and FCE, are equal (Art. 338), and are 
therefore (Art. 347) each equal to half a right angle. In like 
manner it may be shown that FA B and FB A are also each 
equal to half a right angle. And since FE Cand FA P are 
equal angles, therefore the lines Æ C and 4 B are parallel 
(Art. 331,) and hence the angles E C O and A OD are equal. 
These being equal, and the angles ECO and A DO being 
equal by construction, as before shown, therefore the angles 
A ODand AD O are equal, and consequently the lines A O 
and Aare equal. (472. 338.) 
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355.—Proposition.—An angle at the circumference of a 
circle is measured by half the arc that subtends it; that is, 
the angle A BC (Fig. 264) is equal to half the angle A DC. 
Through the centre D draw the diameter BÆ. The tri- 
angle A BD isan isosceles triangle, 4 Dand B D being ra- 
dii, and therefore equal; hence, the two angles at F and G 
are equal (Art. 338), and the sum of these two angles is equal 
to the angle at A (Ari. 345), and therefore one of them, GiS 
equal to the half of H. The angles at H and at G (or A B E) 
are both subtended by the arc A Æ. Now, since the angle 


B 
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at H is measured by the arc 4 Æ, which subtends it, there- 
fore the half of the angle at Æ would be measured by the 
half of the arc AZ; and since G is equal to the half of H, 
therefore G or 4 B £ is measured by the half of the arc 4 £. 
It may be shown in like manner that the angle EAC is 
measured by half the arc £ C, and hence it follows that the 
angle A BC is measured by half the arc, A C, that sub- 
tends it. l 


356.—Proposition.—In a circle all the inscribed angles, 
A, B, and C (Fig. 265), which stand upon the same side of the 
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Gaeta 2 are equal. For each angle is measured by half 
five J E (Ari, 355). Hence the angles are all equal. 


357.—Corollary.—Equal chords, in the same circle, sub- 
tend equal angles. 


Fic. 265, 


358.—Proposition.—The angle formed by a chord and 
tangent is equal to any inscribed angle in the opposite seg- 


H 
Fre. 266. 


iNemtemettercirele, that is, the angle D (Fze. 266) equals the 
angle A. Let HF be the chord, and £G the tangent; draw 
the diameters; 7 then 7/7 G is a right angle, also 7/7 Aie 
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aright angle. (Art.352.) The angles 4 and Z together equal 
a right angle (rż. 346); also the angles B and D together 
equal a right angle (equal to the angle ¥ 7G); therefore, the 
sum of A and X equals the sum of Band D. From each of . 
these two equals, taking the like quantity A, the remainders 
A and D are equal. Thus, it is proved for the angle at A; 
it is also true for any other angle; for, since all other in- 
scribed angles on that side of the chord line Æ F equal the 
angle A (Art. 356), therefore the angle formed by a chord 
and tangent equals any angle in the opposite segment of the 
circle. This being proved for the acute angle D, it is also 
true for the obtuse angle £H F; for, from any point, K (Fig. 
267) in the arc H K F, draw lines to ¥, F and HÆ; now, if itcan 


Fic. 267. 


be proved that the angle Æ H F equals the angle FK H, the 
entire proposition is proved, for the angle FK H equals any 
of all the inscribed angles that can be drawn on that side of 
the chord. (477. 356.) To prove, then, that Æ H F equals 
H KF: the angle £ HF equals the sum of the angles A and 
B; also the angle Æ K F equals the sum of the angles C and 
D. The angles # and D, being inscribed angles on the same 
chord, YF, are equal. The angles C and J, being right angles 
(Art. 352), are likewise equal. Now, since A equals C and B 
equals D, therefore the sum of A and B equals the sum of C 
and D—or the angle £ H F equals the angle 7 KF. 


359. — Proposition.— The areas of parallelograms of 
equal altitude are to each other as the bases of the parallelo- 


FARALLELOGRAMS PROPORTIONATE TO BASES. 361 


grams. In /7g. 268 the areas of the rectangles d P CD and 
BE DF are to each other as the bases CD and DF. For, 
putting the two bases in form of a fraction and reducing this 
fraction to its lowest terms, then the numerator and denomi- 
nator of the reduced fraction will be the numbers of equal 
parts into which the two bases respectively may be divided. 
For example, let the two given bases be 12 and ọ feet respect- 
ively, then 12 = 4, and this gives four parts for the larger 
base and three parts for the smaller one. So, in Fig. 268, 
divide the base C D into four equal parts, and the base D F 
into three equal parts; then the length of any one of the 
parts in CD will equal the length of any one of the parts in 
DF. Now, parallel with A C, draw lines from each point of 
division to the line A Æ. These lines will evidently divide 
the whole figure into seven equal parts, four of them occupy- 


A B E 
Cc D 
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ing the area A A C D, and three of them occupying the area 
tee DF. Now it is evident that the areas of the two rect- 
angles are in proportion as the number of parts respectively 
into which the base-lines are divided, or that— 


A Ja CID 3 IR JIE Deer 3 D IE 


The areas in this particular case are as 4 to 3. But in gen- 
eral the proportion will be as the lengths of the bases. 
Thus the proposition is proved in regard to rectangles, but 
it has been shown (Art. 341) that all parallelograms of equal 
base and altitude are equal. Therefore the proposition is 
proved in regard to parallelograms generally, including rect- 
angles. 


360.—Proposition.—Triangles of equal altitude are to 
each other as their bases. It has been shown (47¢. 359) that 
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parallelograms of equal altitude are in proportion as their 
bases, and it has also been shown (47+. 342) that of a triangle 
and parallelogram, when of equal base and altitude, the 
parallelogram is equal to double the triangle. Therefore 
triangles of equal altitude are to each other as their bases. 


361.— Proposition.— Homologous triangles have their 
corresponding sides in proportion. Let the line CD (Fig. 
269) be drawn parallel with A B. Then the angles £ CD 
and £ A B are equal (A7z. 331), also the angles & D C and 
E B A are equal. Therefore the triangles £ CD and 2 A B 
are homologous, or have their corresponding angles equal. 


= 
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For, join C to &, and A to D, then the triangles Ad C D and 
BCD, standing on the same base, CD, and between the 
same parallels, CD and A b, are equal in area. To each 
of these equals join the common area C DF, and the sums 
ADF and BCZ will be egual. The triangles C DZ amd 
ADF, having the same altitude, are to each other as 
their bases CE and A £ (Art. 360), or— 


(ee AD ECE A 


Also the triangles COZ and LCE, having the same alti- 
tude, are to each other as their bases D £ and & E, or— 


Cope ERP CET DD E AE. 
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And, since the triangles A DE and £ C£ are equal, as before 
shown, therefore, substituting in the last proportion 4d D E 
for BC E, we have— 


(CIO TE i SOLD ea Oy De Sy 


The first two factors here being identical with the first two 
in the first proportion above, we have, comparing the two 
proportions— 

CPA Fe ee) es fe 


or, we have the corresponding sides of one triangle, CD £, 
in proportion to the corresponding sides of the other, A BEL. 
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362.—Proposition.—Two chords, £ F and CD (Fig. 270), 
intersecting, the parallelogram or rectangle formed by the 
two parts of one is equal to the rectangle formed by the 
two parts of the other. That is, the product of C G multi- 
plied by G D is equal to the product of Æ G multiplied by 
GF. The triangle 4 is similar to the triangle B, because it 
has corresponding angles. The angie Æ equals the angle G 
(477 344) the angle at 7 equals the angle at X, because 
they stand upon the same chord, D F (Art. 356); for the same 
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reason the angle Æ equals the angle L, for each stands upon 
the same chord, Æ C. Therefore, the triangle A having the 
same angles as the triangle B, the length of the sides of one 
are in like proportion as the length of the sides in the other 
(Art. 361). So— 

Cl: £ C2 2G were. 


Hence, as the product of the means equals the product of 
the extremes (A7t¢. 373), Æ G multiplied by GF is equal to 
C G multiplied by GD. 


363.—Proposition.—If the sides of a quadrangle are 
bisected, and lines drawn joining the points of bisection in 
the adjacent sides, these lines will form a parallelogram. 


A 
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Draw the diagonals A B and CD (Fig. 271). It will here be 
perceived that the two triangles A £ O and A C D are homol- 
ogous, having like angles and proportionate sides. Two of 
the sides of one triangle le coincident with the two corres- 
ponding sides of the other triangle, therefore the contained 
angles between these sides in each triangle are identical. 
By construction, these corresponding sides are proportion- 
ate; AC being equal to twice A £, and 4 D being equal to 
twice A O; therefore the remaining sides are proportionate, 
CD being equal to twice Æ O, hence the remaining corres- 
ponding angles are equal. Since, then, the angles A ZO 
and ACD are equal, therefore the line Æ Q is parallel with 
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the diagonal C D—so, likewise, the line J7 N is parallel to the 
same diagonal, CD. If, therefore, these two lines, Æ O and 
M N, are parallel to the same line, CD, they must be parallel 
to each other. Inthe same manner the lines OW and £ M 
are proved parallel to the diagonal A B, and to each other ; 
therefore the inscribed figure ATE OW isa parallelogram. 
It may be remarked, also, that the parallelogram so formed 
will contain just one half the area of the circumscribing 
quadrangle. 


SECTION VIIL—RATIO, OR PROPORTION. 


364.—Merchandise.—A carpenter buys 9 pounds of nails 
for 45 cents. He afterwards buys 87 pounds at the same 
rate. How much did he pay for them? 

An answer to this question is readily found by multiply- 
ing the 87 pounds by 45 cents, the price of the 9 pounds, 
and dividing the product, 3915, by 9; the quotient, 435 cents, 
is the answer to the question. 


365.—The “Rule of Three.”—The process by which 
this problem is solved is known as the Rule of Three, or 
Proportion. 

In cases of this kind there are three quantities given. to 
find a fourth. Previous to working the question it is usual 
to make a statement, placing the three given quantities in 
such order that the quantity which is of like kind with the 
answer shall occupy the second place; the quantity upon 
which this depends for its value is put in the first place, and 
the remaining quantity, which is of like kind with that in the 
first place, is assigned to the third place. 

When thus arranged, the second and third quantities are 
multiplied together and the product is divided by the first 
quantity; the quotient, the answer to the question, is a 
fourth quantity. These four quantities are related to each 
other in this manner, namely: the first is in proportion to 
the second as the third is to the fourth; or, taking the 
quantities of the given example, and putting them in a for- 
mal statement with the customary marks between them, we 
have = 

9: 45 :: 87 : 435, 


which is read: 9 is to 45 as 87 is to 435; or, g is in propor 
tion to 45 as 87 is to 435; or, 9 bears the same relation to 45 
as 87 does to 435. 


tt 


EQUALITY OF RATIOS. 307 


366.—Couples: Antecedent, Consequent.—These four 
quantities are termed Proportionals, and may be divided into 
two couples; the first and second quantities forming one 
couple, and the third and fourth the other couple. Of each 
couple the first quantity 1s termed the antecedent, and the 
last the consequent. Thus gis an antecedent and 45 its con- 
sequent; so, also, 87 is an antecedent and 435 its consequent. 


367.—Equal Couples: an Equation.—These four quan- 
tities may be put in form thus: 


Each couple is here stated as a fraction: each has its ante- 
cedent beneath its consequent, and the two couples are 
separated by a sign, two short parallel lines, signifying 
equality. This is an eguation, and is read thus: 45 divided 
by 9 is equal to 435 divided by 87; or, as ordinary fractions: 
45 ninths are equal to 435 eighty-sevenths. 


368.—Equality of Ratios. — Each couple isalso termed a 
Ratio, and the two the Equality of Ratios. Thus the ratio 


49 is equal to the ratio A If the division indicated in 


these two ratios be actually performed, the equality between 
the two will at once be apparent, for the quotient in each 
case is 5. The resolution of each couple into its simplest 
form by actual division is shown thus: 


435 
Ca 


These are read: 45 divided by 9 equals 5; and 435 divided 
by 87 equals 5. 


369.—Equals Multiplied by Equals Give Equals.—If two 
equal quantities be each multiplied by a given quantity, the 
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two products will be equal. For example, the fractions 2 
and 2 are each equal to 4, and are therefore equal to each 
other. If these two equal quantities be each multiplied by 
any given number, say, for example, by 4, we shall have 4 
times 2 equals $, and 4 times 3 equals 12; these products, $ 
and 42 are each equal to 2, and therefore equal to each 
other. 


370.—Multiplying an Equation.—The quantity on each 
side of the sign = is called a member of the equation. If 
each member be multiplied by the same quantity, the 
equality of the two members is not thereby disturbed (477. 
369); therefore, if the two members of the equation 


3 = a (Art. 367) be each multiplied by 87, or be modified 
thus: 
45x87 _ 435 x 87. 
9 To 


in which x, the sign for multiplication, indicates that the 
quantities between which it is placed are to be multiplied 
together; this ddition to each member of the equation does 
not destroy the equality; the members are still equal, 
though considerably enlarged. The equality may be easily 
tested by performing the operations indicated in the equa- 
tion. For example: for the first member, we have 45 times 
87 equals 3915, and this divided by ọ equals 435. Again, for 
the second member we have 435 times 87 equals 37845, and 
this divided by 87 equals 435, the same result as that for the 
first member. Thus the multiplication has not interfered 
with the equality of the members. 


371.—Multiplying and Dividing one Member of an 
Equation: Cancelling.—If a quantity be multiplied by a 
given number, and the product be divided by the same 
given number, the quotient will equal the original quantity. 
For example: if 8 be multiplied by 3, the product will be 24; 
then if this product be divided by 3, the quotient will be 8, 
the original quantity. Thus the value of a quantity is not 
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changed by multiplying it by a number, provided it be also 
divided by the same number. 

From this, also, we learn that the value of a quantity 
which is required to be multiplied and divided by the same 
number will not be changed if the multiplication and divis- 
ion be both omitted; one cancels the other. Therefore the 
number 87, appearing in the second member of the equation 
in the last article both as a multiplier and a divisor, may be 
omitted without destroying the equality of the two mem- 
bers. The equation thus treated will be reduced to— 


45 x 87 


a 


This expression is read : the product of 45 times 87 divided 
by 9 equals 435. It will be observed that we have here the 
ur terms of the problem in A7/. 365, three of them in the 
first member, and the fourth, the answer to the problem, in 
the second member. 


372.— Transferring a Factor.—Each of the four quan- 
tities in the aforesaid equation is termed a factor. Compar- 
ing the equation of the last article with that of Art. 43, it 
appears that the two are alike excepting that the factor 87 
has been transferred from one member of the equation to 
the other, and that, whereas it was before a divisor, it has 
now become a multipher. From this we learn that a factor 
may be transferred from one member of an equation to the 
other, provided that in the transfer its relative position to 
the horizontal line above or below it be also changed; that 
is, if, before the transfer, it be below the line, it must be put 
above the line in the other member; or, if above the line, it 
must be put below, in the other member. For example: in 
the equation of the last article let the factor 9 be removed 
to the second member of the equation. It stands as a divi- 
sor in the first member ; therefore, by the rule, it must appear 
as a multiplier after the transfer; or— 


45 x 87 = 9 X 435; 
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which is read, 45 times 87 equals 9 times 435. By actually 
performing the operations here indicated, we find that each 
member gives the same product, 3915; thus proving that 
the equality of the two members was not interfered with 
by the transfer. 


373.—Equality of Products: Means and Extremes.—In 
Art. 366, the four factors are put in the usual form of four 
proportionals. A comparison of these with the four factors 
as they appear in the equation in the last article, shows that 
the first member contains the second and third of the four 
proportionals, and the second member contains the first and 
the fourth; or, the first contains what are termed the 
means, and the second, the extremes. From this we learn 
that in any set of four proportionals, the product of the 
means equals the product of the extremes. As for example, 


6 ; 
= Ig; so, also, ~ = 14, an equality of ratios: encemene 
2 4 


€ 
ad 
—_ 


four factors, 2, 3, 4, 6, are four proportionals, and may be 
put thus: 


Extreme, mean, mean, extreme. 


2. 2 2 peeve eo 


aud, as above stated, the product of the means (3x4 =) 12, 
equals the product of the extremes 2-40 — ar 


374. — Homologous Triangles Proportionate.— The 
discussion of the subject of Ratios has thus far been con- 
fined to its relations with the mercantile problem of Art. 
364. The rules of proportion or the equality of ratios 
apply equally to questions other than those of a mercantile 
character. They apply alike to all questions in which quan- 
tities of any kind are comparable. For example, in geome- 
try, lines, surfaces, and solids bear a certain fixed relation to 
one another, and are, therefore, fit subjects for the rules of 
proportion. It is shown, in 47ż. 361, that the correspond- 
ing sides of homologous triangles are in proportion to one 
another. Hence, when, of two similar triangles, two corres- 
ponding sides and one other side are given, then by the 
equality of ratios the side corresponding to this other side 
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may be computed. For example: in two triangles, such as 
io and E AG (fig. 269), having their corresponding 
emetes equal, let the side & C, in the triangle & CD, equal 12 
feet, ancl the corresponding side Æ A, m the triangle Z A B, 
Equal fcet, and the side Æ D, of triangle A CD, equal 14 
feet. Now, having these three sides given, how can we find 
the fourth? Putting them in proportion, we have, as in 
Art. 361— 
CIE A JE Be TO We 


and, substituting for the known sides, their dimensions, we 
have— 
ELO A fe 
and, by Art. 373— 
12 hee = 10 ae 


Dividing each member by 12, gives— 


16 x 14 


12 


D = 


Perforining the multiplication and division indicated, we 
Ene 


Thus we have the fourth side equal to 182 feet. 


375.—The Steclyard.—An example of tour proportion- 
als may also be found in the relation existing between the 
arms of a lever and the weights suspended at theirends. A 
familiar example of a lever is seen in the common steelyard 
used by merchants in weighing goods. This isa bar, 4 2, 
of steel, arranged as in Fzg. 272, with hooks and links, and a 
suspended platform to carry &, the article to be weighed ; 
and with a weight P, suspended by a link at Z, from the bar 
A B, along which the weight P is movable. 

The entire load is sustained by links attached to the ful- 
crum, or point of suspension C. The apparatus is in equi- 
librium without R and A In weighing any article, A, the 
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weight P is moved along the bar B C until the weight just 
balances the load, or until the bar A B will remain in a hori- 
zontal position. If the weight P be too far from the fulcrum 
C the end of the bar 2 will fall, but if it be too near it will 
rise. 


376.—The Lever Exemplified by the Steelyard. — To 
exemplify the principle of the lever, let the bar APARA 
272) be balanced accurately with the scale platform, but 
without the weights R and P. Then, placing the article A, 
upon the platform, move the weight P along the beam until 
there is an equilibrium. Suppose the distances 4 C and BC 
are found to be 2 and 4ọ inches respectively, and suppose 


Fic, 272. 


the weight P to equal 5 pounds, what at this point will be 
the weight of R? By trial we shall find that Æ = 100 pounds. 
Again, if a portion of R be removed, then the weight P 
would have to be moved along the bar Æ C to produce an 
equilibrium ; suppose it be moved until its distance from C 
be found to be 20 inches, then the weight of R would be 
found to be 50 pounds, or— 


R= 50 pounds. 


Again, suppose a part of the weight taken from & be re- 
stored, and the weight Z, on being moved to a point re- 
quired for equilibrium, be found to measure 30 inches from 
C, then we shall find that— 


75 pounds. 
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Thus when— 


100 
i= AO. i = 100 o, = 2-5 ; 
40 


= eee ee 
BIS Bh ES A a a 


DC ==) 201s == "50.5 Of, Be = 2:5; 
20 
showing an equality of ratios; or, in general, BC is in pro- 
portion to A, or— 
(EE RI 


If, instead of moving P along C, its position be permanent, 
and the weight P be reduced as needed to produce equilib- 
rium with the various articles, Æ, which in turn may be 
put upon the scale; then we shall find that if when the 
weight P equals 5 pounds the article Æ equals 100, and there 
is an equilibrium, then when— 


P= 2 


ETT ; E L a 
Sea R will equal zg X 100 = 90; 


8 8 
A a ll equal — x NOG) == 50 


p=~ x 5 = 3-5, & will equal Zs 106 = 70" 


and so on for other proportions, and in every case we shall 


ek 
have the ratio - equal 20, thus— 


JP 

Vie go 

— == = 20 
ie pes: 

k _ 80_, 
(ce) E 
R 70 
a [S a20. 
P č 3° 5 
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Thus we have an equality of ratios in comparing the 
weights. 

Again, if the weight P and the article R be permanent in 
weight, and the distances A C, BC be made to vary, then if 
there bean equilibrium when 4 C is 2 amd DC 1s 4o we 
shall find that when— 


3 8 
Ag Oi sa = ae BC will equal To * 40 = 32: 


6 6 . 
AG Se x2 = leo B C will equal — X40 2205 


oe oe <2 = Oe BC will equal + x 40 =16: 
10 10 


and so on for other proportions, and in every case we shall 


-D 
have the ratio n = 20; thus— 


BC 3 
TG, SAE 
DCT 
AG ao 
BC 16 

= — = 20; 
AC 0-8 


producing thus an equality of ratios in comparing the arms 
of the lever. From these experiments we have found, in 
comparing the article weighed with an arm of the lever, the 
constant ratio BC: R, and when comparing the weights 
we have found the constant ratio P : R. Again, in com- 
paring the arms of the lever, we find the constant ratio 
AC: BC. Putting two of these couples in proportion, we 
have— 

PARC ee E 


Hence (Art. 373) we have— 
ACxh= LC xP. 
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Dividing both members by 4 C, we have— 


DCL 
ne re 


In a steelyard the short arm, A C, and the weight, or poise, 
P, are unvarying ; therefore we have— 
P 


K=BOx ae; 


or, when is constant, we have— 


r? 
WG 
R 2 JB C 


377.—The Lever Principle Demonstrated.. The rela- 
tion between the weights and their arms of leverage may be 
demonstrated as follows: * 


Let A BGA, Fig. 273, represent a beam of homogeneous 
material, of equal sectional area throughout, and suspended 
upon an axle or pin at C, its centre. This beam is evidently 
in a state of equilibrium. Of the part of the beam ADC X, 
let be the centre of gravity; and of the remaining part, 
wee fi, let 7 be the centre of gravity. 

If the weight of the material in A D G K be concentrated 
at £, its centre of gravity, and the weight of the material in 


* The principle upon which this demonstration is based may be found in an 
article written by the author and published in the Mathematical Monthly, Cam- 
bridge, U. S., for 1358, p. 77. 
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DBR be concentrated in ~, its centre of graviy iii 
state of equilibrium will not be interfered with. Therefore 
let the ball R be equal in weight to the part A D G K, and 
the ball P equal to the weight of the part DBA A; and let 
these two balls be connected by the rod EF. Then these 
two balls and rod, supported at C, will evidently be in a 
state of equilibrium (the rod Æ F being supposed to be with- 
out weight). 

Now, it is proposed to show that Æ is to P as CF is to 
CE. This can be proved; for, simce A equals the tira 
ADGK and P equals the area D BK H, therefore R is in 
proportion to A D, as P is to OB (A77 359); or, takanesaae 
halves of these lines, R is in proportion to A F as P is to 
Ie Ia. 

Also, 7 Z equals half the length of the beam; for 7 Diis 
the half of A D, and DZ is the half of DB; thus these two 
parts (X D + D L) equal the half of the two parts (4 D+ D B); 
or, F L equals the half of A B; or, we have— 


Adding these two equations together, we have— 


AD _DB_AD+DB 


2 2 


- —_ 


Now, 703 DL= FL, and 2 fs, “therelone: 
AB 
FL = a 
Thus we have AM = FL. From each of these equals 
take YM, common to both, then the remainders, A ¥ and 
Wel will be cgual; therefore, A 7 == C7. 
We have also ML = 7. From each of these equals 
take M L, common to both, and the remainders, FAZ and 
LB, will be caual, therefore, B= EC. As waseabeve 


shown— 


IR AS aay eee L: 
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Substituting for A F and ZZ their values, as just found, 


we have— 
REL a ee aC 


from which we have (Art. 373)— | 
Pear — We fe, 


Thus it is demonstrated that the product of one weight into 
its arm of leverage, is equal to the product of the other 
weight into its arm of leverage: a proposition which is 
known as the law of the lever. 


378.—Any One of Four Proportionals may be Found. 
—Any three of four proportionals being given, the fourth 
may be found; for either one of the four factors may be 
made to stand alone; thus, taking the equation of the last 
make ii we divide both members by CF (Art. 371), we 
have— 
Oi PRC 


Ge — “Cie 


In the first member C F, in both numerator and denominator, 
cancel each other (Art. 371), therefore— 


so likewise we may obtain— 
(ie eS 
a 


K 
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379.—A Fraction Defined.—As a fracture is a break or 
division into parts, so a fraction is literally a piece broken off; 
a part of the whole. 

The figures which are generally used to express a frac- 
tion show what portion of the whole, or of an integer, the 
fraction is: for example, let the line 4 2, (A:s. 274), be divided 
into five equal parts, then the line A C, containing three of 
those parts, will be three fifths of the whole line 4 4, and 


may be expressed by the figures 3 and 5) placed tls n 


which is known as a fraction and is read, ¢hree fifths. The 
number 5 below the line denotes the number of parts into 
which an integer or unit, A 2, is supposed to be divided: it 


E] 
A D E © B 
PNG A7 


is therefore called the denominator, and expresses th2 denom- 
ination or kind, whether fifths, sixths, ninths, or any number, 
into which a unit is supposed to be divided. The number 
3 above the line, denoting the number of parts contained in 
the fraction, is termed the vemeralor. and expresses the 
number of parts taken, as 2, 3, 4, or any other number. 


380.— Graphical Representation of Fractions: Effeet 
of Multiplication.—In /7zg. 275, let the line AZ be di- 
vided into three equal parts; the line CD into six equal 
parts; the line £ F into nine equal parts; the line G #7 into 
twelve equal parts, and the line ¥ X into fifteen equal parts. 
The lines AL (CD EF, GH, and JA bens all offeqimal 


length. 
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@hen the parts of these lines, AZ, CM, EN, etc., may 
be expressed respectively by the fractions a a 3, 4% and >. 
BO Out2 15 
Maach case the figure below the line, as, 3, 6, 9, 12, or 15, 
expresses the number of parts into which the whole is di- 


vided, and the figure above the line, as 1, 2, 3, 4, or 5, the 


number of the parts taken; and, as the lines 4 Z, CAV, E N, 
etc., are all equal to each other, therefore these fractions are 
all equal to each other. If the numerator and denominator 
of the first fraction be each multiplied by 2, the products 
will equal the numerator and denominator of the second 


fraction; thus— 


1x 2=2— 
2 Xgee= 0 
so, also, a =3, 
So = © 
and ease 
3x4=12 
and ae D 
T 


Thus it is shown that when the numerator and denomi- 
nator of a fraction are each multiplied by the same factor, 
the product forms a new fraction which is of equal value 
with the original. 


In like manner we have, 2 Dd 2 etc., each equal to 


Ga 1G 20 
one fourth; and which may be found by multiplying the 


I 
numerator and denominator of — successively by 2, 3, 4, 5, etc. 
4 
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381.—Form of Fraction Changed by Division.—By an 
Operation the reverse of that in the last article, we may re- 
duce several equal fractions to oze of equal value. Thus, if 
in each we divide the numerator and denominator by the 
same number, we reduce it to a fraction of equal value, but 
with smaller factors. 

For example, taking the fractions of the last article, 2, 3, 


+s, zs, let each be divided by a number which will divide 


both numerator and denominator without a remainder.* 


Thus, 


As these fractions are shown (Art. 380) to be equal, and 
as the operation of dividing each factor by a common num- 
ber produces quotients which in each case form the same 
fraction, 4}, we therefore conclude that the numerator and- 
denominator of a fraction may be divided by a common 
number without changing the value of the fraction. 


382.—Improper Fractions,—The fractions 3,7, ¥, etc., 


- all fractions which have the numerator larger than the de- 
nominator are termed zwproper fractions. They are not im- 
proper arithmetically, but they are so named because it isan 
improper use of language to call that a pav¢ which is greater 
than the whole. | 

As expressions of this kind, however, are subject to the 
same rules as those which are fractions proper, it 1s custom- 
ary to include them all under the technical term of fractions. 
Expressions like these—all expressions in which one number 
is separated by a horizontal line from another number below 
it, or one set of numbers is thus separated from another set 
below it—may be called fractions, and are always to be un- 
derstood as. indicating division, or that the quantity above 
the line is to be divided by the quantity below the line. 


* Division is indicated by this sign -+, which is read ‘‘ divided by.” 
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17 oe ; 
Thus, 2, =, = oo eae ———, etc., are all fractions, tech- 
op 2 212 125 
nically, although each may be greater than unity. And it is 
understood in each case that the operation of division is re- 
2 8 ae 
quired. Thus, 2 = 3, “4 = 8, $X 4 — 4 When the divis- 
3 3 2 a2 
ion cannot be made without a remainder, then the fraction, 
by cutting the numerator into two, may be separated into two 


parts, one of which may be exactly divided, and the other 
will be a fraction proper. Thus, the fraction - is equal to 


D + doS 2 = 17); and since 2 equals 3, therefore, 


5 
oe = E a 3 p So, likewise, the fraction 
17x82 _ 1394 1375, 19 4, 19 19 
125 125 Is, a2; 125 125 


383.—Reduction of Mixcd Numbers to Fractions.—By 
an operation the reverse ot that in the last article, a given 
mixed number (a whole number and fraction) can be put 
into the form of an improper fraction. 

This is done by multiplying the whole number by the de- 
nominator of the fraction, the product being the numerator 
of a fraction equal in value to the whole number ; the de- 
nominator of this fraction being the same as that of the given 
fraction. The numerator of this fraction being added to the 
numerator of the given fraction, the sum will be the numera- 
tor of the required improper fraction, the denominator of 
which is the same as that of the given fraction. For example, 
the required numerator for— 


oe e oe = 0 2. = f. 
alot 9. 56.2, = 2. 
peice ee 1 ose = UY. 
384, the Factors put as a Frac- 
, 3 5 120 
tion.—F actors placed in the form of a fraction as ma) al 
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orr MT: . 

ma indicate division (47. 382); the denominator (the fac- 
tor below the line) being the divisor, and the numerator 
(the factor above the line) the dividend, while the value of 


À 
the fraction is the quotient. Thus of the fractior Szo =e 


41 is the divisor, 820 the dividend, and 20 the quotient. 
From this we learn that division may always be indicated 
by placing the factors in the form of a fraction, so that the 
divisor shall form the denominator and the dividend the nu- 
merator. 


385.—Addition of Fractions having Like Denomina- 
3 : , I 2 
tors.—Let it be required to add the fractions p and = By 


referring to Arz. 379 we see that A D (fig. 274), is one of the 
five parts into which the whole line 4 B is divided; it is, 


I 
therefore, r We also see that D C contains two of the five 


D 


p its) O Wealsoseethatd D+ DC=AC, 


which contains three of the five parts, or AC = : Ol Ages 


We therefore conclude that = + : = . In this operation it 
is seen that the denominator is not changed, and that the 
resultant fraction has for a numerator a number equal to the 
sum of the numerators of the fractions which were required 
to be added. 

By thisit is shown that to add fractions we simply take 
the sum of the numerators for the new numerator, making the 
denominator of the resultant fraction the same as that of the 
fractions to be added. For example: What is the sum of the 


fractions > 7 and z Here we have 1+3+4=8 for the 


numerator, therefore— 
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386.—Subtraction of Fractions of Like Denominators.— 
Subtraction is the reverse of addition; therefore, to sub- 
tract fractions a reverse operation is required to that had in 
the process of addition; or simply to subtract instead of 
adding. 


re : 
Por example, if eae required to be subtracted from 


tn ies 


we have— 


By reference to /%g. 274 an exemplification of this will be 
seen where we have A C = 3 A= a ANG 26 = = and 


we have— 
ACs ee 


Me therefore have this rule for the substraction of frac- 
tions: Subtract the less from the greater numerator ; the remain- 
der will be the numerator of the required fraction. The denoni- 
znator to be the same as that of the given fractions. 


387.—Dissimilar Denominators Equalized.—The rules 
just given for the addition and subtraction of fractions re- 
quire that the given fractions have lke denominators. 
When the denominators are unlike it is required, before add- 
ing or substracting, that the fractions be modified so as to. 
make the denominators equal. For example: Let it be re- 


f 2 2 l 
quired to find the sum of and By reterence to sy 


AAT ; 6 3 
aae find that 5 on line 21> is equal to 3 on liue E A 


t 


l ; 6 
These being equal, we may therefore substitute = for 


Then we have— 
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Now, it will be seen that the fraction > may be had by mul- 


tiplying both numerator and denominator of the given frac- 
2x3=6. 

5S aoe 
and we have seen (Arz. 380) that this operation does not 
change the value of the fraction. From this we learn that 
the denominators may be made equal by multiplying the smaller 
denominator and its numerator by any number which will effect 
such a result. 


tion < by, tor 


ceria ee ee ee! 

For example: 3 os ast as o 
ee 1A 7 ee ot 
and Ses = eS = 
i 5 25 Se cae 


and ae 


In this example the second fraction is changed by multiply- 
ing by Iq. 


388, Reduction of Fractions to their Lowest Terms.— 
The process resorted to in the last article to equalize the 
denominators, is not always successful. What is needed for 
a common denominator is to find the smallest number 
which shall be divisible by each of the given denominators. 
Before seeking this number, let each given fraction be 
reduced to its lowest terms, by dividing each factor by a 


common number. For example: 2 may, by dividing by 5, 

I : oe : ell i 
be reduced to 3 which is its equivalent. So, also, Se by di- 
viding by 7, is reduced to A its lowest terms. 


389.— Least Common Denominator. To find the least 
common denominator, place the several fractions in the order 
of their denominators, increasing toward the right. If the 
largest denominator be not divisible by each of the others, 
double it; if the division cannot now be performed, treble 
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it, and so proceed until it 1s multiplied by some number 
which will make it divisible by each of the other denomina- 
tors. This number multiplied by the largest denominator will be 
the least common denominator. To raise the denominator of 
each fraction to this, divide the common denominator by the de- 
nominator of one of the fractions, the quotient will be the 
number by which that fraction is to be multiplied, both 
numerator and denominator, and so procced with each frac- 
tion. For example: dae = the sum of the fractions 


dee) 1° 7; 


2 n 2’ 8" One of these, — z may be reduced, by divid- 
1 5 oes Ue See , 
ing by 2, to A Therefore, the series is a F On trial 


we find that 8, the largest denominator, is divisible by the 
first and by the second, but not by the third, therefore the 
largest denominator is to be doubled: 2x8 = 16. This is 
Mea t divisible by the third; therefore 3x8 = 24. This 
now is divisible by the third as well as by the first and the 
second ; 24 is therefore the least common denominator. 
Now dividing 24 by 2, the first denominator, the quotient 
12 is the factor by which the terms of the first fraction are 


Ix 12= 12 
to be raised, or, n For the second we have 
x6-=I$8 : 
24+ 4 = 6, and 3 a T For the third we have 24 a 
5x4= 20 
4, and Ya a and Wer the fourth, 24-28 = 3, and 
Be Thus the fractions in thei 
ia ern us the fractions in their reduced form are: 
{2 8 
1238 20, 21 7 23 
ZA 24 24 ee 724 
390. ast Common Denominator Again.—When the 


denominators are not divisible by one another, then to ob- 
tain a common denominator, it is requisite to multiply to- 
gether all of the denominators which will not divide any of the 
other a le a example: What is the sum of the 


; I 
tractions o 3 


a 
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In this case the first denominator will divide the last, but 
the others are prime to each other. Therefore, for the 
common denominator, muitiply together all but the first ; 
or— 

5 x 7x Q = 315 the common denominator ; 
and— 


B15 — 3 = 105, common factor lon the nrstirac tioni 
315 +5 = 63, common factor for the second fraction ; 
21527 = 45, common factor for the third, 

315 +9 = 35, common factor tor the fourth. 


And, then— 
A105) = TOD ok 03 e a 
3 X 105 = 315’ 5 xX 63 =315’ 7X 45 = 315’ 9x 35 = 315” 


105 12657135 140m 00 IQI 
ae TOENE, Gass ee Se = aaa a : 
3157 315. 315 SUSE SIs 315 


39|.— Fractions Multiplica Graphically.—Let 4B CD 
(fig. 276) be a rectangle of equal sides, or A B equal AC 
and each equal one foot. Then 4 B multiplied by 4 C will 


A B 


PIG 270- 


equal the arca 4 DCD, or 1 x I = 1 square foot. Corki 
line £ F be parallel with A 8,and midway between A B and 
CD, Then A7 < AE equals half the arcaol As C2 aon 
1x%—4. Again; let G H be parallel with £ C, and mid- 
way between £ Cand FD. Then EG x EC = $ x 4 equals 
the area Æ G C H, which is equal to a quarter of the area 


MULTIPLICATION OF FRACTIONS. 387 


Ap CD. or $ x4 = 4; whichis a quarter of the superficial 
area. 

The product here obtained is less than either of the 
factors producing it. It must be remembered, however, 
that while the factors represent /zzes, the product represents 
superficial area. The correctness of the result may be 
recognized by an inspection of the diagram. 


392.—Fractions Multiplied Graphically.— In Fig. 277 
let A B equal 8 feet and AC equal 5 feet; then the rect- 


FIG. 277. 


angle ABCD contains §x8=40 feet. The interior lines 
divide the space included within A BCD into 40 equal 


squares of one foot each. Let A E equal 3 feet or 5 OL ae 
Mere. G equal 7 feet or 4 of AB. Then the rectangle 


AG contains : x Z = a or twenty-one fortieths of the 


whole area ABCD. Thus, while the factor fractions 2 and Z 
5 
ee | 
represent /izes, it is shown that the product fraction F ren 
21. 
resents surface. Thus A is a fraction, & FA G, of the whole 


UTC OD A A. 


393.— Rule for Mutiplication of Fractions, and Exam- 
ple.—In the example given in the last article it will be ob- 
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served that the product of the denominators of the two 
given fractions equals the area of the whole figure (4 8 C D), 
while the product of the numerators equals the area of the 
rectangle (Æ F A G), the sides of which are equal respec- 
tively to the given fractions. From this we obtain for the 
product of fractions this— 


RULE.—Multiply together the denominators for the new de- 
nominator, and the numerators for a new numerator. 


I 
For example: what is the product of ~ and Z? Here 


we have 20x21 = 420 for the new denominator, and 
7x13 =91 for the new numerator; therefore the prodme: 
of— 

Do ge. 2) 
21 26 420’ 
or, of a rectangular area divided one way into 20 parts and - 
the other way into 21 parts, thus containing 420 rectangles, 
7 


| : I 
the product of the two fractions = and oa equal to ọI of 


I 
these rectangles, or re of the whole. 


394..— Fractions Divided Graphieally.— Division is the 
reverse of multiplication; or, while multiplication requires 
the product of two given factors, division requires one of 
the factors when the other and the product are given. Or 
(referring to Fig. 277) in division we have the area of the 
rectangle, EFA G, and one side, Æ A, given, to find the 
ether side, A G. 

Now it is required to find the number of times ZA is 
contained in Æ FAG. By inspection of the figure we per- 
ceive the answer to be, A G times; for ZEA xAG=EFAG, 


the sivem area Or, when £ AFG is given as = and £ A 


as 2, we have as the given problem— 
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Since division is the reverse of multiplication, instead of 
multiplying we divide the factors, and have— 


21 3 7 


4o+5 8 


Thus, to divide one fraction by another, for the numerator of 
the required factor, divide the numerator of the product by the 
numerator of the given factor, and for the denominator of the 
required factor divide the denominator of the product by the 
denominator of the given factor. For example: 


Divide z by = Answer, 2. 
Meet 20 4 7 
Dde — by mAn 
=) 9 3 


395.—Rule for Division of Fractions.—The rule just 
given does not work well when the factors are not commen- 


surable. For example, if it be required to divide - by ; we 


have by the above rule— 


Producing fractional numerators and denominators for the 
resulting fraction, which require modification in order to 
reach those composed only of whole numbers. If the nu- 
merators, 5 and 7, of this compound fraction be multiplied 
by ọ (the denominator of the denominator fraction), or the 
compound fraction by 9, we shall have— 


ut 
x 


9 


N 


n) 


SINNI 
N 


2 
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And, if these be again multiplied by 2 (the denominator of 
the numerator fraction), we shall have— 


5e o Iono 

=, SY = ————_ 

7x9 7x02) 
9 9 


Like figures above and below in each fraction cancel each 
other (Art. 371), therefore, the result reduces to— 


5x9 
Tee 


in which we find the factors of the two original fractions. 


In one fraction 3 we have the factors in position as given, 


5 2 : : , : 
but in the other é they are inverted. The fraction in which 


the factors are inverted is the divisor. Hence, for division 
of fractions, we have this— 


RULE.—luvert the factors of the divisor, and then, as in 
multiplication, multiply the numerators together for the numera- 
tor of the required fraction, and the denominators for the de- 
nominator of the required fraction. 


Thus, as before, if S is required to be divided by 3 we 


have— 
380! a 
i A 
And, to divide = by A we have— 
47 9 
E ee 
47x7 329 


Again, to divide = by = we have— 


olu 
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This last example has two factors, 9 and 45, one of which 


25 


measures the other; also, the first fraction We is not in its 


lowest terms; when reduced it is 4 The question, there- 


fore, may be stated thus: 


for the two 9’s cancel each other. 


SECTION [X.—ALGEBRA. 


396.—Algebra Defined.—It occurs sometimes that a 
student familiar only with computation’ by numerals is 
needlessly puzzled, in approaching the subject of Algebra, 
to comprehend how it is possible to multiply /etters together, 
or to divide them. To remove this difficulty, it may be suf- 
ficient for them to learn that their perplexity arises from a 
misunderstanding in supposing the /e¢ttcrs themselves are 
ever multiplied or divided. It is true that in treatises on 
the subject it is usual to speak as though these operations 
were actually performed upon the letters. It is always un- 
derstood, however, that it is not the letters, but the guan- 
tities represented by the letters, which are to be multiplied 
or divided. 

For example, in A7z. 361 it is shown, in comparing similar 
sides of homologous triangles, that the bases of the two tri- 
angles are to each other as the corresponding sides, or, 
referring to 7/77, 260, we have C2 4AA T 72 (eee 
Now, let the two bases CE and A & be represented respec- 
tively by a and 4, and the two corresponding sides D £ and 
BE by cand d respectively; or, for— . 


CE > At DETE. 
pot 
Cee Oa: 


and, by Art. 373, we have— 
CO A560, 
which may be written— 
bc= dd; 


for x, the sign for multiplication, is not needed between let- 
ters, as it is between numeral factors. The operation of 
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multiplication is always understood when letters are placed 
side by side. 

Now, here we have an equation in which, as usually read, 
we have the product of 4 and c equal to the product of a 
and d. But the meaning is that the product of the guantities 
represented by 4 and c is equal to the product of the guan- 
tities represented by a and d, and that this equation is in- 
tended to represent the relation subsisting between the four 
mreportionals, CL, A E, D E, and B £, of Fig. 269. In order 
to secure greater conciseness and clearness, the four small 
letters are substituted for the four pair of capital letters, 
which are used to indicate the lines of the figures referred to. 


397.—Example: Application.—It was shown in the last 
Wiele that the four letters a, 0, c, and d represent the cor- 
responding sides of the two triangles of /7zg. 269, and that 


bcmad. 


Now, let each member of this equation be divided by a, then 
(Art. 371)— 
bc 
75 


d. 


[f now the dimensions of the three sides represented by a, 
6, and c are known, and it is required to ascertain from these 
the length of the side represented by g, let the three given 
dimensions be severally substituted for the letters repre- 
no hem. For example, let a= 40 leet; 6 = 52 feet, 
and c = 45 feet; then— 


g= 2E = 52% 45 _ 2340 


P Ae a 58-5 feet. 


The quantities being here substituted for the letters ; we have 
but to perform the arithmetical processes indicated to obtain 
the arithmetical value of d. From this example it is seen 
that before any practical use can be made of an algebraical 
formula in computing dimensions, it is requisite to substitute 
numerals for the letters and actually perform arithmetically 
such operations as are only indicated by the letters. 
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398.—Algebra Useful in Constructing Rules.—In all 
problems to be solved there are certain conditions or quan- 
tities given, by means of which an unknown quantity is to 
be evolved. For example, in the problem in A7t. 397, there 
were three certain lines given to find a fourth, based upon 
the condition that the four lines were four proportionals. 
Now, it has been found that the relation between quantities 
and the conditions of a question can better be stated by let- 
ters than by numerals; and it is the office of algebra to 
present by letters a concise statement of a question, and by 
certain processes of comparison, substitution and elimina- 
tion, to condense the statement to its smallest compass, and 
at last to present it in a formula or rule, which exhibits the 
known quantities on one side as equal to the unknown on 
the other side. Here algebra ends, at the completion of the 
rule. To use the rule is the office of arithmetic. For, in 
using the rule, each quantity in numerals must be substi- 
tuted for the letter representing it, and the arithmetical 
processes indicated performed, as was done in 47t. 397. 


399.—Algebraic Rules are General.—One advantage 
derived from algebra is that the rules made are general 
in their application, For example, the rule of Arz. 397, 


b 
-< = d, is applicable to all cases of homologous triangles, 


however they may differ in size or shape from those given in 
Fig. 269—and not only this, but it is also applicable in all 
cases where four quantities are in proportion so as to con- 
stitute four proportionals. For example, the case of the 
four proportionals constituting the arms of a lever and the 
weights attached (Arts. 375-378). For, taking the rela- 
tion as expressed in Art. 377— 


TOW Memmi DC, 


we may substitute for C F the letter z, and for Æ C the letter 
m, then 7 will represent the arm of the lever £ C (/%g. 262), 
and z the arm of the lever FC. Then we have— 


Pe Rm 
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and from this, dividing by z (4rt. 372), we have— 


a 


PER P (110.) 
or, dividing by 7%, we have— 


= —-: (I11.) 


which is a rule for computing the weight of R, when P and 
the two arms of leverage, # and z,are known. For example, 
let the weight represented by P be 1200 pounds, the length 
of the arm 7z be 4 feet, and that of z be 8 feet, then we have— 


Pn 1200x8 
= — = ——— = 2400 pounds. 
mt 4 


lis: rule, RaW, is precisely like that in Art. 397— 


bc : 3 ae ; 
moo n which three quantities are given to find a fourth, 


the four constituting a set of four proportionals. 


400.—Symbols Chosen at Pleasure.—The particular 
letter assigned to represent a particular quantity is a matter 
of no consequence. Any letter at will may be taken; but 
when taken, it must be firmly adhered to to represent that par- 
ticular quantity, throughout all the modifications which may 
be requisite in condensing the statement into which it enters 
into a formula for use. For example, the two rules named in 
Art. 399 are precisely alike—three quantities given to find a 
fourth—yct they are represented by different letters. In one, 
Rand P represent the two weights, and sz and z the arms of 
leverage at which they act; while in the other the letters 
a, b,c,and d represent severally the four lines which constitute 
two similar sides of two homologous triangles. The two 
rules are alike in working, and they might have been con- 
stituted with the same letters. And instead of the letters 
chosen any others might have been taken, which con- 
venience or mere caprice might have dictated. In some 
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questions it is usual to put the first letters, as a, 4, c, etc., to 
represent known quantities, and the last letters, as x, y, 4, 
for the quantities sought. In works on the strength of 
materials it is customary to represent weights by capital 
letters, as P, R, U, VW, etc., and lines or linear dimensions by 
the small letters, as 0, d, /, for the breadth, depth, and length, 
respectively, of a beam. Any other letters may be put to 
represent these quantities, although the initial letter of the 
word serves to assist the memory in recognizing the partic- 
ular dimensions intended. 


401.—Arithmetical Processes Indicated by Signs.—In 
algebra, the four processes of addition, subtraction, multi- 
plication, and division, are frequently required; and when 
the required process cannot be actually performed upon the 
letters themselves, a certain method has been adopted by 
which the process is indicated. For example, in additon, 
when it is required to add a to 4, the two letters cannot be 
intermingled as numerals may be, and their sum presented ; 
but the process of addition is simply indicated by placing 
between the two letters this sign, +, which is called plus, 
meaning added to; therefore, to add a to 6 we have 


a+b, 


which is read a plus 4, or the sum of æ and 6 When the 
quantities represented by a and @ are substituted for them— 
and not till then—they can be condensed into one sum. 
For example, let a equal 4 and 6 equal 3, then for— 


GeO 
we have— 
bas 3 4 


and we may at once write their sum 7, instead of 4 + 3. 

So, likewise, in the process of subtraction, one letter can- 
not be taken from another letter so as to show how much of 
this other letter there will be left as a remainder; but the 
process of subtraction can be indicated by a sign, as this, —, 
which is called minus, less, meaning subtracted from. For 
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example, let it be required to subtract 4 from a. To do 
this we have— 
a—o; 


which is read a minus J, and when the values of a and @ are 
substituted for them, we have, when æ equals 4, and 6 
equals 3— 

a— b, 
or— 

4—3; 


and now, instead of 4 — 3, we may put the value of the two, 
which is unity, or I. 
The algebraic signs most frequently used are as follows : 


+, plus, signifies addition, and that the two quantities be- 
tween which it stands are to be added together; as 
a+ b, read a added to ù. 

—, minus, signifies subtraction, or that of the two quantities 
between which it occurs, the latter is to be subtracted 
from the former; as a — ù, read a minus 8. 

X, multiplied by, or the sign of multiplication. It denotes 
that the two quantities between which it occurs are to 
be multiplied together; as æ x 6, read a multiplied by 4, 
or a times 4. This sign is usually omitted between 
symbols or letters, and is then understood, as a6. This 
has the same meaning as ax J. It is never omitted 
between arithmetical numbers; as g x 5, read nine 
times five. 

=, divided by, or the sign of division, and denotes that of the 
two quantities between which it occurs, the former is 
to be divided by the latter; as +4, read a divided by 

r 6. Division is also represented thus: 

—, in the form of a fraction. This signifies that æ is to be 

: divided by 4. When more than one symbol occurs 


3 QL ULI o 
above or below the line, or both, as —— it denotes 


that the product of the symbols above the line is to be 
divided by the product of those below the line. 
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=, îs equal to, or sign of equality, and denotes that the 
quantity or quantities on its left are equal to those on 
its right; as a — 6=c, read a minus å is equal toc, or 
equals c; or, 9—5=4, read nine minus five equals 
four. This sign, together with the symbols on each 
side of it, when spoken of as a whole, is called an 
equation. 

a denotes @ squared, or a multiplied by a, or the second 
power of a, and 

a denotes a cubed, or a multiplied by æ and again multi- 
plied by a, or the third power of a. The small figure, 
2, 3, Or 4, etc., is termed the index or exponent of the 
power. It indicates how many times the symbol is to 
be taken. Thus, @=aa,¢=aaa,at=aaaa. 

y is the radical sign, and denotes that the sguare root of the 
quantity following it is to be extracted, and 

y denotes that the cube root of the quantity following it is 
to be extracted. Thus yo = amd v27 =3. The 
extraction of roots is also denoted by a fractional in- 
dex or exponent, thus— 

a“ denotes the square root of a, 

a% denotes the cube root of a, 

a% denotes the cube root of the square of a, etc. 


402,.— Example in Addition and Subtraction: Cancel- 
ling.—Let there be some question which requires a state- 
ment to represent it, like this— 

a+d= c — b, 

which indicates that if the quantity represented by @ be 
added to the quantity represented by d, the sum will be 
equal to the quantity represented by c, after there has been 
subtracted from it the quantity represented by 4; or, as it is 
usually read, a plus d equals c minus 4; or the sum of «æ and 
d equals the difference between c and 4. For illustration, 
take in place of these four letters, in the order they stand, 
the numerals 4, 2, 9, 3, and we shall have by substitution-— 


atd=c— 4, 
4+2=9 — 3, or adding 
and subtracting— So, 
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If it be required to add to each member of the equation 
the quantity represented by 4, this will not interfere with 
the equality of the members. For @+d are equal to ¢ —4d, 
and if to each of these two equals a common quantity be 
added, the sums must be equal ; therefore— 


at+d+b=c—b+, 
or by numerals— 

4+2+3=9— 3+ 3; 
or— 


oie ee 


It will be observed that the right hand member contains 
the quantity — å and +4. This shows that the quantity 4 is 
to be subtracted and then added. Now, if 3 be subtracted 
from 9, the remainder will be 6, and then if 3 be added, the 
sum will be 9, the original quantity. Thus it 1s seen that 
when in the same member of an equation a symbol appears as a 
minus quantity and also as a plus quantity, the two cancel each 
other, and may be omitted. Therefore, the expression— 


Ged 0 =e i 
becomes— 
E d d O = C 


403.—Transferring a Symbol to the Opposite Member. 
—In comparing, in the last article, the first equation with the 
last, it will be seen that the same symbols are contained in 
each, but differently arranged: that while in the first equa- 
tion 6appears in the right hand member and with a minus 
or negative sign, in the last equation it appears in the left 
hand member and witha plus or positive sign. Thus it is 
seen that in the operation performed 4 has been made to 
pass from one member to the other, but in its passage it has 
been changed. A similar change may be made with another 
of the symbols. For example, from the last equation, let d 
be subtracted, or this process indicated, thus— 


adedi = = 6 — A. 
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The plus and minus d, in the left hand member cancel each 
other, therefore— 


a+b=c—d, 
or, by numerals— 
AS) =O) 
Reducing— 
E 


By this we learn that azy quantity (connected by + or —) 
may be passed from one member of the equation to the other, pro- 
vided the sign be changed. 


404.—Signs of Symbols to be Changed when they are 
to be Subtracted,—As an example in subtraction, let the 
quantities represented by +b —a —f+ c, be taken from the 
quantities represented by +a+4—c—/f. This may be 
written— 


(ta+b—c—f)—(4b—a—fto), 


an expression showing that the quantities enclosed within the 
second pair of parentheses are to be subtracted from those 
included within the first pair. Let the quantities represent- 
ed in the first pair of parentheses for convenience be repre- 
sented by A,or,a+b—c —f=A. Now, by the terms of the 
problem, we are required to subtract from A the quantities 
enclosed within the second pair of parentheses. To do this 
take first the positive quantity, , and subtract it or indicate 
the subtraction, thus— 
A—O; 


we will then subtract the positive quantity c, or indicate the 
subtraction, thus— 


A—b—c. 


We have yet to subtract — a and — f, two negative quanti- 
ues: l 

The method by which this can be accomplished may be 
discovered by considering the requirements of the problem. 
The plus quantities 4 and c, before being subtracted from A, 
were required to have the two negative quantities a and fde- 
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ducted from them. It is evident, therefore, that in subtract- 
ing ô and c, before this deduction was made, too much has 
been taken from A, and that the excess taken is equal to the 
mofe and f. To correct the error, therefore, it is neces- 
sary to add just the amount of the excess, or to add the sum 
of a and f, or annex them by the plus sign, thus— 


A—b—c+a+f. 


To test the correctness of the operation as here performed, 
let numerals be substituted for the symbols; let a= 2,0= 3, 
¢=1,f=#4; then the given quantities to be subtracted,— 


(+b6—-a—f+o), 
become— 


which reduces to— 


Thus the quantity to be substracted equals 14. Applying 
the numerals to the above expression— 


A—b+at+f—e 
becomes— 
A—3+24+$-—1=A—4+24=—A—14. 


A correct result; itis the same as before. Restoring now 
the symbols represented by A, we have for the whole ex- 
pression— 

+a+6—c—f—b+at+f—e, 


which, by cancelling (Art. 403) and by adding like symbols 
with like signs, reduces to— 


To test this result, let the quantity which was represented 
by A have the proper numerals substituted, thus: 


+at+b—c—f, 


+24+3—1—4¢=5 — 14 = 34. 
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The sum of the given quantity required to be subtracted 
was before found to amount to 14, therefore— 


A — 14 
becomes— 
33 — 15 = 2. 


And the result by the symbols as above was— 


2a—26, 
which becomes— 
22-2 oT, 
or— 
4—2=2; 


a result the same as before, proving the work correct. An 
examination of the signs in the above expression, which de- 
notes the problem performed, will show that the sign of each 
symbol which was required to be subtracted has been 
changed in the operation of subtraction. Before subtract- 
ing they were— 

(+4—a—f+e); 


after subtraction they are— 
(—b+a+f—c). 


By this result we learn, that zo subtract a quantity we have 
but to change tts sign and annex it to the quantity from 
which it was required to be subtracted. 
Example: Subtract a— b fromc+d. Answer,c+d—a+6. 
If numerals be substituted, say a = 7,6 = 4, c = 5, and 
d= 9, then— 
c+d becomes 5+9= 14, 


a? 5 7—4= 35 
c+d— (a — b) = 14—3 = Ii. 
So, also, — 
BeO = a h 
becomes— 


5 Tr O = / aral = i 
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405.—Algebraic Fractions: Added and Subtracted. 
When algebraic fractions of like denominators are to be 
added or subtracted, the same rules (Arts. 385 and 386) are 
to be observed as in the addition or subtraction of numeri- 
cal fractions—namely, add or subtract the numerators for a 
new numerator, and place beneath the sum or difference the 
common denominator. 


For example, what is the sum of S 7 


For this we have— 


at+ct+d 
a 
c b f 
Subtract 7 from 7 For this we have— 
C34 
fame 


What is the algebraical sum of— 


For these we have— 


AR ey 
a 


To exemplify this, let 6 represent 9, c = 8, n = 2,7 = 3, 
edad = 12. 
Then, for the algebraic sum, we have— 


Now, taking the positive and negative fractions sep- 
arately, we have— 


O a 17 2 
wei 2R 

anden 
=Z 2 — — 5 
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Together— 
i = g 12 
—— er — = ilp 
12 12 I2 
as before. 
406.—The Least Common Denominator.—When the 


denominators of algebraic fractions differ it is necessary be- 
fore addition or subtraction can be performed to harmonize 
them, as in the reduction of the denominators of numerical 
fractions (Arts. 388-390). For example, add together the 
one a 2r i 

ractions aoe 
that they collectively contain the letters a, d and ¢, and no 
others. It will be requisite, therefore, that each of the frac- 
tions be modified so that its denominator shall have these 
three factors. To effect this it will be seen that it is neces- 
sary to multiply each fraction by that one of these letters 
which is lacking in its denominator. Thus, in the first, æ is 


lacking, therefore (A7¢. 380) i. . a D In the second a 


In these denominators we perceive 


DAN S UOA 
DLAC SE OE 


TO=. : 
6 is lacking, therefore ~~, _ zor Placing them now 


and c are lacking, therefore and in the third 


together we have— 


aat+acet+obr a á e 
abc. To o 
The factor a d may be represented thus a’, which means 
that a occurs twice, the small figure at the top indicating 
the number of times the letter occurs; æ’ is called æ squared, 
Lae a*?, and is called a cubed. 
In order to show that the above fraction, resulting as the 
sum of the three given fractions, is correct, let a= 2, b = 3, 
c= 4, e=5,andr=6. Then the three given fractions 


ale 
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In equalizing these denominators we multiply the second 
fraction by 2, and the third by 14, which will give— 


se E 
3x2= 6’4xIt 6’ 
then— 
1710 4h IE gk 7 
Bion igh le ee eaa 
Now the sum of the fractions is— 
a*+acet+or. 
abe : 
: 2 ee de ees, 
ie EE NA SL 
A 
or, ea EE E 
24 24 24 I2 


the same result as before, thus showing that the reduction 
was rightly made. 


407.—Algebraic Fractions Subtracted.—To exemplify 
the subtraction of fractions, let it be required to find the 


algebraic sum of = — - — 7 These denominators all dif- 
fer. The fractions, therefore, require to be modified, so 
that each denominator shall contain them all. To accom- 


plish this, the first fraction will need to be thus treated : 


axdfz=adf | 

COR 60 7 

the second— a 
_bxcf= bef 
OS eh ia 
the third— T y 


The sum of these is— 
adf—otcf—cde 
Gay ` 
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That this is a correct answer, let the result be proved by 
figures ; thus, for æ put 15; ġ, 2;c,3; d,4; 45; 7,6. Then 
we shall have— 


It will be observed that these denominators may be equal- 
ized by multiplying the first fraction by 2, and, the second 
by 14, therefore we have— 


To make the required subtraction we are to deduct from 30 
(the numerator of the positive fraction), first 3, then 5; or, 
the sum of the numerators of the negative fractions; or for 
the numerator of the new fraction we have 30 — 8 = 22. 
The required result, therefore, is— 

Be it 

Te == o = 3%. 
To apply this test to the algebraic sum we have— 


ee 15 X4xO42%3 x60 4 aa 


caf oe ah © í 


which by multiplication reduces to— 
$00 — 30 — 00 9204 ee 
NS i 
a result the same as before, proving the work correct. An- 
other example : 
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The fractions which have the same denominator may be 
grouped together thus: 


— . 
— a eel 1 Å n ——— m 


and— 


— —_  —— 
— 


mt 7n m ` 


To harmonize these two denominators, #z and z, the first 
fraction must be multiplied by 7 and the last by x, or— 


Geo 8) wie —d) mia —c—e) +n —2) 


mmn i mnu = mn 


In the polynomial factor within the parentheses (a — c — e) we 
have the positive quantity a, from which is to be taken the 
two negatives c and e, or their sum is to be taken from a, or 
(a —(c+e)). With this modification we have for the alge- 
braic sum of the five given fractions— 


m{a — (¢+e)) +2 (b— d) 
mn l 


To test the accuracy of this result, let the value of the sev- 
eral letters respectively be as follows: 4 = 11, b =9,c = 3, 
dene = 5,92 = 10, and 7=8. Then the sum is— 


eile EEO A) eee, 
10 x 8 me 


Now, taking the fractions separately, we have— 


to EK aA —— (3+ =) 8 

n n n g t 3) = no =o: 
aa aa 
m 1712 IO IO I0 


or, together we have, as the sum of these two results— 


Bo 
1O 


3 
g t 
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To harmonize these denominators we may multiply the first 
fraction by 5, and the second by 4, thus: 


ro = Ea 
ox § == 410) 10 <4 


and then the sum is— 


a 40 a 
the same result as before, thus the accuracy of the work is 
established. 


408.—Graphical Representation of Multiplication.— 
In Fig. 278, let Ad BCD, a rectangle, have its sides AB and 


Fic. 278. 


A C divided into equal parts. Then the area of the figure 
will be obtained by multiplying one side by the other, or 
putting a for the side 4 B, and 4 for the side A C, then the 
area will be a x, orab. This will be the correct area of 
the figure, whatever the length of the sides may be. If, as 
shown, the area be divided into 4 x 7 = 28 qqual rectangles, 
then æ would equal 7, and J equal 4, and ad = 7 x 4 = 28, the 
area. If A B equal 28 and AC equal 16, then will a = 28, 
and 7 = 16 and g 6 = 28 x I6 = 448, the area. 


4-09.—Graphical Multiplication : Three Factors.—Let 
ABCDE FG (Fig. 279) represent a rectangular solid which 
may be supposed divided into numerous small cubes as 
shown. Now, if a be put for the edge A B, b for the edge 
A C,and ¢ for the edge CD, then the cubical solidity of the. 
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whole figure will be represented byaxdxc=aéec. Ifthe 
edge A B measures 6, the edge A C 3, and the edge CD 4, 
aie oe OX 3X A= 72 =the cubic contents of the 
figure, or the number of small cubes contained in it. 


FIG. 279. 


410.—Graphiec Representation: Two and Three Fac- 
tors.—//7gs. 278 and 279 serve to illustrate the algebraic ex- 
pressions ad and adc. In the former it is shown that the 
multiplication of two lines produces a rectangular surface, - 
or that if æ and 6 represent lines, then ad may represent a 
rectangular surface (/7g. 278) having sides respectively 
equal to a and 6. And so if q, 6,and c represent three sev- 
eral lines, then adc may represent a rectangular solid (Fie. 
279) having edges respectively equal to a, J, and c. 
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4.11.—Graphieal Multiplication of a Binomial. — Let 
ABCD (Fig. 280) be a rectangular surface, and BED F an- 
other rectangular surface, adjoining the first. The area of 
the whole figure is evidently equal to— 


(AB+BE)x AC. 


The area is also equal to— 


ABxAC+BExBD;: 


or, since A C = B D, the area equals— 
ABXAC + Be ec. 


or, if symbols be put to represent the lines, say æ for A B, 
b for B E, and c for A C, then the two representatives of the 
area, as above shown, become: The first— 

(240) ec Sarea; 
and the last— 

(axet (G2) area: 

Hence we have— 

(20) C= eO. 


This result exemplifies the algebraic multiplication of a bi- 
nomial, which is performed thus: Let æ + b be multiplied 
by c. 

The problem is stated thus : 


CRA 
To perform the multiplication indicated we proceed thus: 


a+so 
c 


BEG 


multiplying each of the factors of the multiplicand .sepa- 
rately and annexing them by the sign for addition. Putting 
the two together, or showing the problem and its answer in 
an equation, we have— 


(a+bd)c=ac+be, 


producing the same result, above shown, as derived from 
the graphic representation. 


412.—Graphical Squaring of a Binomial.—Let EGC F 
(Fig. 281) be a rectangle of equal sides, and within it draw. 


SQUARING OF A BINOMIAL. At 


the two lines, 4 H and F D, parallel with the lines of the 
rectangle, and at such a distance from them that the sides, 
AB and BD, of the rectangle, A B CD, shall be of equal 
length. We then have in this figure the three squares, 
Peo 7, ABCD, and (GBA, also the two equal rect- 
macles, EF Ab and BMD fF. 

Let E F be represented by a and F G by 4, then the area 
of ABCD will be axa=a’; the area of FG BH will be 
bx6=6’; the area of E FAB will be axb = ab, and that 
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of BH D F will be the same. Putting these areas together 
thus— 


a*+2a6+ 6’, 


the sum equals the area of the whole figure—equals the prod- 
uct of £ G x E C—equals the product— 


(a+b) x (a+). 
So, therefore, we have— 
(a+b) (a+6)=a*+2ab+5'; (112) 
or, in general, the square of a binomial equals the square of 
the first, plus twice the first by the second, plus the square of the 


second. This result is obtained graphically. The same re- 
sult may be obtained by algebraic multiplication, combining 
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each factor of the multiplier with each factor of the multi- 
plicand and adding the products, thus— 


a+b 
ye ae ip 


a*+aob 
ab+b6’ 


a OO Que-0- 


The same result as above shown by graphical representa- 
tion. 


413.—Graphical Squaring of the Difference of Two 
Factors.—Let the line Æ C (Fig. 281) be represented by c, 
and the line 4 Æ and A C as before respectively by 4 and 


a, then— 
EC-—-AE=AC. 


c—b=a. 
From this, squaring both sides, we have— 
(c — bf = a’. 


The area of the square A B C D may be obtained thus: 
From the square Æ G C F take the rectangle & G x £ A and 
the rectangle FG xD F, minus the square F G B H, or 
from c* take the rectangle cå, and the rectangle c 4, minus 
the square, 4°, and the remainder will be the square, a°; or, 
in proper form— 


CETE E 


In deducting from c? the rectangle cb twice, we have taken 
away the small square twice; therefore, to correct this 
error, we have to add the small square, or 6*. Then, when 
reduced, the expression becomes— 


c? —2cb +b?’ =a’ = (e — bF. 


This result is obtained graphically. The result by algebraic 
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process will now be sought. The square of a quantity may 
be obtained by multiplying the quantity by itself, or— 


e=% 
ei} 
So = Pe 
E 
CA Ee abes. (T) 


In this process, as before, each factor of the multiplier is 
combined with each factor of the multiplicand and the sev- 
eral products annexed with their proper signs (Art. 415), 
and thus, by algebraic process, a resuit is obtained precisely 
like that obtained graphically. This result is the square of 
the difference of c and 4; and since c and 6 may represent 
any quantities whatever, we have this general— 


RuLE.— The square of the difference of two quantities ts 
equal to the sum of the squares of the two quantities, minus twice 
their product. 


Pic. 232. 


4(14.—Graphical Product of the Sum and Difference 
of Two Quantities.—Let the rectangle A B C D (Fig. 282) 
have its sides each equal toa. Let the line Æ F be parallel 
with A B and at the distance 6 from it, also, the line /G 
made parallel with Z D, and at the distance 4 from it. Then 
the line Æ F equals a+, and the line Æ C equals a — b. 
Therefore the area of the rectangle EFCC equals a+ 4, 
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multiplied by a — b. From the figure, for the area of this 
rectangle, we have— 


ABOCI_ABERH PAE D G = Eile GC; 
or, by substitution of the symbols, 
a*—ab+b(a—b). 
Multiply the last quantity thus— 


a—b 
b 


ab — b’ = b (a — b). 
Substituting this in the above we have— 
a= abrab 6 S a a e a 


Two of these like quantities, having contrary signs, cancel 
each other and disappear, reducing the expression to this— 


a? — b° = (a + b) x (a — ù). 


The correctness of this result is made manifest by an inspec- 
tion of the figure, in which itis seen that the rectangle £ FCG 
is equal to the square 4B CD minus the square 8 FH F. 
For ABEH equals BF DG. Now, if from the square 
ABCD we take away A B E H, and place it so as to cover 
BF DG, we shall have the rectangle & FC G plus the square 
BY HF; showing that the square A BCD is equal to the 
rectangle EFC G plus the square BY HF; or— 


a? =(a + b) x (a — b)+ 0’. 


The last quantity may be transferred to the first member of 
the equation by changing its sign (Art. 403). Therefore— 


a? — b?’ = (a + b) x (a — b), 


as was before shown. 


MULTIPLICATION—PLUS AND MINUS. 415 


The result here obtained is derived from the geometrical 
figure, or graphically. Precisely the same result may be 
obtained algebraically ; thus— 


a+b 
a—b 
a teb 
E e 
(a + 6)x(a—b)=a’.... — b? (114.) 


Here the two like quantities, having unlike signs, cancel 
each other and disappear, leaving as the result only the dif- 
ference of the squares. 

The result here obtained is general; hence we have this— 


RULE.— The product of the sum and difference of two quan- 
tities equals the difference of their squares. 


FIG. 283. 


415.—Plus and Minus Signs in Multiplication.—In pre- 
vious articles the signs in multiplication have been given to 
products in accordance with this rule, namely: Like signs 
give plus ; unlike signs, minus. This rule may be illustrated 
graphically, thus: In the rectangular Fig. 283, let it be re- 
quired to show the area of the rectangle A G CH, in terms 
of the several parts of the whole figure. Thus the area of 
meee 7 cgul 4d BEF GRSF and the area of EFCH 
equals EFCD—¥FHD. And the areas of AGE F+ 
EFCH equals the area of A GCH. Therefore the sum of 
the two former expressions equals 4G CH. Thus 4 BE F— 
GBFF+EFCD—-FFHD=AGCH. Let the several 
lines now be represented by algebraic symbols; for example, 


' | 
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let AB=AF>a Meee s = 7] letAZz = Gye 
and EC = FH = d, and let these symbols be substituted for 
the lines they represent, thus ASE F— GBFEF+EFCD— 
FEO =A Í 


ac—bc+ad—bd=(a— b) x(c+d). 


An inspection of the figure shows this to be a correct 
result. It will now be shown that an algebraical multiplica- 
tion of the two binomials, allotting the signs in accordance 
with the rule given, will produce a like result. For example— 


B= 
CA g 
ac—bet+ad—bd. 


Fic. 284. 


4.(6.—Equality of Squares on Hypothenuse and Sides of 
Right-Angled Triangle.—The truth of this proposition has 
been proved geometrically in Arz. 353. It will now be 
shown graphically and proved algebraically. 

Let A BCD (Fig. 284) be a rectangle of equal sides, and 
BED the right-angled triangle, the squares upon the sides 
of which, it is proposed to consider. Extend the side BE 
to”; parallel with BF draw DG, CK, and AL. Parallel 
with ED draw A Fand LG. These lines produce triangles, 
AHB, ACTF, AWG COD, and CGD), each cqualitemerc 
given triangle 62D (477. 337). Now, if from the Square 
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Pee erc fake AG M and place itat COG; and if we take 
Pee and place it at ALC we will modify the square 
eee OD so as to produce the figure LGD EHA L, which 
is made up of two squares, namely, the square DE FG and 
tie square ALAH, and these two squares are evidently 
eomaleto the square ACD. Now, the square DZ FG isthe 
square upon Æ D, the base of the given right-angled triangle, 
fiamene square A L A HM is the square upon A H = ££, the 
perpendicular of the given right-angled triangle, while the 
square A BCD is the square upon B D, the hypothenuse of 
the given right-angled triangle. Thus, graphically, itis shown 
that the square upon the hypothenuse of a right-angled triangle 
1s equal to the sum of the squares upon the remaining two sides. 

To show this algebraically, let B Æ, the perpendicular of 
the given right-angled triangle, be represented by a; Æ D, 
the base, by 4,and BD, the hypothenuse, by c. Then it is 
required to show that— 


Coa a 


iNew, smce VA = £ & =a, therefore, 4 K = & D— 
DK = b — a, and the square £ K F H equals (6 — a)’, which 
(Art. 413) equals 


O 2 E 


Mens the value of the square & K F H which, with the four 
triangles surrounding it, make up the area of the square 
ABCD. Placing the triangle A 4 7 of this square outside 
mimic © G, andthe trangle 6 & Dat A LC, we have the 
four triangles, grouped two and two, and thus forming the 
two rectangles CG DK and ALCI. Each of these rect- 
angles has its shorter side (A L, CG) equal to 8 E = a, and 
MA eer side LC, GD, equal to Æ D = 6; and the sum of 
the two rectangles is a6+ab—=2a6,. This represents the 
area of the two rectangles, which are equal to the four tri- 
angles, which, together with the square £ K FH, equal the 
square 4 BCD; or— 


(men ET  HCi DK +A LC F, 
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or— c= (b —ay+ab+abd, or— 
= (b — af + 2a. 


Then, substituting for (6 — a)’, its equivalent as above, we 
have— 
€ =O =200. 2 ee 


Remove the two like quantities with unlike signs (47¢. 402), 
and we have— 


Be Uae 8 (115.) 
which was to be proved. 


41{7.— Division the Reverse of Multiplieation.—As di- 
vision is the reverse of multiplication, so to divide one quan- 
tity by another is but to retrace the steps taken in multipli- 
cation. If we have the area ad (fig. 278), and one of the 
factors a given to find the other, we have but to remove 
from að the factor a, and write the answer ð. 

If we have the cubic contents of a solid adc (Fig. 279). 
and one of the factors a given to find the area represented 
by the other two, we have but to remove a, and write the 
others, dc, as the answer. 

If there be given the area E by a (b+c) (see 
Art. 411), and one of the factors @ to find the other, we have 
but to remove a and write the answer b+c. Sometimes, how- 
ever, a (6+ c)is written ab tac. Then the given factor is 
to be removed from each monomial and the answer written 
b+c. 

If there be given the area represented by @*42a6+ 06° 
to find the factors, then we know by 4rż. 412 that this area 
is that of a square the sides of which measure a + ò, and that 
the area is the product of a+ 6 by a+ 0; or, that a+ 6 is 
the square root of a? 4 2@a6+4 6°. 

-H there be given the area a*? — 2a6+ 6° to find its fac- 
tors, then we know by Art. 413 that this area is that of a 
square whose sides measure a — 4, or that it is the product 
of a — b by.a — ù, or the square of a — ù. 
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If there be given the difference of the squares of two 
quantities, or the area represented by æ? — 6°, to find its fac- 
tors, then we know by A7#. 414 that this is the area pro- 
duced by the multiplication of a — 6 by a+ ð. 


4.18.—Division : Statement of Quotient.—I[n any case of 
division the requirement may be represented as a fraction; 
thus: To divide c d — f by a — b we write the quotient 
thus— 


For example, to illustrate by numerals, let æ = 7, 6 = 3, 
a= = 5,and = 6. Then the above becomes— 


Abs) Oe 3 
7 ee 
419.—Division ; Reduction.— When each monomial in 
either the numerator or denominator contains a common 
quantity, that quantity may be removed and placed outside 
of parentheses containing the monomials from which it was 
taken ; thus, in— 


2ab+4ac—8ad 
Va ? 
we have 2 and a factors common to each monomial of the 
numerator. Therefore the expression may be reduced to 


2a(642¢—44) 
ca an 


To test this arithmetically we willl puta = 9, b = 7, c = 5, 
d = 4, and f = 6. Then for the first expression we have— 


Deter ern S94 
6 ? 


which equals— 


126 + 180 — 288 
o 
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And for the second expression— 
2x9(7+2x5 — 4x 4) 


which equals— 


10 (17 == 10) 
6 mon: 


the same result as before. It will be observed that in this 
process of removing all common factors algebra furnishes 
the means of performing the.work arithmetically with many 
less figures. The reduction is greater when the common 
factors are found in both numerator and denominator. For 
example, in the expression— 


Z3an+Qgbn— 15 cK 
12 du — i8 fn 


we have 3 z a factor common to each monomial in the nu- 
merator and denominator; therefore the expression reduces 
to 
32(a+36— 50) 
3n(4d—6f) * 


And now, since 3 z is a factor common to both numerator 
and denominator, these cancel each other; therefore (Art. 
371) the expression reduces to— 


Q+3b6—5c¢ 
a 


To test these reductions arithmetically, let 7 — 9,05 
C—4aea = 0,7 = 3,andz=> 5. Phen the fist expresciom 
becomes— 


TE cox: = ies 
I2x6x5—18x3x5 


6 
which equals— 


135 + 360 — 300 
360 — 270 


O 6 


195 i 
9 


— 


FORMULA OF THE LEVER. A2I 
and the second expression becomes— 


9+3x8 —5%x4, 
4x60 = 60x3” 


which equals— 


I 


9 + 24 — 20 I 
2 25: 


24 — 18 


a 
Gn 


The same result, but with many less figures. 


420.—Proportionals: Analysis.—In the formula of the 
eA. 377), x CH= RxEC. Let z be put for the 
arm of leverage C F and mfor £ 0. Then we have— 


Pn = Rm, 
from which by division (47rż. 372) we have (Art. 399)— 


P = R —, (T IO.) 


o = yaad (Ta 1. } 


Suppose there bea case in which neither R nor P severally 
are known, but that their sum is known; and it is required 
from this and the 7 and z to find Rand P. Let— 


WV =e, 
then— W — R =P. (See Art. 403.) 


The value of P was above found to be— 


SME F SER Z and also equals W — R, therefore— 


Wt 


ae 
it 
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Transferring & to the opposite member (47t. 403) we have— 


We 


WW ee es ke 
7 


Here R appears as a common factor and may be separated 
by division (47ż. 419); thus— 


ME (1 +). 


By division the factor (1 + Z) may be transferred to the 
opposite member (47ż. 371). Thus we have— 


lia 
R= Tea (116.) 


by which we find the value of R developed. Asan example, 
let VW = 1000 pounds, 7z = 3 feet and z = 7 feet; then— 


IODO _ 1000 
reo T 


Multiplying the numerator and denominator by 7, we get— 


7 x 1000 


R aa = 00; 
Since— Ie 5 (2 SSO), 
and— R = 700, 
then— P = 200: 


But a process similar to the above develops an expression 
for the value of P, which is— 


W 
I + # 


m (117) 


jE) = 


Putting thıs to the test of figures, we have— 


1000 1000 3000 
144 19 IO 


= Ge: 
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42!.— Raising a Quantity to any Power.— When a 
quantity is required to be multiplied by its equal, the prod- 
met is called the square of the quantity. Thus a x a = a’ 
(Art. 412). If the square be multiplied by the original 
Giamiiby the result is a cube; or, a x a= a’; or, generally, 
for— 


a aa, aaa, aaĵaaa, aaaaa, 


eet — 


in which the small number at the upper right-hand cor- 
ner indicates the number of times the quantity occurs in 
the expression. Thus iio z=? then a =2: r= 
E 3. a = $ X 2 = 16, 2 S 16x 2= 32; any term 
in the series of powers may be found by multiplying the 
preceding one by a, or by dividing the succeeding one by a. 


5 
4 


a 
Me e=, and —= a. 
a 


422.— Quantities with Negative Exponents.—The series 

of powers, by division, may be extended backward. Thus, 
3 2 1 

rise a PG a a ae "F 


5 
ER S E Ea ee eS 
a a a a a a 


a E 


a” E 
= EN, 
a 


, etc. 


In this series we have © =a’. Buta quantity divided by 
a 


its equal gives unity for quotient, or : = I. Therefore, f= ie, 
a 


and œ = 1. This result is remarkable, and holds good re- 


gardless of the value of a. 
From this and the preceding negative exponents we de- 


rive the following : 
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a 
co =— = T, 
a 
m I 
U S > 
a a 
es I I 
a“=— =,—_ = 5, 
a aa a 
Ge I I 
CS = = =-— etc 
a Cd: a 


Showing that a quantity with a negative exponent may have 
substituted for it the same quantity with a positive exponent, but 
used as a denominator to a fraction having unity for the 
numerator. 


423.—Addition and Subtraction of Exponential Quan- 
tities.--Equal quantities raised to the same power may be 
added or subtracted; as, a°+ 2 a@ = 3a’; but expressions in 
which the powers differ cannot be reduced ; thus, œ +a — a’ 
cannot be condensed. 


4.24.— Multiplication of Exponential Quantities. — It 
will be observed in A7¢. 421 that in the series of powers, the 
index or exponent increases by unity; thus, a, a vaya cies 
and that this increase is effected by multiplying by the root, 
or original quantity. From this we learn that zo multiply 
two quantities having equal roots we simply add their exponents. 

(hus the product of a, a andeo isa xan —aae 

dhe product of @ z ande ist. 7 a eee 

The exponents here, are: —2+3+5=8—2=6. 


425.—Division ef Exponential Quantities.— As division 
is the reverse of multiplication, zo -divide equal quantities 
raised to various powers, we need simply to subtract the expo- 
nent of the divisor from that of the dividend. Thus, to divide 
a by a wehayvea =a’. That this is correct is mamic t 
for the two factors, a’ x a’, in their product, a*, produce the 


dividend. 


ee: E cuales I 
To divide a' by 2, we have a = a”, which is equalate F 
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(see Art. 422). The same result may be had by stating the 
question in the usual form. Thus, to divide a’ by a’ we have 


2 


— , a fraction which is not in the lowest terms, for it may be 
a 


2 2 

put thus, ——, = —, by which it is seen that it has in both its 
aaa 

numerator and denominator the quantity a’, which cancel 


2 


Ceu other (477. 371). Therefore, <= ai the same result 


as before. 


4.26.—Extraction of Radicats.—We have seen that the 
DUE Ol 2isa@ x a = aA Ooi 2 a is2ax 2a = 4a; in each 
case the square is obtained by doubling the exponent. 

To obtain the square root the converse follows, namely. 
take half of the exponent. 

Thus the square root of a‘ is a’, of æ is a, of a° is a’. 

The same rule, when the exponent is an odd number, 
gives a fractional exponent, thus: the square root of a’ is aĉ; 
Or, Of a°, is at. So, also, the square root of a, or a’, is ai. 


Therefore, we have at = Va, equals the square root of a, and 
the cube root of a = a= Va. 


427.—WLogarithms,-—We have seen in the iast article the 
nature of fractional exponents. Thus the square root of @ 
equals a3, which may be put «è. In this way we may have 
an exponent of any fraction whatever, as ais. Between the 
exponents 2 and 3, we may have any number of fractional 
exponents all less than 3 and more than 2. So, also, the 
same between 3 and 4, or any other two consecutive nuni- 
bers. 

The consideration of fractional exponents or indices has 
led to the making of a series of decimal numbers called 
logarithms, which are treated in the manner in which expo- 
nents are treated; namely— 

To multiply numbers add their logarithms. 

To divide numbers, subtract the logarithm of the divisor from 
the logarithm of the dividend. 
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To raise any number to a giver power, multiply its logarithm 
by the cxponent of that power. 

To obtain the root of any power, divide the logarithm of the 
given number by the exponent of the given power. 

As an example by which to exemplify the use of loga- 
rithms: What is the product of 25 by 375? 

We first make this statement : 


Log. of 25. 
5 


ii 
8 


Putting at the left of the decimal point the integer char- 
acteristic, or whole number of the logarithm at one less than 
the number of figures in the given number at the left of zs 
decimal point. 

To find the decimal part of the required logarithm we 
seek in a book of Logarithms (such as that of Law’s, in 
Weale’s Series, London) in the column of numbers for the 
given number 25,.or 250 (which is the same as to the man- 
¢tissa) and opposite to this and in the next column we find 
7940 and a place for two other figures, which a few lines 
above are seen to be 39; annex these and the whole number 
is 0-397940. These we place as below: 


Log. of 25- = 1-397940. 


Now, to find the logarithm of 375, the other factor, we 
turn to 375 in the column of numbers and find the figures 
opposite to it, 4031, which are to be preceded by 57-, the two 
figures found a few lines above, making the whole, -574031, 
which are placed as below, and added together. 


Log. of 25- = 1-397940 
| 375) eee 
The sum = 3-971971 


This sum is the logarithm of the product. To find the 
product, we seek in the column of logarithms, headed o.,, 
for -g71971, the decimal part. We find first 97, the first two 
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figures, and a little below seeking for 1971, the remaining 
four figures, we find 1740, those which are the next less, 
a@mceopposite these, to the left, we find 7, and above 93, or 
together, 937; these are the first three figures of the required 
product. 

For the fourth figure we seek in the horizontal column 
opposite 7 and 1740 for 1971, the remaining four figures of 
the logarithm, and find them in the column headed 5. 

This figure 5 is the fourth of the product and completes 
it, as there are only four figures required when the integer 
number of the logarithm is 3. The completed statement 
therefore is— 

Log. of 25- = 1-397940, 
Se SOG 


“9375 = 3:971971.- 


Another example in the use of logarithms. What is the 


product of 3957 by 94360? l 
The preliminary statement, as explained in last article, is— 


Log. 3957 = 3. 
“ 94360 = 4. 


In the book of logarithms seek in the column of numbers 
for 3957. In the first column we find only 395, and opposite 
to this, in the next column, we find a blank for two figures, 
above which are found 59. Take these two figures as the 
first two of the szantissa, or decimal part of the required 
logarithm, thus, 0-59. Again, opposite 395 and in the col- 
umn headed by 7 (the fourth figure of the given number), 
memave the four figures 7360. These are to be annexed to 
(6-59) the first two obtained. The decimal part of the loga- 
Atan, therefore, 1S 0-597366. 

To obtain the logarithm for 94360, the other given num- 
ber, we proceed in a similar manner, and, opposite 943, we 
find 0-97; then, opposite 943 and in column headed 6, we 
find 4788, or, together, the logarithm is 0-974788. The 
whole is now stated thus— 
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Log. of 3957 = 3-597366 
ls 94360 = 4-974788 


ss cs 373382000 = g. SAZI DA = SUNNI of logs. 


The two logarithms are here added together, and their sum 
is the logarithm of the product of the two given factors. 
The number corresponding to the above resultant logarithm 
may be found thus: Look in the column headed o for 57, 
the first two numbers of the mantissa, then in the same 
column, farther down, seek 2154, the other four figures of 
the mantissa; or, the four (1709) which are the next less 
than the four sought, and opposite these to the left, in the 
column of numbers, will be found 373, the first three figures 
of the product ; opposite these, to the right, seek the four 
figures next less than 2154, the other four figures of the man- 
tissa. These are found in the column headed 3 and are 
2058. The 3 at the head of the column is the fourth figure 
in the product. From 2154, the last four figures of the man- 
tissa, deduct the above 2058, or— 


2154, 
2058, 


Remainder, 96. 


At the bottom of the page, opposite the next less number 
(3727) to that contained in 3733, the answer already found, 
seek the number next less to the above remainder, 96. This 
is 92-8, and isin the column headed 8. Then 8 is the next 
number in the product. From 96 deduct 92-8, and multi- 
ply it by 10, or— 

96 

92:8 


2-2) e 32. 


Then, in the same horizontal column, seek for 32 or its next 
less number. This is 23-2, found in column 2. This 2isthe 
next figure in the product. Additional figures may be ob- 
tained by the table of proportional parts, but they cannot be 
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depended upon for accuracy beyond two or three figures. 
te thereiore arrest the process here. 

The product requires one more figure than the integer of 
the logarithm indicates; as the integer is 8, there must be 
nine figures in the product. We have already six; to make 
the requisite number nine we annex three ciphers, giving 
the completed product— 


3957 x 94360 = 373382000. 


By actual multiplication we find that the true product in the 
last article is 373382520. Ina book of logarithms, carried to 
seven places, the required result is found to be 373382500, 
which is more nearly exact. 

The utility of logarithms is more apparent when there 
are more than two factors to be multiplied, as, in that case, 
the operation is performed all in one statement. Thus: 
What is the product of 3-75, 432-95, 1712, and 0-0327 ? 

The statement is as follows: 


Log. 3:75 = 0-574031 
432-95 = 2-636438 

1712- = 3-233504 
e 

Product = 90891. = 4-958521 
16 

5. 


Explanations of working are given more in detail in most of 
the books of logarithms. 


428.—Completing the Square of a Binomial.—We 
have seen in A7t. 412 that the square of a binomial (z + 6) 
equals æ? + 2 ab + 6*—a trinomial—the first and last terms 
of which are each the square of one of the two quantities, 
while the second term contains the second quantity multi- 
plied by twice the first quantity— 

In analytical investigations it frequently occurs that an 
expression will be obtained which may be reduced to this 
form: 
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a’ +mab =f, (118.) 


in which wv is the coefficient of the second term, and a and 6 
are two quantities represented by «æ and 6 or any other two 
symbols. 

A comparison of this expression with the square of a bi- 
nomial (112.) contained in Art. 412, shows that the member 
at the left comprises two out of the three terms of the square 
of a binomial; as thus— . 


a? 2ab 4 6%, 


but with a coefficient #z instead of 2. It is desirable, as will 
be seen, to ascertain a proper third term for the given ex- 
pression; Or, as it is termed, “to complete the square: The 
method by which this is done will now be shown. 

A consideration of the above trinomial shows that the 
third term is equal to the square of the quotient obtained by 
dividing the second term by twice the square root of the 


se 
2 ety — pf 
DE ' 


Now a third term to the above binomial, equation (118.), may 
be obtained by this same rule. For example— 


a T (A 
24a ON A 

The rule for the third term then is: Divide the second term 
by twice the square root of the first, and square the quotient. 


As an example, let it be required to find the third term 
required to complete the square in the expression— 


One TAr E=, 


in which z and f are known quantities and v unknown. 
Putting it in this form— 


ee fy E, 


and dividing by 4, we have— 
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age’: oes 
A + 4 aA = 4 , 
which reduces to— 
2 4 


Now applying the above rule for finding the third term, we 


Dne- 
@ u j= 3 n), 
27 4 
which is the required third term. To complete the square 


we add this third term to both members of the above re- 
duced expression, and have— 


ee yet e i 
na + (30 see a 


The member of this expression at the left is the completed 
square of a binomial, the two quantities constituting which 
are the square roots of the first and third terms respectively ; 
or x and 3 7, and we therefore have— 


y x? an 2 Me + 2 n) = r+ Diag: 
2 4 4 


eae 


aoj 


and now taking the square root of both sides of the expres- 
sion, we have— 


and, by transferring the second quantity to the right mem- 
ber, we have— 


Vp-p 


an expression in which +, the unknown quantity, is made to 
stand alone and equal to known quantities. 

The process of completing the square is useful, as has 
been shown, in developing the value of an unknown quan- 
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tity where it enters into an expression in two forms, one as 
the square ot the other. 

san, example to test the above result, let 7 — 250md 
n = 8. Then we have by the last expression for the value 
of +— 


—— 


6 a ae? 
raf 24 (3x8) — Sx, 


4 * \4 
= 4 100 — 6, 


Xt = \O nS 4. 
Now this value of v may be tested in the original expres- 
slon— 
Gz t A te 
for which we have— 


6x8x4+4x =f, 
O2 POLS 
DEO S 


the correct value as above. 


PROGRESSION. 


429.—Arithmetical Progression.—In a series of num- 
bers, as 1, 3, 5, 7,0, etc., proceeding in regular orde mins 
creasing by a common difference, the serics is called an 
arithmetical progression ; the quantıty by which one num- 
ber is increased beyond the preceding one is termed the 
difference. If g represent the difference and a the first term, 
then the progression may be stated thus— 


enne- h 3 4, 5, 
EO) Ns De a a ct A mee 


The coefficient of dis equal to the number of terms preced- 
ing the one in which it occupies a place. Thus the fifth 
term is a + 4d, in which the coefficient 4 equals the number 
of the preceding terms. 

From this we learn the rule by which at once to desig- 


t 
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nate any term without finding all the preceding terms. For 
the one hundredth term we should have a + 994, or, if the 
number of terms be represented by x, then the last term 
would be represented by— 


Le — 1) 2. (119.) 


For example, in a progression where a, the first term, equals 
1, d the difference, 2, and z, the number of terms, go, the last 
term will be— 


ee — 1) a == 1 + (GO — 1) 2 = 9170. 


Therefore, to find the last term: 

To the first term add the product of the common difference 
into the number of terms less one. 

By a transposition of the terms in the above expression, 
so as to give it this form— 


a=l— (n-—-i)d, (120.) 


we have a rule by which to find the first term, which, in 
words, is— 

Multiply the number of terms less one by the common differ- . 
_ ence, and deduct the product from the last term, the remainder 
well be the first term. 

By a transposition of the terms of the former expression 
to this form— 

Z—a=(u— 1)4, 


and dividing both members by (x — 1), we have— 


l— a 
a = (IZL) 


which is a rule for the common difference, and which, in: 
words, is— 

Subtract the first term from the last, and divide the remain- 
der by the number of terms less one; the quotient will be the com-- 
mon difference. 

Multiplying both members of the equation (121.) by 
(z — 1) and dividing by d, we obtain— 


434 ALGEBRA. 


E l—a 
n— i= y 
Transferring 1 to the second member, we have— 
jm 
= + ii 8 (i223) 


which is a rule for finding the number of terms, and which, 
in words, 1s— 

Divide the difference between the first and last terms by the 
common diference; to the quotient add unity, and the sum will 
be the number of terms. 

Thus it has been shown, in equations (119,) (120), (121), 
and (122), that when, of the four quantities in arithmetical 
progression, any three are given, the fourth may be found. 

The sum of the terms of an arithmetical progression may 
be ascertained by adding them; but it may also be had bya 
shorter process. If the terms are written in order in a hori- 
zontal line, and then repeated in another horizontal line be- 
neath the first, but in reversed order, as follows: 


I, 3) 5; T Q, Il, 13, 15, 
15, 13, II, Q, Jo 5, 3, I, 
16, 16, 16, 16, 16, 16, T6, T6, 


and the vertical columns added, the sums will be equal. In ` 
this case the sum of each vertical couple is 16, and there are 

8 couples; hence the sum of these 8 couples is 8 x 16 = 128. 
And in general the sum will be the product of one of the 
couples into the number of couples. It will be observed 
that the first couple contains the first and last terms, 1 and 
15; therefore the sum of the double series is equal to the 
product of the sum of the first and last terms into the 
number of terms. Orif Sbe put to represent the sum of 
the series, we shall have— 


2S =(a+l)n, 


and, dividing both sides by 2— 


S= (e425: (123.) 
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Or, in words: The sumof an arithmetical series equals the prod- 
uct of the sum of the first and last terms, into half the number 


of terms. 


430,— Geometrical Progression.—A series of numbers, 
such as 1, 2, 4, 8, 16, 32, 64, 128, 256, etc., in which any one 
of the terms is obtained by multiplying the preceding one 
by a constant quantity, is termed a Geometrical Progression. 

The constant quantity is termed the common Katto, and is 

equal to any term divided by the preceding one. Thus in 
16 8 

the above example g OF A Or z = 2, equals the common ra- 

tio of the above series. In the series, I, 3, 9, 27, etc., we 


have for the ratio— 


a nae 
Fags ia 


which is the common ratio of this series. 
A geometrical series may be put thus: 


Terms: ieee) oe 4; 

Progress. : Nip les Ue ti? LX es oro 
or thus— 

Terms: ines A 4 

Progress. : ele crs 8 las 


in which the common ratio, in this case 3, appears in each 
term and with an exponent which is equal to the number of 
terms preceding that in which it occupies a place. 

If the first term be represented by æ and the common ra- 
tio by 7, then the following will represent any geometrical 
progression— 

Cn aed TF, tC. (124.) 


For example, let a = 2 andr = 4; then the progression 


will be— y 


Zoe, TOT, etc. 
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If v = unity, then when a = 2 the progression becomes— 
2,2 2a, oye ome UC: 


If 7 be less than unity, then the progression will be a de- 
creasing one. | 

For example, let a = 2 and r= 4. Then we have for 
the progression— 


If the number of terms be represented by x, and the last by 
/, then the last term will be— 


1 =a, (125.) 
For example, let z equal 6, then the progression will be— 


Terms: i 2 3, 4, 5, 6; 
Progress. : Gi arn ar, ee ar a 


in which the exponent of the last term equals z — 1 =, 
OH TSn. 


If S be put for the sum of a geometrical progression, we 
will have— 


Sa eara ar A bar a 
Multiply each member by 7, then— 
Sa A E ae parera na 


Subtract the upper line from the lower ; then— 


Si Ee 1 E cy? Sey ne eae 
k= ee ar? os a7 
SPs oa ape a e ar 
Sr — s= —a+ar’, 
St) = Zarr Sar” a, 
ar *—a 
S= . 


K= 
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Moe laist term (equation (125.)) equals. = ar" , and since 
oF ~ a7 = ri, theretore— 


rl—a 
een Ms 


ee 


(126.) 


Thus, to find the sum of a geometrical progression: J/u/¢t- 
ply the last term by the ratio; from the product deduct the first 
term, and divide the remainder by the ratio less unity. 

For example, the sum of the geometrical progression— 


S=1+4+34+9+4 27 + 81 + 243 + 729 = 1093 


by actual addition. 
To obtain it by the above rule— 


(ol eli 


a ge 


the correct result. 
If there be a decreasing geometrical progression, as I, 4, 
+, gz, etc., in which the ratio equals 4, the sum will be— 


. I I I or 
Sse ts z +— + a Eo 1G to infinity. 
Multiply this by 3, and subtract the first from the last— 
Sa a 2 te inet 
39 = 3+ 14 ao a7 + Br + o infinity. 

IR ee er 
ani ne cern ee LETC 

Ina ae progression let 7, the common ratio, be 
‘represented by © (6 less than c), and the first term by a, then 
the sum will Rea 


2 3 


b : 
S=a+a-+a5+a 5+, etc., to infinity. 
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ò 
Multiply this by F and subtract the product from the 


above— 
b b 6? b* ae 
Sz =a7 +43 +4453 + etc, to infinity. 
b b? b° AE 
S=at+taz +a +a z + to infinity. 
b b b? b° eee. 
SS = ¢@ — +4 oe O 
C C Cc C 
C # 5 
C 
b 
Pe CR 
C 
: a 
=o (127) 


For example, let the first term of a geometrical progression 
equal 2, and the ratio equal 4, then the sum will be— 


From this, therefore, we have this rule for the sum of an in- 
finite geometrical progression, namely : Divide the first term 
by unity less the ratio. 


SECTION X.—POLYGONS. 


4.3|.—Relation of Sum and Difference of Two Lines.— 
Let AB and CD (Fig. 285) be two given lines; make £ H 


A 


—B 


C ——-—D 


——|—— 
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equal to A B, and HG equal to CD; then £G equals the 
sum of the two lines. 

Make FG equal to A B, which is equal to £ H. 

Bisect £ G in ¥; then, also, ¥ bisects H/F; for— 


ae. 
and— 
EH—FG. 


Subtract the latter from the former ; then— 


EFJ—EH=9FG—FG; 


but— 

UE EIS) E, 
and— 

GG—-FGH=FF; 
therefore— 


Hehe fy Le 


Now, Æ F is half the sum of the two lines, and Æ F is half 
the difference; and— 


Pe itp hi = AL, 


Or: Half the sum of two quantities, minus half their dif- 
Jerence, equals the smaller of the two quantities. 


440 POLYGONS. 


Let the shorter line be designated by a, and the longer 
by 6; then the proposition is expressed by— 


(128.) 


We also have EF + FJF=LF= CD: or, half the sum 
of two quantities, plus half their difference, equals the larger 
quantity. 


432.—Perpendicular, in Triangle of Known Sides.— 
Let A BC (Fig. 286) be the given triangle, and CE a perpen- 
dicular let fall upon A B, the base. Let the several lines of 


C 


A c B 
Fic. 286. 


the figure be represented by the symbols a, 4, c, d, g, and f, 
as shown. Then, since A E C and BEC are right-angled 
triangles, we have (Art. 416) the following two equations, 
and, by subtracting one from the other, the third— 


S ee 
Gi ae met) 


a b. 


Then (Art. 414), by substitution, we have— 
(f+ £)(F—-g) = (e+ 4) (@— 4). 
By division we obtain— 


eee =!) 


oe ae 


J+ 


RULE FOR TRIGONS. AAI 


According to Art. 431, equation (128.), we have— 


In this expression let the value of f — g, as above, be 
substituted, then we will have— 


_f+g_ (@t db) (a—4) 
2 Zee) 


Multiply the first fraction by (f + g£), then join the two 
fractions, when we will have— 


ee ee) 
i aooo 


The lines f and g, in the figure, together equal the line 
c; therefore, by substitution— 


À — (a t+ 6) (@— 8) 


oe (129.) 


€ = 
This is the value of the line g. 

It may be expressed in words, thus: The shorter of the 
two parts into which the base of a triangle is divided by a 
perpendicular let fall from the apex upon the base, eguals the 
quotient arising from a division by twice the base, of the differ- 
ence between the square of the base and the product of the sum 
and difference of the two inclined lines. 

As an example to show the application of this rule, let 
a = Q9, $ = 6, and c = 12; then equation (129.) becomes— 


Taa O 


2 12 
oa MAS Oe 
© 24 
=o 
ey 4¢ 
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Now, to obtain the length of d, the perpendicular, by the 
figure, we have— 


d? = b? = ee 
and, extracting the square root— 
d= Vb*— g’, (130.) 


or, in words: The altitude of a triangle equals the square root 
of the difference of the squares of one of the inclined sides and 
tts base. 

As an example, take the same dimensions as before, then 
equation (130.) becomes— 


d = V6" — 4¥. 


The square of CA. 
66 66 rz 4t — 17-O15625 


6* — 45 = 18-984375, 


the square root of which is 4-44234; therefore— 


d=) ote S 


This may be tested by applying the rule to the other in- 
clined side and its base— 


E = I2 
s= 4h 
f= 75 
Then, d= Vo'— 7%", 
Cee oi 


it 62-015625 


OT = SOS 
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The same result as before, producing for its Square root 
eae, 4-44234, the value of d; therefore— 


d= Vo? —7§ = 4-44234. 


4-33.—Trigon: Radius of Cireumsecribed and Inseribed 
Circles: Area.—Let A BC (Fig. 287) be a given trigon or 
triangle with its circumscribed and inscribed circles. Draw 
wellnes ADF, DB and DC. 

eee triangles, A 2 D, A CD, and EDC, have their 
g eS converging at D, and form there the three angles, 
CPO TADC and EDC. These three angles together form 


Fic. 287. 


four right angles (47. 335), and each of them, therefore, 
equals 4 of a right angle. 

whe angles of the triangle D C together equal two 
right angles (Art. 345) As above, the angle S D C equals 4 
of a right angle, hence 2 — 4 = £74 = 2 of a right angle, 
equals the sum of the two remaining angles at & and C. 
The triangle BDC is isoceles (Art. 338); for the two sides 
BD and DC, being radii, are equal; therefore the two angles 
at the base B and C are equal, and as their sum, as above, 
equals % of a right angle, therefore each angle equals $ of a 
right angle. Draw the two lines /C and Tae Now, be- 
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cause D Cand OD? are radii, they are equalthence 07 Ca. 
an isoceles triangle. 

It was before shown that the angle 5 DC equals 4 of a 
right angle; now, since the diameter A F bisects the chord 
BC, the angles DDE and EDC are equal, and each equals 
the half of the angle BDC; or, 4 of 4 of aright angle equals 
2 of aright angle. Deducting this from two right angles 
(the sum of the three angles of the triangle), or 2—2= 
14 = 4 of a right angle equals the sum of the angles at F and 
C; hence each equals the half of 4, or 2 of a nght angle; 
therefore the triangle DFC is equilateral. The triangles 
DBFand DFC are equal. The angles 4 D Cand & FC ane 
equal; the line ABC is perpendicular to DF and bisects it, 
making DE and Æ F equal; hence DE equals half DF, or 
DB, radii of the circumscribing circle. Therefore, putting 
R to represent BD, the radius of the circumscribing circle, 
and 6=£C, a side of the triangle AAC, by Ari Ar TRE 
have— 

LD EB gs D/O 


-E 


Transferring and reducing— 


R? ee 
A a 
R 
4/4 
3p? Sapa 
4 4 
[eg pee 
3 4 3 3 
Rae (131.) 
730 


Or, The Radius of the circumscribing circle of a regular trigon 
or equilateral triangle, equals a side of the triangle divided by 
the square root of 3. 
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By reference to Fig. 287 it will be observed, as was 
De eee) 


Wore shown, that DE = E F= — ; or, DE, the ra- 


_ 


dius of the inscribed circle, equals half the radius of the 
circumscribed circle; or, again, dividing equation (131.) by 
2, we have— 

Koa a 

2 2 V 3 i 
and, putting 7 for the radius of the inscribed circle, we 
have— 


r= r7 (132) 


Or: The radius of the inscribed circle of a regular trigon equals 
the half of a side of the trigon divided by the square root of 3. 

To obtain the area of a trigon or equilateral triangle; we 
have (Art. 408) the area of a parallelogram by multiplying 
its base into its height; and (Aris. 341 and 342) the area of a 
triangle is equal to half that of a parallelogram of equal base 
and height, therefore, the area of the triangle B D C(Fig. 287) 
is obtained by multiplying C, the base, into the half of 
ED, its height. Or, when Nis put for the area— 


N= BCx Ee, 
R 
= N=6bx—; 
or 4 


substituting for œR its value (131.)— 


This is the area of the triangle BD C. 

The triangle A BC is compounded of three equal tri- 
angles, one of which is the triangle BDC; therefore the 
area of the triangle A B C equals three times the area of the 
mangle 6 OC or mien A represents the area— 
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4 V3 ; (133.) 


Or: The area of a regular ¢rigon or equilateral ¢riangle 
equals three fourths of the square of a side of the triangle di- 
vided by the square root of 3. 


4.34.—Tetragon; Radius of Circumseribea and In- 
scribed Circles: Area.—Let A BCD (Fig. 288) be a given 
tetragon or square, with its circumscribed and inscribed 


Fic. 288. 


circles, of which A Æ is the radiusof the former and £ F that 
of the latter. The point F bisects 4 B, the side of the 
square. A F equals Æ F and equals half A B, a side of the 
square. Putting œ for the radius of the circumscribed 
circle and 6 for A B, we have (Artz. 416)— 


AB =A ae 


R= “nemn = 2 a b? 
2 2 s 2 4 z 


b 
ee ar (134.) 


Or: The radius of the circumscribed circle of a regular tetra- 
gon equals a side of the square divided by the square root of 2. 


SIDE AND AREA OF HEXAGON. 447 


By referring to the figure it will be seen that the radzus 
of the inscribed circle equals half a side of the square— 


= 2. (135.) 
The area of the square equals the square of a stde— 
Ages (136.) 


435.— Hexagon: Radius of Circumscribed and In- 
scribed Circles: Area.—Let A B C D E F (Frig. 289) be an equi- 
lateral hexagon with its circumscribed and inscribed circles, 
of which ÆG is the radius of the former, and G # that of 
the latter. The three lines, AD, B E, and CF, divide the 
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hexagon into six equal triangles with their apexes converg- 
ing at G. The six angles thus formed at G are equal, and 
since their sum about the point G amounts to four right 
gametes (477. 335), therefore each angle equals 4 or 2 of a 
right angle. The sides of the six triangles radiating from G 
are the radii of the circle, hence they are equal; therefore, 
cach of the triangles is isosceles (47t. 338), having equal angles 
at thesbase. In the triangle £ GD, the sum of the three 
angles being equal to two right angles (A7?. 345), and the 
angle at Gbeing,as above shown, equal to $ of a right angle, 
therefore the sum of the two angles at Æ and D equals 
2— $= of aright angle; and, since they equal each other, 
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therefore each equals $ of a right angle and equals the angle 
at G; therefore Æ ŒD is an equilateral triangle. Hence 
E D, a side of a hexagon, equals E G, the radius of the circum- 
scribing circle— 


R= 6. (137.) 


As to the radius of the inscribed circle, represented by G H, 
a perpendicular from the centre upon Æ D, the base; the 
point Æ bisects Æ D. Therefore, Æ H equals half of aside 
of the hexagon, equals half the radius of the circumscribing 
circle. Let R = this radius, and v the radius of the inscribed 
circle, while 6= a side of the hexagon; then we have (Arts. 
353 and 416)— 
GMA = LC =f 


1 3 
pe of Bb= Vg PHEKV SS, 
=v 
(=) ae (138.) 


Or: The radius of the inscribed circle of a regular hexagon 
equals the half of a side of the hexagon, multiplied by the 
square root of 3. 

As to the area of the hexagon, it will be observed that the 
six triangles, d BG, BGC, ete., converging at G the centre, 
are together equal to the area of the hexagon. The area of 
E G D, one of these triangles, is equal to the product of £ D, 
the base, into the half of G Z, the perpendicular; or, when 
N is put to equal the area— 


N=EDx<, 
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N=bx*, 


Ad 


; b 
and, since 7, as above, equals i sas 
B 


iy 
4 


This is the area of one of the six equal triangles; therefore, 
when A is put to represent the area of the hexagon, we have— 


E T Ea) 
4 


E, (139.) 


Or: The area of a regular hexagon equals three halves of the 
square of a side multiplied by the square root of 3. 


B 


FIG. 290. 


436.—Octagon: Radius of Cireumseribed and In- 
seribed Circles: Area.—Let CE D B F (Fig. 290) represent a 
quarter of a regular octagon, in which Fis the centre, £ D 
de wad C Aand A cach half a side, while CF and 
B Fare radii of the inscribed circle, and £ F and DF are 
radii of the circumscribed circle. 
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Let Æ represent the latter, and 7 the former ;-also ler 
represent Æ D, one of the sides, and z be pugs for A D, and 


for A E. Then we have— 


ADD JR = G IA. 
To 
(a 
Zr 
2 


or— 
Since A D Eis a right-angled triangle (Art. 416), we have— 


AE*+ AD = ED* 


ngs = 
Doe a= O 
Dp? 
n’ = -— 
2 
PE 


Placing the value of z, equal to the value before found, 


we have— 


2 
first 


This coefficient may be reduced by multiplying the 


fraction by 12, thus— 


U EN 
V2 “2 2 
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therefore— 


in b 
Ps (Vos ree (140.) 


Or: The radius of the inscribed circle of a regular octagon 
equals half a side of the octagon multiplied by the sum of unity 
plus the square root of 2. In regard to the radius of the cir- 
cumscribed circle, by Av. 416 we have— 


DF = DFPE: 
O 
R'=7*+ (=). 


In this expression substituting for 7’, its value as above, we 


have— 
waren (4) +(4), 


R= ((¥24 se (E): 


The square of the coefficient ( V2 +1) by Artz. 412 equals 
aya et 2 ten 


R= [2 ¥2 + 3) 41) (~)- 


= by 
serea e, 


R= y 2V2 +4 = (141.) 


Or: The radius of the circumscribcd circle of a regular octagon 
equals half a side of the octagon multiplied by the square root of 
the sunt of twice the square root of 2 plus 4. 

Inv resancdetowthesarea ol the octagon, the figure shows 
atone Clontmon wus rcontained in the triangle D A&F. 
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Thema ol O E A, putting it camalitoy ic 


N = A D oe 
2 
N = O g= 
1 ee 
Fre se) 2 
2 


N= (V2 + ys. 


This is the area of one eighth of the octagon; the whole 
area, therefore, is— 


= 8 5° 
AS 2a 
‘ ) 4 
Aa V2+ Wee. (142.) 


Or: The area of a regular octagon equals twice the square of a 
side, multiplied by the sum of the square root of 2 added to unity. 

When a side of the enclosing square, or diameter of the 
inscribed circle, is given, a side of the octagon may be found ; 
for from equation (140.), multiplying by two, we have— 


27 E Oye a 1) b. 
Dividing by 4/2 + 1, gives— 


= (143.) 

V2+1 

The numerator, 27, equals the diameter of the inscribed 
circle, or a side of the enclosing square; therefore: 

The szde of a regular octagon, equals a side of the enclosing 
square divided by the sum of the square root of 2 added to unity. 


437.—Dodeecagon: Radius of Circumscribed and In- 
seribed Circles: Area.—Let 4A BC (Fig. 291) be an equilat- 
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a anae Bisect A bin Z; draw C/D; with radius AC 
describe the arc A DE. join A and D, also D and Z ; bisect 
Peon A; with the radius Æ C describe the arc £ G. Then 
AD and D B are sides of a regular dodecagon, or twelve- 
sided polygon; of which 4 C, D C, and &C are radii of the 
circumscribing circle, while Æ C is a radius of the inscribed 
Circle. 

The line A # is the side of a regular hexagon (Art. 435). 
Putting R equal to A C the radius of the circumscribing cir- 
Maa — EC, the radius of the inscribed circle: b =AWD, a 
side of the dodecagon, and z = DF. Then comparing the 


FIG. 201. 


homologous triangles, A DF and AEC (the angle A DF 
eqmalstie angle Z A C, and the angles D/A and A&C are 
right angles); therefore, the two remaining angles DA F 
and A CE must be equal, and the two triangles homologous 
(Art. 345). Thus we have— 


PE DPA: es AC, 


Peay 


2 
© On 


454 POLYGONS. 
In Art. 435 it was shown that FC (fig. 291), or GH of 


: Wy — 9 
Fig. 289, the radius of the inscribed hexagon, equals ¥ 3 5 
X 


and in which its b= R; Fe = 3 7 
Now ( Fig. 291)— 
DE nea, 


-R 


Substituting this value of z, in the above expression, we 
have— 
b? 


7 ACS) 
Multiplying by R and reducing, we have— 
eee 
2 ny 


R= y = b. (144.) 


R?= 


Or: The radius of the circumscribed circle of a regular dodec- 
agon, equals a side of the dodecagon multiplied by the square 
root of a fraction, having unity for its numerator and for its 
denominator 2 minus the square root of 3. 

Comparing the same triangles, as above, we have— 


FD FRAT T 3 TEC. 


r= 

R b 

e oe 
2 2 

IO. Rb 

A 4RU—4 73) 
b 

a e (145.) 
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Or: The radius of the inscribed circle of a regular dodecagon 
equals a side of the dodecagon divided by the difference between 
4 and the square root of 3. 

The area of a dodecagon is equal to twelve times the area 
of the triangle A DC (Fig. 291). The area of this triangle is 
equal to half the base by its perpendicular; or, AZ x EC; 
or— 


b 


A T; 
2 


or, where N equals the area— 
ME 
Or, for the area of the whole dodecagon— 


122 — 6.07, 
A =66r. 


Substituting for 7 its value as above, we have— 


6 
A = ————— b’. 140. 
Or: The area of a regular dodecagon equals the square of a 
side of the dodecagon, multiplied by a fraction having 6 for its 
numerator, and for its denominator, 4 minus twice the square 


root of 3. 


438.—Eiceadeeagon: Radius of Cirecumscribed and EIn- 
scribed Circles: Area.—Let A B CD (Fig. 292) be a square 
enclosing a quarter of a regular octagon CE FB, E F being 
one of its sides, and C& and FB each half a side, while FD 
is the radius of the circumscribed circle, and X D the radius 
of the inscribed circle of the octagon. Draw the diagonal 
AD; with DF for radius, describe the circumscribed circle 
EGF; join G with > and with Z; then £ G and GF will 
each be a side of a regular hecadecagon, or polygon of six- 
teen sides. l 

An expression for FD, the radius of the circumscribed 
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circle, may be obtained thus: Putting FD = R; HD =r; 
GF =b; GF =n; and YF = - (Art. 416), we have— 


GT =G = Jie 


D 
FIG. 292. 
Comparing the two homologous (47¢. 361) triangles, G X F 
and FH D (Art. 374), we have— 
Gil G4) A AR 


nm: o a IA, 
2 
G 
s= y 
0 
2a 
n aR 


Putting this value of x° in an equation against the former 
value, we have— 
b+ Saye 
fav (2) 
aL IK 2 
In Art. 436, the value of F D, as the radius of the cir- 
cumscribed circle of a regular octagon, is given in equation 


(141.) as— 


R VN, 
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in which ó represents a side of the octagon, or EF, for 
which we have put s. Substituting s for 4 and putting the 
numerical coefficient under the radical, equal to B, we 
have— 


R=VB = 


Squaring each member gives— 


R'=8 (5) s 
2 


From which, by transposition, we have— 


Substituting in the above expression for S this value 


of it, gives— 


Transposing, we have— 


ae E R’ Oe 
IK IE 


Multiplying the first term by 2, and the second by 4 R’, 
we have— 


A Ae EAR O°, 
Transposing, we have— 


4R'—4BR*b? = — Bd. 


453 POLYGONS. 


To complete the square (Art. 428) we proceed thus— 
Kk — BRO == poe 
R BRO +E Be) =] Gee ee 
Taking the square root, we have— 
R°—-$§BH=HVEB* GH —-1BS*, 
R= VERO — Bb +} B, 
R°’ =b° V} B —}8 +48, 
R* = 6 E + 48), 
R? = 6° VEB(B— 1) + $B). 
Restoring B to its value, 2 72 + 4 as above, we have— 
1B=3V2+1, 
B-—1=2V2+3; 


multiply these— 
2 + 2V2, 


Ce eee 


AB=WV2+2., 


Thereforc— 


R= 67 (4/5 +4V24+-¥2 + 2), 


Raby “5445024 V2 + 2. (i47) 
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Or: The radius of the circumscribed circle of a regular 
hecadecagon equals a side of the hecadecagon multiplicd by the 
square root of the sum of two quantities, one of which is the 
square root of 2 addcd to 2, and the other ts the square root of 
the sum of seven halves of the square root of 2 addcd to 5. 

To obtain the radius of the inscribed circle we have (Fig. 
292)— 

ADE FPD Hr, 


Substituting for Æ?’ its value as above, we have— 


2 


e oe 8) @ 
r* = 5*[( VE B(B— 1) +42) — (8, 
t= by VEB(B—1) +4 B—4 


The coefficient of ò is the same as in the case above, ex- 
cept the — 4; therefore its numerical value will be + less, 


OL 


r=bp V5 +4 V2+V2+1ł. (148). 


Or: The radius of the tuscribed circle ot a regular hecadeca- 
gon equals a side of the hecadccagon multiplied by the square root 
of two quantities, one of which is the square root of 2 added to 
ił, and the other is the square root of the sum of seven halves of 
the square root of 2 added to 5. 

To obtain the area of the hecadecagon it will be observed 
iitmetie area Of the triangle CAD (Fig. 292) equals ADP x 
fl F, and that this is the 7; part of the polygon; we there- 
fore have— 


A= 6D x HF. 


re i677 — — 87 0. 


NS 


460 POLYGONS. 


The value of 7 is shown in (148.); therefore we have— 
A = 8b 4/ Vs 44V¥24V2 41h (149.) 


Or: The area of a regular hecadecagon equals eight tines 
the square of its side, multiplied by the square root of two quan- 
tities, one of which ts the square root of 2 added to 12, and the 
other is the square root of the sum of seven halves of the square 
root of 2 added to 5. 


439,—Polygons: Radius of Circumscribed and Inscribed 
Circles : Area.—In Arts. 433 to 438 the relation of the radii 
to a side in a trigon, tetragon, hexagon, octagon, dodeca- 
gon and hecadecagon have been shown by methods based 


A 


FIG. 293. 


upon geometrical proportions. This relation in polygons 
of seven, nine, ten, eleven, thirteen, fourteen and fifteen 
sides, cannot be so readily shown by geometry, but can be 
easily obtained by trigonometry—as also said relation of the 
parts in a regular polygon of any number of sides. The na- 
ture of trigonometrical tables is discussed in Arts. 473 and 
474. So much as is required for the present purpose will 
here be stated. 

Let A BC (Fig. 293) represent one of the triangles into 
which any polygon may be divided, in which BC = b =a 
side of the polygon; A C = R = the radius of the circum- 
scribed circle; and 4 D = r= the radius of the inscribed 
cirele: 
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Make £C equal unity; on C as a centre describe the arc 
EF; draw FH and Æ G perpendicular to Z C, or parallel to 
AD; then for the uses of trigonometry Æ G is called the 
tangent of c, or of the angle A CB, and FH ıs the size, and 
H C the cosine of the same angle. 

These trigonometrical quantities for angles varying from 
zero up to ninety degrees have been computed and are to be 
found in trigonometrical tables. 

Referring now to Zig. 293 we have— 


me Foe DCA AG, 


b 
GOSe 6 E 
2 
b 
Se. (150.) 


Again— 


fall, c: (151.) 


These two equations give the required radii of the cir- 
cumscribed and inscribed circles. They may be stated thus : 

The radius of the circumscribed circle of any regular poly- 
gon equals a side of the polygon divided by twice the cosine of 
the angle formed by a side of the polygon and a radius from one 
end of the side. 

The radius of the inseribed circle of any regular polygon 
equals half of a side of the polygon multiplicd by the tangent of 
the angle formed by a side of the polygon and a radius fron one 
end of the side. 

The area of a polygon equals the area of the triangle 
Mee Os oi which 2 Cis one side of the polygon 
and A is the centre), multiplied by the number of sides in 
the polygon; or, if z be put to represent the number of the 
sides and A the area, then we have— 
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=o 2, 


in which B equals the area of the triangle. The area of A 
C2202) 1S equal to Ape) on — 


b= 
2 


For 7 substituting its value, as in equation (151.), we have— 


F b I 
B= - tanc-=-—6' tan. c. 
2 2 è 


Therefore, by substitution— 
A= ao n tan. c. (152.) 


Or: The area of a regular polygon equals the square of a 
side of the polygon, multiplied by one fourth of the number of 
ats sides, and by the tangent of the angle formed by a side of the 
polygon, and a radius from one end of the sides. 


440.—Polygons: Their Angles.—Let a line be drawn 
from each angle of a regular polygon to its centre, then 
these lines form with each other angles at the centre, which 
taken together amount to four right angles, or to 360 de- 
Omees( Ar7s 32700234). 

If this 360 degrees be divided by the number of the sides 
of the polygon, the quotient will equal the angle at the cen- 
tre of the polygon, of each triangle formed by aside and two 
radii drawn from the ends of the side. For example: if 
AD C (Fr. 203) be one of the triangles referred to ghaving 
B C one of the sides of the polygon and the point 4 the cen- 
tre of the polygon, then the angle BA C will be equal to 360 
degrees divided by the number of the sides of the polygon. 
If the polygon has six sides, then the angle Z A C will contain 
360 


Si 6o degrees ; or if there be 10 sides, then the angle at 


30 
A, the centre, will contain a = 36 degrees. The angle 
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BAD equals half the angle BAC, or, when x equals the 
number of sides, the angle B A C equals— 
o 


-3 
7} 


LAC 
-, equals— 


ana the triangle 6A D= 
360 


21 


Now the angles BAD+DBA equal one right angle 
(2740), oroo degrees. Hence the angle DBA =oo0 — 
BA D, or the angle ¢ equals— 


360° 


D 


(153-) 


c = go° a 


For example, if z equal 6, or the polygon have six sides, 
then— 
o 


360 
i2 


c° = 90° — = 00 — 30 = b0". 

Therefore, the azg/e c, contained in equations (150.), (151.), 
and (152.), eguals 90 degrees, less the quotient derived from a di- 
viston of 300 by twice the number of sides to the polygon. 


44(|.— Pentagon: Radius of the Cireumseribed and En- 
scribed Circles: Area.— The rules for polygons developed 
in the two former articles will here be exemplified in their 
application to the case of a regular pentagon, or polygon of 
five sides. 

To obtain the angle c° (153.), we have z = 5, and— 
a 300 


Go = OO tg i 30 = 54 


For tne radius of the circumscribed circle, we have 


(150.)— 


2 COS. ¢ 
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b 


Ecos 


— 


I 


R = CS 
a 2 COS: 54. 


Using a table of logarithmic sines and tangents (47t. 427), 


we have— 
Log. 2 = 0: 3010300 
Cos. 54 = 0- 7692197 
Their sum = 0-0702487 — subtracted from 
Log. I = 0- 0000000 
0-85005 = 9:9297513 
Therefore— 


R= 0-85065 8. 


Or: The radius of the circumscribed circle of a regular penta- 
gon equals a side of the pentagon multiplied by the decimal o-85065. 


For the radius of the inscribed circle, we have (151.)— 
ræ- tano, 
2 


(alts Gl 
ae 


Pay 

For this we have— 
Log. tan. 54° = 0-1387390 
Log. 2 = 0- 3010300 


0:-68819 = 9-8377090. 
Therefore— 
(P= ONO E10) UP 


Or: The radius of the inscribed circle of a regular pentagon 
equals a side of the pentagon multiplied by the decimal 0-68819. 
For the area we have (152.)— 


A =a n tan. c, 


AS an 54° &, 


A =$ tan. 54° %7. 
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For this we have— 
Log. 5. = 0-6989700 
Log. tan. 54° = 0-1387390 


0-8377090 
Log. 4 = 0-6020600 
1-72048 = 0- 2350490 
Therefore— 
A= 72040 
Or: The area of a regular pentagon equals the square of its 
side multiplied by 1-72048. 


442.— Polygons: Table of Constant Multipliers. -— To 
obtain expressions for the radii of the circumscribed and in- 
scribed circles, and for the area for polygons of 7, 9, 10, I1, 
13, 14, and 15 sides, a process would be needed such pre- 
cisely as that just shown in the last article for a pentagon, 
except in the value of z and c, which are the only factors 
which require change for each individual case. 

No useful purpose, therefore, can be subserved by ex- 
hibiting the details of the process required for these several 
polygons. The values of the constants required for the 
radii and for the areas of these polygons have been com- 
puted, and the results, together with those for the polygons 
treated in former articles, gathered in the annexed Table of 
Regular Polygons. 
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RO o _ 

SIDES aa Z TAT 
Bo TEN a e a T -57735 -28868 -43301 
o M OM es ors cach ak ct He ee aie ew -7O7II - 50000 I -00000 
PREMERA OM cs 5 oe 6 sicine a eis + cities see 9, 9s -85065 -68819 I-72048 
© BLORS0 re re I -00000 - 86603 2-59808 
FPG WUAR OM: ei os case bee pes ae ae | I+15238 I 03826 3:63391 
ch OCITO Se Aaa E ener | I-30656 | 1-20711 4-82843 
UME A CONDE Siac. aie & Pale ve eae oye | 1I+461g0 i373 74 6-18182 
TODE CASON 5 eee en ee 1-61803 1°53884 7-69421 
Tp CAM Ole seee eee ines ae xe [97473 1-70284 9+36564 
2 WOCECAG ONY focuser welsh sic + « 1°93185 1-86603 I1-19615 
ee Predecaront e e a e aie ss a © | 2-08929 2+02858 13°18577 
14. Tetradecagon.....eees e | 2.24698 2-109064 1533451 
Wee Pentadecagons -e AAAA e a e 2.40487 2°35231 17-64236 
fon Mecadecagonaa. rede T 2°50202 2-51367 20° 10936 
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In this table Æ represents the radius of the circumscribed 
circle; z the radius of the inscribed circle; J one of the 
sides, and A the area of the polygon. By the aid of the 
constants of this table, Æ, the radius of the circumscribed 
circle of any of the polygons named, may be found when a 
side of the polygon is given. For this purpose, putting w 
for any constant of the table, we have— 


ie == Ore (154.) 


As an example: let it be required to find A, for a penta- 
gon having each side equal to 5 feet; then the above expres- 
sion becomes— 


R = 5 x 055005, 
R = A256 Oe. 


The radius will be 4 feet 3 inches and a small fraction. 
In like manner the radius of the inscribed circle will be— 


T EO (155.) 
and for a pentagon with sides of 5 feet, we have— 
7 =T x 009319 
r = 3:44095. 


Or, the radius of the inscribed circle will be 3 ft. fy and a 
small fraction. Or, multiplying the decimal by 12, 3 ft. 5 in. 
2A and a small fraction. 

The area of any polygon of the table may be obtained 
by this expression— 


A =o m: (156.) 


and, applying this to the pentagon as before, we have 


AEE 172045, 
= 43:012. 


A 
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Or the area of a pentagon having its sides equal to 5 feet, 
is 43 feet and 42, of a foot. 

By the constants of the table a side of any of its poly- 
gons may be found, when either of the radii, or the area, 


are known. 
When & is known, we have— 


K 
D= -= (157.) 
When v is known, we have— 
= 2.. (ise) 


WL 


When the area is known, we have— 


oa (159.) 


SECTION XI.—THE CIRCLE. 


443.—Cireles: Diameter and Perpendicular: Mean 
Proportional.—Let A B C (Fig. 294) be a semicircle. From 
C, any point in the curve, draw a line to A and another to 
B; then ABC will be a right-angled triangle (A7t. 352). 
Draw the line CD perpendicular to the diameter dB; 
then C D will divide the triangle A BC into two triangles. 
ACD and CBD, which are homologous. For, let the 
triangle CBD be revolved on D asa centre until its line 
CD shall come to the position £ D, and the line DB oc- 
cupy the position D F, each in a position at right angles 


C 


A E D B 
FIG 294. 


to its former position, the point Æ describing the curve 
BF, and the point C the curve CZ, and each forming a 
quadrant or angle of ninety degrees. Since these points 
have revolved ninety degrees, therefore the three lines of 
the triangle C8 D have revolved into a position at right 
angles to that which they before occupied ; hence the line 
EF is at right angles to CB, and (from the fact that A C B is 
a right angle) parallel with AC. Since the triangle £ FD 
equals the triangle C A D. and since the lines of & Dare 
parallel respectively to the corresponding lines of 4 C D, 
therefore the triangles A CD and CB D are homologous. 

Comparing the lines of these triangles and putting a = 
AB, y= CD, and « = DB, we have— 
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eNO E a) 6. AD, 


eye ae, 

yy =2(a— 2). (160.) 
Or, in a semicircle, a perpendicular to the diameter terminated 
by the diameter and the curve zs a geometric mean, or mean 
proportional, between the two parts into which the perpendicular 
divides the diameter. 


444.—Circle: Radius from Given Chord and Versed 
Sine.—Let 4 B (Fig. 295) be a given chord line and CDa 
versed sine. Extend CD to the opposite side of the circle; 
it will pass through X, the centre. Join Aand C, also Æ and 


aT, 


E 
FIG. 295. 


B. The line A D, perpendicular to the diameter C Æ, is 
a mean proportional between the two parts CD and DE 
(Art. 443); or, putting e = AD, b= CD, andr equal the 
radius FE, we have— 
CoO mA) ADP: DE. 
UG a7 A, 
a*=b(2r—B), 
= — 0, 
a0 i= 27 0, 
o a+? 


T (161.) 
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Or: The radius of a circle equals the sum of the squares of half 
the chord and the versed sine, divided by twice the versed sine. 

Another expression for the radius may be obtained ; for 
the two triangles C8 D and CE B (Fig. 295) are homologous 
(Art. 443) and their corresponding linesin proportion. Put- 
ting f for CB, we have— 


CD CS 2G eee 


or— . ey Roy 7, 
or— =o a 
and— z 
7 == T (162.) 


Or: The radius of a circle equals the square of the chord of half 
the arc divided by twice the versed sine. 


445.— Circle: Segment from Ordinates.— Whenthe curve 
of a segment of a circle is required for which the radius can- 
not be used, either by reason of its extreme length, or be- 
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cause the centre of the circle is inaccessible, it is desirable 
to obtain the curve without the use of the radius. This may 
be done by calculating ordinates, a rule for which will now 
‘be developed. 7 

Let DC B (fe, 206) be a right angle, and A OS a cies 
cular arc described from C as a centre, with the radius 
BCH=LD=CP Drw PA parallel with OC, andwae 
parallel with CB. Now, in the segment 4 DG, we have 
given A_G,.its chord, and YZ, its versed sineyand it ise: 
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quired to find an expression by which its ordinates, as PF, 
may be computed. From Art. 416, we have— 


PM%*=CP?—CM?; 
or, putting for these lines their usual symbols— 
= =a 
INP, 
now we have— 


LC=D0DC—=VLE, 


ECan 
EFEM =DC— DE, 
FM =r — b. 


Then we have— 
(EUS eV ETE VE 


or, putting ź for PF and substituting for PM and FM their 
values as above, we have— 


t=y—(r—d), 
and for y, substituting its value as above, we have— 
t= Vr? — x? — (7 — 3B). (aoa) 


Or: The ordinate in the segment equals the square root of the 
difference of the squares of the radius and the abscissa minus 
the difference of the radius and the versed sine. 

Por example: let the chord A G (Fig. 296) in a given case 
equal 20 teet, and the versed sine, 4, or the rise D £, equal 4 
feet; and let the ordinates be located at every 2 feet along 
the chord line, A G. 

In solving this problem we require first to find the radius. 
This is obtained by means of equation (161.)— 


OED 
=? a 
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For a, half the chord, we have to feet; for ġ, the versed 
sine, we have 4 feet; and, substituting these values, we 


have— 
TO +947 = Oe 
aa se eee 
The radius equals— 14-5 
The versed sine equals— 4:0 
(r — b) = 10-5 


The square of 14-5, the radius, equals 210-25. Now we 
have, substituting these values in equation (163.)— 


t= Zions = oe 


The respective values of 2, as above required, arco 
4,6,8and1o Substituting successively for x one of these 
values, we shall have, when— 


x= "0; =W 210-25 —0*—10-5 = 4. 


T= SO \ oo 20 oe 10-5 = 3 -8614 


T= 4; l= N 210-25 = os E 
x= 6; t= V 210-25 — 6? — 10-5 = 2. 7004 


s= 8; f= 210-25 8° — 10-5 = 1 0] 


#—= 10; = 210-25 — 10°— 10-5 =0-0 


Values for ¢ may be taken at points as numerous as desira- 
ble for accuracy. 

In ordinary cases, however, they need not be nearer than 
in this example. 

After the points are secured, let a flexible piece of wood 
be bent so as to coincide with at least four of the points at a 
time, and then draw the curve against the strip. 


446.—Cirele: Relation of Diameter to Circumference, 
—In Art. 439 it is shown that the area of a polygon equals 
the radius of the inscribed circle multiplied by half of a 
side of the polygon and by the number of the sides; or, 
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A=rx a = oe or, the area equals half the radius by a 
2 2 


side into the number of sides; or, half the radius into the 
periphery of the polygon. Now, if a polygon have very 
small sides and many of them, its periphery will approxi- 
mate the circumference of the circle inscribed within it; in- 
deed when the number of sides becomes infinite, and conse- 
quently infinitely small, the periphery and circumference 
become equal. Consequently, for the area of the circle, we 
have— 


A= To (164.) 


Anere ¢ represents the circumference. 

By computing the area of a polygon inscribed within a 
given circle, and that of one circumscribed about the circle, 
the area of one will approximate the area of the other in 
proportion as the number of the sides of the polygon are 
increased. 

For example: if polygons of 4 sides be inscribed within 
and circumscribed about a circle, the radius of which is 1, 
the areas will be respectively 2 and 4. Ifthe polygons have 
fesstaes, the areas are each 3 and a fraction, the fractions 
being unlike; when they have 128 sides the areas are each 
3-14 and with unlike fractions; when the sides are increased 
to 2048, the areas each equal 3-1415 and unlike fractions, 
and when the sides reach 32768 in number the areas are 
equal each to 3-1415926, having like decimals to seven 
places. The computations have been continued to 127 
miaces Gregory s “Math. for Practical Men”), but for all 
possible uses in building operations seven places will be found 
to be sufficient. From this result we have the diameter in 
proportion to the circumference as 1 : 3-1415926, or as— 


I: 3-141595, 
I: 3-141 50, 
Ee TATO. 


Of these proportions, that one may be used which will give 
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a result most nearly approximating the degree of accuracy 
required. For many purposes the last proportion will be 
sufficiently near the truth. 

For ordinary purposes the proportion 7 : 22 is very use- 
ful, and is correct for two places of decimals; it fails in the 
third place. 

The proportion 113 : 355 is correct to six places of deci- 
mals. 

For the quantity 3-1415926 putting the Greck letter z 
(called gy), and 27 = d for the diameter, we have— 


cand. (165.) 


To apply this: in a circle of 50 feet diameter, what tnis 
the ciremmicrence, 


c = 3 1410 x 50 
157-08 ft. 


If the more accurate value of z be used, we have— 


c= 3 U4 620. 50. 
c = 157-07963. 


The difference between the two results is 0-00037, which 
for all ordinary purposes, would be inappreciable. 
By the rule of 7 : 22, we have— 


c= 50 x42 = 157 1422571, 
an excess over the more accurate result above, of 0-0632271, 
which is about 2 of an inch. 


By the rule of 113 : 355, we have— 


c = 50 x $$ = 157-079640. 


This result givesan excess of only 0-ooo016; it 1s sufficiently 
near for any use required in building. 

From these results we have these rules, namely ie 
obtain the circumference of a circle, multiply tts diameter by 
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22, and divide the product by 7; or, more accurately, seultipiy 
the diameter by 355 and divide the product by 113; or, by mul- 
tiplication only, szultiply the diameter by 3-1416; or, by 
3-141594; or, dy 3-1415926; according to the degree of 
accuracy required. 

And conversely: To obtain the dzameter from the cir- 
cumference, multiply the circumference by 7 and divide the 
product by 22; or, multeply by 113 and divide by 355; or, di- 
vide the circumference by 3-1416; or, by 3-141594; or, by 
3-1415920. 


447.— Circle: Length of an Are.—Considering the cir- 
@leraivided into 360°, the length of an arc of one degree in 
a circle the diameter of which is unity may be thus found. 

The circumference for 360 is 3-14159265 ; 


3: 14159265 _ . 
pee a) 007 2004025; 

360 72004025 
which equals an arc of one degree in a circle having unity 
as its diameter; or, for ordinary use the decimal 0-008727 
or 0-00874 may be taken; or putting a for the arc and g for 
the number of degrees, we have— 


a = 0-00872665 dg. | (166.) 


Wherefore: To obtain the length of an arc of a circle, 
multeply the diameter of the circle by the number of degrees in 
the arc, and by the decimal 0-0087}, or, instead thereof, dy 
O:008727. 


448.—Cirele: Area.—The area of a circle may be ob- 
tained in a manner similar to that for the area of polygons 


; V 
Cleo), n vich A =bn, b= r=, or— - 
e, 


where 6 equals a side of the polygon and z the number of 
sides; so that 4 2 equals the perimeter of the polygon. 
Now, if for the perimeter of the polygon there be sub- 
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stituted the circumference of the circle, we shall have, put- 
ting for the circumference 3-1416 d, or, m d (Art. 446)— 


A=ztadr, 
in which v is the radius. Since 2 7 = d, the diameter, and 


a 
ans ve have— 


A = 4 7T A 
2 
A = 4 Ge BE 
And since— 
m = 3-14159265, 
4 x = 0- 78539816, 
or— 
4a = 0-7854, nearly. 
Therefore— 


PAL == an yanievalia) ©. (Gz) 


Or: The area of a circle equals the square of the diameter mul- 
tiplied by 0+7854. 


D 
Fic. 297. 


As an example, the area of a circle 10 feet in diameter is 
found thus— 
101K 10 = 160: 


100 x 0-7854 = 75-54 teen: 


449.—Cirele: Area of a Sector.—The area of A BCD 
(Fig. 297), a sector of a circle, is proportionate to that of the 
whole circle. For, as the circumference of the whole circle 
is to ifs area, so is the arc A B C to the area of A B CD. 
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Mae a amierence of a circle is (165) C= md. The area 
Gimeweircle is (167.) A = -7854 4°. For the arc AAC puta, 
and for the area of A BCD puts. Then we have from the 
above-named proportion— 


TPA OG aS, 


-7854 d? 
aE a 5 


The coefficient o- 7854 is A AAS): 


Therefore, multiplying the fraction by 4, we have— 


or— Selda = ra: (168.) 


Wherefore: To obtain the arca of a sector of a circle, 
multiply a quarter of the diameter by the length of the arc. 

Moms let A D equal 10; also let 4G C =a, equal 12. 
Then the area of A B CD is— 


S = 4x 10x 12, 
yale? 


The length of the arc may be had by the rule in Art. 447. 


450. —Cirele: Area of a Segment.—In the last article, 
Ee C O(A. 297) 1s called the sector of a circle. Of this 
the portion included within 4 Æ C B is a segment of a circle. 
The area of this equals the area of the sector minus the area 
of the triangle A DC; or, putting M for the area of the seg- 
Mem) tor the area of the sector, and 7 for the area of the 
triangle, then— 


I = S 7, 


Pene eO (ze. 297) and # for D £, then 7 = 5 h. 


iiethe listannclews —«.7-7,1n which e = the length of the 
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arc ABC. Substituting this value of s in the above, we 
have 


M=; 


e 
S 
S 
S 
> 


ee (169.) 


Or: When the length of the arc is known, also that of the 
chord and the perpendicular from the centre of the circle, 
then the arca of the segment equals the difference between the 
product of half the are into the radius, aud half the chord into 
zts perpendicular to the centre of the circle. 

But ordinarily the length of the arc and of the chord are 
unknown. If in this case the number of degrees contained 
between the two radii, DA, DC, are known, then the area of 


B 


A E C 
G F 


4 
Fic. 298. 


the segment may be found by a rule which will now be de- 
veloped. 

In /zg. 298 (a repetition of Fig. 297) upon Das a centre, 
and with D F = unity for a radius, describe the areari 
Then G Fis the szze of the angle CDS, and DG is the co- 
sine ; and we have— 


VG Fe Cr o ON OM IEC. 


Ol 
: C 5 
e eS S 7 Sil 
2 
Again— 
ee GeO DA. 
or— 
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By equation (166.) we have— 
a = 0:00872665 dg, 


in which a is the length of the arc; g the number of degrees 
contained in the arc; and d is the diameter of the circle. 
Since d = 2 7, therefore— 


&@ = 0:0174533 7 §- 
Putting Z for the decimal coefficient, we have— 
smi Si T 


The expression (169.), by substitution of values as above, 
becomes— 


WS s 
ae X 7 COS. 


M=—=t4Bgr* —sin. cos. 2 
M = r°’ ($ Bg — sin. cos.) 
M = r?’ (0-00872665 g — sin. cos.) To) 


Or: The area of a segment of a circle eguals the square of the 
radius into the difference between 0-00872665 times the number 
of degrees contained in the are of the circle, and the product of 
the sine and cosine of half the are. 

When the number of degrees subtended by the arc is 
unknown, or tables of sines and cosines are not accessible, 
then the area may be obtained by equation (169.), provided 
the chord and versed sine are known; but before this equa- 
tion can be used for this purpose, expressions giving their 
values in terms of the chord and versed sine must be ob- 
tained, for z, the arc, 7, the radius, and %, the perpendicular 
tohe k hord rom the centre of the circle. 

Pomine value! the arc we have (from “ Penny Cycl, 
Art. Segment) as a close approximation— 


a=4(8 f—c). 
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By equation (162.) we have— 


A 
r=; 
3 2v 
Then— 
= f=; 
or— 
ue 
j = — v. 
2v 


Substituting these values in equation (169.) we have— 


I I Va pe 
A a f- c) T =C E —v) |. (a7) 
This rule is the rule (169.) expanded. 

The written rule for eqnation (169.) may be used, substi- 
tuting for “ half the arc,” one sixth of the difference between 
eight times the chord of half the arc and the chord (or 4 of 8 
times A 4, zg. 298, minus A C, the chord). Also substitute 
for “ the radius,” the square of the chord of half the arc divided 
by twice the versed sine. Also, for “its perpendicular to the 
centre of the circle,’ substitute, the quotient of the square of the 
chord of half the arc divided by twice the versed sine, minus 
the versed sine. l 

When the arc is small the curve approximates that of a 
parabola. In this case the equation for the area of the par- 
abola, which is quite simple, may be used. It is this— 


M = K v. (172). 


Or, in segments of circles where the versed sine is small in 
comparison with the chord, the area equals approximately two 
thirds of the chord into the versed sine. 


SECTION XII.—THE ELLIPSE. 


4.51.—Ellipse : Definitions.—Let two lines, P F, P F” (Fig. 
299), be drawn from any point P to any two fixed points 
F F', and let the point P move in such a manner that the sum 
of the two lines, P F, PF’, shall remain a constant quantity ; 
then the curve PM KOGA DBP, traced by P, will be an 
Ellipse; the two fixed points F, F’, the Foci; the point C at 


FIG. 299. 


the middle of FF’, the centre; the line 4 M drawn through 
Ff F' and terminated by the curve, the Major or Transverse 
Axis; the line B O, drawn through C and at right angles to. 
ae ke Minor or Conjugate Axis; the line G/, drawn 
through P and C and terminated by the curve, the Diameter 
to the point P; the line DX drawn through C, parallel with 
the tangent P 7, and terminated by the curve, the diameter 
Conjugate to PG; the line EAR drawn parallel with DA 
is a double ordinate to the abscissas G YW and H Pof the di- 
ometen Gia eae the line FL drawn through Aata 
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right angle to A M and terminated by the curve, the Param- 
eter, or Latus Rectum. 

When the point P reaches and coincides with Z, the two 
lines PF and PF’ become equal. 

The proportion between the major and minor axes de- 
pends upon the relative position of F, F’, the foci ; the nearer 
these are placed to the extremities of the major axis the 
smaller will the minor axis be in comparison with the major 
axis. The nearer /, /’ approach C, the centre, the micamen 
will the minor axis approach the length of the major axis. 
When F, Z reach and coincide with the centre, the minor 
axis will equal the major axis, and the ellipse will become a 


P 


A C N B 


FIG. 300. 


circle. Then we have PF = PF’ =BC=AC. From this 
we learn PF +P f'’=2AC=AM- also, when A SR 
mean LVFS bnz 

From this we may, with given major and minor axes, 
find the position of Fand /’. Todo this, on B,as a centre, 
with 4 C for radius, mark the major axis at Fand Z”. 


452.— Ellipse : Equations to the Curve.—An equation to 
a curve is an expression containing factors two of which, 
called co-ordinates, measure the distance to any pointin the 
curve. For example: in a circle it has been shown (477. 
443) that PN is a mean proportional to A Vand NB. Or, 
paino o wy — 2 NV, anda = AG, we mine 


ANVE PN 12 Noe 


or— a oy 


or— y =a(a—x). 
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This is the equation to the circle having the origin of x 
and y, the co-ordinates at A, the vertex of the curve. It will 
be observed that the factors are of such nature in this equa- 
tion, that it may be employed to measure the distance, rect- 
angularly, to P, wherever in the curve the point P may be 
located. By this equation the rectangular distance to any 
and every point in the curve may be measured ; or, having 
the curve and one of the lines x or y, the other may be com- 
puted. 

From this example, the nature and utility of an equation 
to any curve may be understood. The equation to the 
ellipse having the origin of co-ordinates at the vertex, is 
similar to that for the circle. In the form usually given by 
writers on Conic Sections, it is— 


2 
3 


y =; @ar— s’), (173.) 


mewhich z = A C (Fg. 209);0 =B C; x equals A N, and y = 
FN. 

If, as before suggested, the toci be drawn towards the cen- 
tre and finally made to coincide with it, the minor axis would 
then become equal to the major axis, changing the ellipse into 
a circle. In this case, the factors aand in the equation would 


2 


ae 
become equal; and the fraction ~y would equal—, = ji choral 


hence the equation would become— 


= 2ar— 2”, 
or— = (2 a 2) 


precisely the same as in the equation to the circle above 
shown. The 2a of this equation is equivalent to a of the 
circle ; for æ in the ellipse represents dnly half the major 
axis; while in the equation to the circle a represents the 
diameter. The relation between the ellipse and the circle 
is thus shown; indeed, the circle has been said to be an 
ellipse in its extreme conditions. 
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453.—Ellipse: Relation of Axis to Abscissas of Axes.— 
Multiplying equation (173.) by a° we have— 
ay — 0 a a 
or— ay — 0 ee 
These four factors may be put in a proportion, thus— 


G20" ean ee 
representing— 
AC BC PAW ee 


Or: The rectangle of the two parts into which the ordinate 
divides the axis major is zz proportion to the square of the 
ordinate, as the square of the semt-axis major is to the square 
of the semi-axis minor. 


It is shown by writers on Conic Sections that this rela- 
tion is found to subsist, not only with the axes and ordinate, 
but also between an ordinate to any diameter and the ab- 
scissas of that diameter ; for example, referring to Fig. 299— 


Ge -CD ?:CHx< Ae we 
Ii AB’ P'M (Fig. 301) be a semi-circle, then (A7z. 443) 
PN =A Ny ae. 
Substituting this value of 4 Vx N M in— 


2 


VGC 2 RN, 
we have— 


YA (CIB BR IE N EWN 
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Or: The ordinate in the circle is in proportion to its correspond- 
mg ordinate in the ellipse, as the semt-axis major is to the semt- 
axis minor, or as the axis major is to the axis minor. 


454.— Ellipse: Relation of Parameter and Axes.—The 
equation to the ellipse when the origin of the co-ordinates 
is at the centre is, as shown by writers on Conic Sections, 
thus— 

Ce Ga = a (174.) 
or— 0 a a +), 


If x’ equal C F (Fig. 299) then the ordinate will be located 
at F F, and— 


CF Se Ie 
Og eG 
Then— a? — x’ = a? — (aè? — b’), 
= a*— a’ + 6’, 
mea = 6’, 
This is shown also by the figure. 
Substituting in the above this value of a? — x’?, we have— 


PAT NT eal (ig E 
From which, taking the square root— 
(ET eS 
or— E Ua. 


Now y, located at F F, is the semi-parameter ; hence we 
have the semi-minor axis a third proportional to the semi- 
major axis and the semi-parameter. Or: The parameter is a 
third proportional to the two axes of an ellipse. 


455.—- Ellipse: Relation of Tangent to the Axes.—Let 
176 e 7 sol) be ataneent to F, a point in the ellipse; then, 
as has been shown by writers on Conic Sections— 


Oe! = CV’, 
or— Ee rs CN: CH. 
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Or: The semi-major axis ts a mean proportional between the ab- 
scissa C N and C T, the part of the axis intercepted between the 
centre and the tangent. 

This relation is found also to subsist between the similar 
parts of the minor axis; for— 


CN Cl = ape 


This relation affords an easy rule for finding the point 7, 
or 7”; for from the above we have— 


CM 
or, putting ¢ for C 7, we have— 
a? 
ee (175-) 
or— 
b? 
i 7G. 
Z (176) 


Since the value of ¢ is not dependent upon y nor upon 4, 
therefore ¢ is constant for all ellipses which may be de- 
scribed upon the same major axis A M ; and since the circle 
is an ellipse (Ar¢. 452) with equal major and minor axes, 
therefore rule (175.) is applicable also to a circle, as shown 
nee Ol 

The equation (175.) gives the value oi 7 — @ 7 uo 
this deducting CN = x’, we have N 7, the sudbtangent, or— 


CT = CN = ieee 
(= a5 


or, substituting for ź its value in (175.), we have— 


sS are; (177-) 


Or: The sudtangent to an ellipse equals the difference between 
the quotient of the square of the semi-major axis divided by the 
abscissa, and the abscissa ; the orzgin of the co-ordinates being 
at C, the centre. 


AXES TO CONJUGATE DIAMETER. 487 


456.—Ellipse: Relation of Tangent with the Foci.— Let 
the two lines from the foci to P (Fig. 302), any point in the 
ellipse, be extended beyond P. With the radius P Æ” de- 


FIG. 302. 


scribe from P the arc F’ G, and bisect it in H. Then the 
line P 7, drawn through H, will be a tangent to the ellipse 
ate. 

This has been shown by writers on Conic Sections. The 
construction here shown affordsa ready method of drawing 
a tangent. And from the principle here given we learn 
that a tangent makes equal angles with the lines from the 
tangential point to the two foci. 

For, because G H = AF’, we have the angle fF’ PH = 
HPG. The angles A PG and KPF are opposite, and 
hence (Art. 344) are equal; and since the two triangles 
F' PH and KP Fare each equal to HPG, therefore F PH 
and KPF are equal toeach other. Or: A Zangent to an 
ellipse makes equal angles with the two lines drawn from the 
point of tangency to the two foci. 

Experience shows that light shining from one focus is 
reflected from the ellipse into the other focus. It is for this 
reason that the two points Fand F” are called /ocz, the plu- 
ral of focus, a fireplace. 


457.—Ellipse: Relation of Axes to Conjugate Diame- 
ters.—Parallel with X T (Fig. 302) let D E be drawn through 
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C, the centre, and Z Q through F, one end of the diameter 
from the point P. Parallel with this diameter PF draw L K 
and Q R through the extremities of the diameter D E. Then 
D E is a diameter conjugate to the diameter P F, and KR, 
RQ, QL,and Z K are tangents at the extremities of these 
conjugate diameters. 

Now it is shown by writers on Conic Sections (Fig. 302) 
that— 


AC+BC=DC+PC 
Or 
GQ? 10> ae ee 


Or: The sum of the sguares of the two axes equals the sum 
of the squares of any two conjugate diameters. 

From this it is also shown that the area of the parallelo- 
gram K C equals the rectangle A C x BC; or, that a paral- 
lelogram formed by tangents at the extremities of any two 
conjugate diameters ts equal to the rectangle of the axes. 


458.— Ellipse; Area.—Let Æ equal the area of an ellipse ; 
A the area of a circle, of which the radius a equals the semi- 
major axis of the ellipse, and let ò equal the semi-minor axis. 
Then it has been shown that— 


ES ASG ae 


or— b 
a 


The area of a circle (Art. 448) is— 
Sd Se 
and when the radius equals a— in 
B= a? ae 


This value of A, substituted in the above equation, gives— 


B Sanab. i (178.) 
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Or: The area of an ellipse equals 3-14159+ times the product 
of the semt-axes ; or 0-7854 times the product of the axes. 


459.— Ellipse: Practical Suggestions.—In order to de- 
scribe the curve of an ellipse, it is essential to have the two 
axes ; or, the major axis and the parameter ; or, the major 
axis and the focal distance. 

If the two axes are given, then with the semi-major axis 
for radius, from B (/zg. 299) as centre an arc may be made 
at Fand F’, the foci; and then the curve may be described 
by any of the various methods given at Arés. 548 to 552. _ 

If the major axis only and the parameter are given, then 
(Art. 454) since— 

b = ay, 
we have— 
oe. (179.) 


Or: The semz-minor axis of an ellipse equals the square root 
of the product of the semi-major axis into the sent-parameter. 
Then, having both of the axes, proceed as before. 

If the major axis and the focal distance are given, or the 
location of the foci; then with the semi-major axis for ra- 


BAF 
CN Ww M 
Fic. 303. 


dius and from the focal points as centres, describe arcs cut- 
ting each other at Band O (Fig. 299). The intersection of 
the arcs gives the limit to BO, the minor axis. With the 
two axes proceed as before. Points in the curve may be 
found by computing the length of the ordinates, and then 
the curve drawn by the side of a flexible rod bent to coin- 
cide with the several points. 

For example, let it be required to find points in the 
curve of an ellipse, the axes of which are 12 and 20 feet: or 
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the semi-axes 6 and 10 feet, or 6 x 12 = 72 inches, and 10 x 
12 = 120 1nehes: 

Fix the positions of the points V WV’, etc., along the semi- 
major axis C AZ (Fig. 303) at any distances apart desirable. 
It is better to so place them that the ordinates when drawn 
shall divide the curve B PM into parts approximately equal. 
If CM be divided into eight parts as shown, these parts 
measured from C will be well graded if made equal severally 
to the following decimals multiplied by C4. In this case 
ee 120; thererore— 


CN =126 <6 38) = 30 E 
CN = 120: 0-475) = — 
CN” = 120 266102 m a a 
Ete, = 120:0 75" ==) 60:5 — 
120x085 == 4102 Sg 
120 x 0-925; =T =e, 
120 x 0:9097 ~- i S 
I20x 1-0. S= Toen 


The equation of the ellipse having the origin of co-ordi- 
nates at the centre (47ź. 454) 1s— 


a? y? Se (a? — x), 


or, dividing by a?’™— 


=e 
52 
Ol ya (a? — x"), 
——s b iti Se 
Gi I= BN a? (180.) 


in which a and 6 represent the semi-axes. Substituting for 
these their values in this case, we have— 


2 V re 
=N 2 /2 
J 120 ioe 


y =0:6 Vy4400 — v”. 
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Now, substituting in this equation the several values of 
x’? successively, the values of the corresponding ordinates 
will be obtained. For example, taking 36, the first value of 
xz’, as above, we have— 


Y= 2:6 V14400 — 36? 
= 03-004; 
Vio GV Ineo ay 
y = 63:359; 


and so in like manner compute the others. 
The ordinates for this case are as follows, viz. : 


Wion = Oya 


Se = Oe = a0 04 
iy gh = ay Ee 
“o æ = 75, y = 50-205 
“ 24° = 90, y = 47-624 
02-3 7025) 
ee iy — 27 - 
“ x = 117, y = 15-999 
=O, 9 OO: 


The computation of these ordinates is accomplished east 
ly by the help of a table of square roots and of logarithms. 

For example, the work for one ordinate is all comprised 
within the following, viz. : 


p= 0-64 14s — 36" = 68-68. 
120? = 14400 
E 
13104 = 4: 1174039 
Half = 2-0587020 
0-6 = 9-7781513 
68-684 = 1-8368533. 


The logarithm of 13104 = 4-1174039. The half of this is 
the logarithm of the square root of 13104. To the half log- 
arithm add the logarithm of 0-6; the sum is the logarithm 
of 68-684 found in the table (see Art. 427). 


SECTION XII—THE PARABOLA. 


460.—Parabola: Definitions.—The parabola is one of 
the most interesting of the curves derived from the sections 
of acone. The several curves thus produced are as fol- 
lows: When cut parallel with its base the outline is a circle ; 
when the plane passes obliquely through the cone, it is an 
ellipse ; when the plane is parallel with the axis, but not in 
the axis, it is a Ayperbola ; while that which is produced by 


Fic. 304. 


a plane cutting it parallel with one side of the cone is a 
parabola. 

Let the lines Z M and L N (Fig. 304) be at right angles ; 
draw CFB parallel with LM; make [Q=>LF; draw OB 
parallel with LF; then F2 =2 0. Now let the Tin iE. 
move from FL, but remain parallel with it, and as it moves 
let it gradually increase in length in such manner that the 
point A shall constantly be equally distant from the line Z JAZ 
and from the point F. Then 4 BP, the curve described by 
the point A, will be a semi-parabola. For example, the 
lines FB and Z Q are equal ; the lines # Pand PM are equal, 
and so of lines similarly drawn from any point in the curve 
ABP. Let PN be drawn parallel with LM; then for the 
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point P, A N is the abscissa and NP its ordinate (see Art. 
452). 

The double ordinate CZ drawn through F/, the focus, is 
the parameter. A Fis the focal distance. A is the vertex of 
mie curve. The line £ Af is the directrix. 


461.—Parabola: Equation to the Curve.—In /7g. 304 
FPN is a right-angled triangle, therefore— 


NP’? = FP? — FN’: 


but— ee Z HAN AL 
and— JEN = AN A ye 
Therefore— 


NP SANAL A A 
Or BB) a Es ae 


P beng put for the distance L >= FB (see Art. 452). As 
in Arts. 412 and 413, we have— 


(r+ gp) 5r tprp’ 
(e —4) =r prte 
U =272 (181.) 
by subtraction. This is the usual equation to the parabola, 
in which we have the rule: The square of the ordinate equals 
the rectangle of the corresponding abscissa with the param- 
etler. 
From (181.) we have— 
E 3 Poer Pe Ahr 

or: The parameter is a third proportional to the abscissa and its 


corresponding ordinate. 


4-62.—Parabola : Tangent.—From M, any point in the 
directrix, drawea line to A, the focus (/7v. 305); bisect 47 F 
in R, and through XR draw U T perpendicular to AZ ~F, then 
the line 7 U will be a tangent to the curve. For, draw M D 
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perpendicular to Z V, and from Z, the point of its intersection 
with the line 7 U, draw a line to #, the focus; then, because 
R Pisa perpendicular from the middle of MF, MPFisan 
isosceles triangle, and therefore the lines M Pand FP are 
equal, or the point P is equidistant from the focus and from 
the directrix, and therefore is a point in the curve. 

To show that the line T Ọ touches the curve but does not 
pass through it, take U, any point in the line T U, other than 


FIG. 305. 


the point P; join U to Mand to F. Then, since U is a point 
in the line T U, M U F, for reasons above given, is an isosce- 
les triangle ; from Udraw U V perpendicular to LV. Now, 
if the point Ube also in the curve, the lines UV and UF, 
by the law of the curve, must be equal; but UF, as before 
shown, is equal to UM, a line evidently longer than UV; 
therefore, it is evident that the point U is not in the curve. 
A similar absurd result will be reached if any other point 
than the point U in the line U T be assigned, excepting the 
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point P. Therefore the line 7 P touches the curve in only 
one point, P; hence it is a tangent. 

Parallel with Z V, from A, draw A S, the vertical tangent. 
Now A S bisects MF or intersects it in the point R. For 
the two right-angled triangles FZ M and FA R are homolo- 
mous; and because /A =A L, by construction, therefore 
pe = RM. 

Or: The vertical tangent bisects all lines which can be drawn 
From the focus to the directrix. 

The lines P# and / 7 are equal; for the lines M P and 
Oe being parallel, therefore the alternate angles M PT 
and V 7 Pare equal (474. 345); and because the line P T bi- 
sects J/F, the base of an isosceles triangle, therefore the 
angles MP Tand FPT are equal. We thus have the two 
woles 7) (77 and 27 7 cach equal to the angle MPT; 
therefore the two angles V 7 Pand FP T are equal to each 
other ; hence the triangle A F T is an isosceles triangle, hav- 
ing the points 7 and P equidistant from Æ, the focus. 

Also because the line 47 F is perpendicular to P T, there- 
fore the line M F bisects the tangent PT in the point X. 
And because TR = RP, therefore, comparing triangles 
A and TPO, FF = FO. 

The opposite angles J7 P T and U PD made by the two in- 
tersecting lines U T and A7 D (Art. 344) are equal, and since 
the angles 42 PT and FPT are equal, as before shown, 
eneretore the angles FP Tand U PD are equal. 

It is because these two angles are equal, that, in reflectors, 
rays of light and heat proceeding from X, the focus, are re- 
flected from the parabolic surface in lines parallel with the 
axis. 

For an equation expressing the value of the tangent, we 
have— 

TP = a ir, 
Ca (2) n, 
a VA x? + y* (182.) 


Or: The tangent to a parabola equals the square root of the 
sum of four times the square of the abscissa added to the square 
of the ordinate. i 
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463.—Paraboia: Subtangent.—The line 7 N (Fig. 305), 
the portion of the axis intercepted between 7, the point of 
intersection of the tangent, and J, the foot of a perpendicu- 
lar to the axis from P, the point of contact, is the subtangent. 
The subtangent is bisected by the vertex, or 7A = AN. 
For, the two triangles TRA and TPN are homologous ; 
and, as shown in the last article, the line M F bisects P T in 
Ro OE IR S RIA 

Wherefore, we have 


TRTA ee 
LEO Ne ae 


but— Ui ea a a 
therefore— LES ITN =f Ae wee 
LIN = Ae 


Or: The subtaugent of a parabola is bisected by the vertex ; or 
is equal to żzwzce the abscissa. 

And because of the similarity of the two triangles T R A 
and TP N, as above shown, we have— 


N PETE 
y= 2s, 
Or: The ordinate equals twice the vertical tangent. 


464,.—Parabola: Normal and Subnormal.—The line 
PO (Fig. 305) perpendicular to P 7, is the normal and N O, 
the part of the axis intercepted between the normal and the 
ordinate, is the subnormal. For the normal, from similar 
triangles, we have— 


WN NE 1 eee Le, 


N IP R I P 
E o Same 
ga 
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Or: The normal equals the rectangle of the ordinate and tan- 
gent, divided by twice the abscissa. 
The subnormal equals half the parameter. For (181.)— 


J? = 2px, 
‘Ce NP*=2FB.AN. 
Dividing by 2 A.V gives— 


EB = NP, (A.) 
2AN 
In the similar, triangles (Art. 443) OFN and P TN, we 


have— 
WORN Eee NF: NT, 


hee) E 
VT 


As shown in the previous article, V T =2 A N; therefore— 
Oa ae (B.) 


Comparing equations (A.) and (B.), we have— 
NO FE 


Or: The subnormal of a parabola equals half the parameter, 
a constant quantity for the subnormal to all points of the 
curve. 


465.—Parabola: Diameters.— In the parabola BA C 
(zg. 306), PD, a diameter (a line parallel with the axis) to 
the point P, is in proportion to B Dx D C, the rectangle of 
the two parts into which the base of the parabola is. divided 
by the diameter. 

This may be shown in the following manner: 


DP=EN=EA—NA. Oe 
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For Æ A we have, taking the co-ordinates, for the point 
C, (181.)}-— 


PSR, 
O= TEN 
2 
EČ _ py B 
ae C BA. B) 


Fic. 306. 


For VA we have, taking the co-ordinates to the point 
P, (181.)— 


7’ =2 $x, 
E ae 
Ol Fo 
NP? 
O 2p = NA: (C) 


Using these values (B.) and (C.) in (A.), we have— 
DESEASE, 


PC pee aa CO? =a 
DP= A) ay apo ooo 


If Z be put for BC and z for DC, then— 


WMPSEC—DC=4/— 27, 
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and— JOE (32) — Gl — ny’ 
2 $ 
then (Art. 413)— 
Dees (427°—ln+n") 
A 


? 


or (Art. 415)— 


Dr =- ’ 
2 p 
Pro n 2 
DP n(l— n) 
2 
Te n 


Now, since 2 /, the parameter, is constant, we have D P, 
the diameter, in proportion to DC x BD, the two parts of 
the base. 

Putting d for the diameter, we have— 


Ze) (183.) 
2p 

Or: The diameter of a parabola equals the quotient obtained 
by dividing the rectangle-_formed by the two parts into which 
the diameter divides the base—by the parameter. 

It has been shown by writers on Conic Sections that a 
diameter, P F (Fig. 307), to any point Pin a parabola bisects 
menor lines, SG, D £, etc., drawn parallel with the tan- 


gent tothe point Z; the diameter being parallel with the axis 
of the parabola. 


466.—Parabola : Elements.—From any given parabola, 
to fnd the axis, tangent, directrix, parameter and focus: 
draw any two parallel lines or chords, SG and DE (Fig. 
307), and bisect them in H and ¥; through these points 
cnmiw 72 then 77 il be a diameter of the parabola 


a 
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line parallel with the axis. Perpendicular to P F draw the 
double ordinate P Q and bisect it in M; through Vand par- 
alelavith 2 7 draw 7 0, cuttime the curve in A; then ie 
willbe the axis. Make A TZAN" jo 7 and A theni i 
will be the tangent to the point A; from P draw PO per- 
pendicular to P 7; then PO will be the normal, and V O the 
subnormal. 

With MVO for radius, from N as a centre, describe the 
quadrant O R; draw R C parallel with 4 O, cutting the curve 
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in C; from C draw C B perpendicular to 2 O, cutting A Gam 
F; then F will be the focus and C B the parameter. Make 
‘AL=AF, draw LM perpendicular to TO; then Z m will 
be the directrix. Extend PF to meet Wat 4/7; join Pand 
F; then, if the work has been properly performed, FP will 
cqualEM A 


467.—Parabola: Described Mechanically.— With VP 
(Fig. 308) a given base, and VA a given height, set perpen- 


Tipe URY ESDESCRIBED MECIANICALLY. SOI 


dicularly to the base, extend VA beyond A, and make A 7 
SRO NVA; join 7 and P; from P perpendicularly to 77? 
Gime: bisect O Vin A; make A L and A F each equal 
tame; through L, perpendicular to L O, draw D È, the di- 
rectrix. 

Let the ruler C DES be laid to the line DE, then with 
7 G H, a set-square, the curve may be described in the fol- 
lowing manner: 

Placing the square against the ruler and with its edge 
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F H coincident with the line AIP, fasten to it a fine cord on 
Wedge FA, and extend it from P to F, the focus, and se- 
cure it to a pin fixed in # The cord FP will equal the 
edie Oo describe the curve set the triangle 7G A at 
M PE, slide it gently along the ruler towards D, keeping the 
edge #G in contact with the ruler, and, as the square is 
moved, keep the cord stretched tight, holding for this pur- 
pose a pencil, as at KX, against the cord. Thus held, as the 
square is moved the pencil will describe the curve. That 
this operation will produce the true curve we have but to 
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consider that at all points the line AK will equal K ¥, which 
is the law of the curve (477. 460). 


468.—Parabola: Described from Points.— With given 
base, WV P (Fre. 309), and given height, A J, to find the points 
Ua, etc, and describe the curve. Make 7icqualare 
AN (Ari. 462); jom 7 and P; perpendicular 10.7 7 tama, 


Fic. 309. 


PO; make A S equal to twice VO; take G, any point in the 
axis A O, and bisect BG in F; on F as a centre describe the 
semi-circle 6 CG cutting A L, a perpendicular to 610 meee 
on A Cand AG complete the rectangle A CDG. Then Dis 
a point in the curve. Take Z, another point in these. 
bisect B Hin A; on K as a centre describe the semi-circle 
LEH cutting AL ime: this by Æ / and 7/7, gives PUS 
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other point in the curve ; in like manner procure M, and as 
many other points as may be desired. This simple and 
accurate method of obtaining points in the curve depends 
upon two well-established equations; one, the equation to 
the parabola, and the other, the equation to the circle. The 
line GD, an ordinate in the parabola, is equal to AC, an 
ordinate in the circle BCG; AG, the abscissa of the para- 
bola, is also the abscissa of the circle; in which we have 
(Art. 443)— 


ACG AC aa 
o x E ea at, 
I Ad 
For the parabola, we have (181.)— 
af 
Comparing these two equations, we have— 
4(@— x)= 2px, 


m = e = 2f, 
or— 


PE Ga op 


By construction A B equals 2 VO, or twice the subnor- 
mal; the subnormal (A7?. 464) equals half the parameter. 
Hence, twice the subnormal equals the parameter—equals 
2p. Therefore, the method shown in /7g. 309 is correct. 


469.— Parabola: Described from Ares.—Let VP (Fig. 
310) be the given base and 4 N the given height of the par- 
abola. Make A 7(A7?, 462) equal AN. Join 7 to P; draw 
PO pempendicuiteatee 7: bisect VO in R; make A Land 
AF each equal to VR; then Z M, drawn perpendicular to 
T O, will be the directrix. Parallel to 2 M draw the lines 
ip) Ce ere aSr ton Then with the distance 2 L for 
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radius, and on Fas a centre, mark the line B D with an arc; 
the intersection of the arc and the line will be a point in the 
curve (Art. 460). Again, with CZ for radius and on Fasa 
centre, mark the line CZ with an arc; this gives another 
point in the curve. In lke manner, mark each horizontal 


FIG. 310. 


line from Fas a centre by a radius equal to the perpendicu- 
lar distance between that line and Z M, the directrix. Then 
a curve traced through the points of intersection thus ob- 
tained will be the required parabola. 


470.—Parabola: Described from Ordinates.—With a 
given base, VP (Fig. 311), and height, 4 N, a parabola may 
be drawn through points F, H, G, etc., which are the extrem- 
ities of the ordinates 6 F, C H, D G, etc. ;, the lengths of the 
ordinates being computed from the equation to the curve, 
(181.)— 


PES e 


For any given parabola, in base and height, the value of 
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p may be had by dividing both members of the equation by 
24; by which we have— 


pies a (A) 


from which, V P and 4 N being known, ~ may be computed. 

With the value of p,a constant quantity, determined, the 
equation is rendered practicable. For, taking the square 
root of each member of equation (181.), we have— 


ISEN 2px. (B.) 


which by computation will produce the value of y, for every 
desioned value of v, as A 4, A C, A D, etc. 


m O O D > 


FIGS 311. 


As an example: let it be required to compute the ordi- 
nates in a parabola in which the base, VP, equals 8 feet, and 
the height, 4 N, equals 10 feet. With these values equation 
(A.) as above becomes— 


= oe Can 20 


2a — 0+ A. 
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Then, with this value in (B.) as above, we have, for each or- 
dinate— 


V= V64x. 


In order to assign values to x, let A N be divided into 
any number of parts at B, C, D, etc., say, for convenience in 
this example, in ten equal parts; then each part will equal 
one foot, and we shall have the consecutive values of += 1, 
2, 3, 4, etc., to 10, and the corresponding values of y will be 
as follows. When— 

= 1, Y= VOAx 1=V 6-4= 2°52907 = BF, 


+= 2, J = V6-4 x 2 V 12-8 — 3-5 E 


i PS V6-4 x 3 = v IQ:2 = 4:3818 = 
PZS dy PESI V6-4 x 4 = V 25.6 = 5:0596 = ES, 
r= 5, y= V6-4x 5 = v 32. = 5:6569 = (etc.), 


~ 


x= 6, y= V6-4x 6= V 38-4 = 6:1965 = 


= 7, I= V6-4x 7= V 44-8 = 6:6933 = 


x= 8 Y= V6-4x 8= V 51-2 =7-1554 = 
+ =10, 9= VEquio= Vey =80 =NP. 


With these values of y, respectively, set on the correspond- 
ing horizontal lines BF, CAH, DG, ES, etc., pomts miiie 
curve 7,27, G, S, etc., are obtained, through whichithe cuiii 
may be drawn. The decimals above shown are the decimals 
of a foot; they may'be changed to inches and decimals of an 
inch by multiplying each by 12. For example: 12 x 0-5297 
= 6-3564 equals 6 inches and the decimal o- 3564 of an inch, 
which equals nearly 2 of an inch. . 

Near the top of the curve, owing to its rapid change in 
direction and to the approximation of the direction of the 
curve to a parallel with the direction of the ordinates, it 1s 
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desirable to obtain points in the curve more frequent than 
those obtained by dividing the axis into egual parts. 

Instead, therefore, of dividing the axis into equal parts, 
it is better to divide it into parts made gradually smaller 
toward the apex of the curve—or, to obtain points for this 
part of the curve as shown in the following article. 


47l.— Parabola: Described from Diameters.— Let £ C 
(Fig. 312) be the given base and A Æ the given height, placed 
meependicularly to ÆC. Divide £C in several parts at 
pleasure, and from the points of division erect perpendicu- 
lars to EC. The problem is to compute the length of these 
diameters, as DP, and thereby obtain points in the curve, as 
at P. For this purpose we have equation (183.), which gives 


FIG. 312. 


the length of the diameters, and in which z equals DC (Fig. 
312), / equals twice & C, and p equals half the parameter of 
tae curve. The value of 7 is given in equation (A.), (A74 
Avoid which 7 equals £C (fz¢. 312), and r equals AZ. 
Substituting these symbols in equation (A.), we have— 


eee 
ame a 


Malet — Cite base, and 4 =A Æ, the height. Forz, 
substituting this, its value, in equation (183.), we have— 


Pea et) n(Z— 2) 


D2 
2 p Air 


TH 20-2 
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As an example: let it be required in a parabola in which 
the base equals 12 feet and the height 8 feet, to compute the 
length of several diameters, and through their extremitics 
describe the curve. Then / will equal 8, and 4 12. 

If the base be divided into 6 equal parts, as in us 312, 

each part will equal 2 feet. Then we have— 


and— 
a= 7, n (2b-n), 


n (24— n (24-7) 


do 18 


In this equation, substituting the consecutive values of z, 
we have, when— 


== 0, = oe 
_ = oe = 
7 ZF = = 241 
4 x 20 
n= 4, d = — g = 4444 
6x 
a =- 6, y= ae 
18 
8x16 
ao. An = aI 
oou n 
n = IO, (p= 18 = SA 
12 
12, ja = 8-0 
18 


The several diameters, as PD, in Fig. 312, may now be 
made equal respectively to these computed values of d, and 
the curve traced through their extremities. 
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472.—Parabola: Area,—From (181.), the equation to 


the parabola, and by the aid of the calculus, it has been 
shown that the area of a parabola is equal to two thirds of 
the circumscribing rectangle. For example: if the height, 
Ee (Poe, 312), equals 8 feet, and Æ C, the base, equals 12 
feet, then the area of the part included within the figure 
meee A equals # of $x 12 = 3x96 = 64 feet ; or, it is equal 
to # of the rectangle A BCE. 


SECTION XIV.—TRIGONOMETRY. 


473.—Right-Angled Triangles: The Sides.—In right- 
angled triangles, when two sides are given, the third side 
may be found by the relation of equality which exists of 
the squares of the sides (47¢s. 353 and 416). For example, 


A 
c 
b 
B Cc 
a 
FIG) 313: 


if the sides æ and 6 (Fig. 313) are given, c, the third side, 
may be computed from equation (115.)— 


G Ea. 
Extracting the square root, we have— 
c =W b" +a.. 


When the hypothenuse and one side are given, by transposi- 
tion of the factors in (115.), we have— 


i. 6 E 


a=Vc*?— b"; (A.) 
Oh 


p= — ag: 


b= Ve*—a’. (B.) 


TWO SIDES GIVEN TO FIND THE THIRD. SII 


Owing to the factors being involved to the second power in 
this expression, the labor of computation is greater than 
that in a more simple method, which will now be shown. 

In equation (A.) or (B.) the factors under the radical may 
be simplified. By equation (114.) we have— 


c? — b? = (c + b) (c — ò). 
Mnerefore, equation (A.) becomes— 
a= E+ C5, 
a form easy of solution. 


For exainple: let c equal 29-732 and ġ equal 13-216, then 
we have 


29:732 
13-216 


The sum = 42-948 


The ditierence = 1645 10 


By the use of a table of logarithms (47. 427) the problem 
may be easily solved; thus— 


Log. 42-948 = 1-6329429 
16-516 1 217.0040 


To get the square root— 2) 2-8508478 
a 200382 = 11254230 


This method is applicable to the sides of a triangle, only ; 
for the hypothenuse it will not serve. The length of the 
hypothenuse as well as that of either side may, however, be 
obtained by proportion; provided a triangle of known di- 
mensions and with like angles be also given. 

For example: in /zg. 314, in which the two sides æ and 
6 are known, let it be required to find c, the hypothenuse. 

Draw the line DE parallel with 4 C, then the two trian- 
gles BDE and BAC are homologous; consequently their 
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corresponding sides are in proportion (A7¢. 361). Hence, if 
d equals unity, we have— 


Od ae 


from which, when a and f are known, c is obtained by sim- 
ple multiplication. 


474.— Right-Angled Triangles: Trigonometrical Ta- 
bles.—To render the simple method last named available, 
the lengths of d, e and f (Fig. 314) have been computed for 
triangles of all possible angles, and the results arranged in 
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tables, termed Trigonometrical Tables. The lines d, e, and 
J, are known as sizes, cosines, tangents, cotangcents, etc., as 
shown in /zg. 315—where AV is the radius of the circle 
BOM. Draw a line A /, from A; throuech any point, C otane 
arc BG. FromC draw CD perpendicular to AB; from B 
draw $ £ perpendicular to AL; and from G draw G F per 
pendicular to A G. 

Then lor the angle AA b, when the radius A C equals 
unity, CD is the see, A D the cosmc,;, DB the versed soma, 
E the tangent; GH the cotangent; AE the secam and 
1 F tne cosecamt. 

But if the angle be larger than one right angle, yet less 

an two right angles as A A M, extend A A to A andit 

K, and [rom draw perpendicular (Gmina. 
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Then, for the angle BA HA, when the radius A H equals 
a 7 is the sze, A F the cose, BF the versed sine ; 
BK the tangent ; and A K the secant. 

When the number of degrees contained in a given angle 
is known, the value of the size, cosine, etc., corresponding to 
that angle, may be found in a table of Natural Sines, Co- 


Cosine. 
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sines, etc. Or, the logarithms of the sines, cosines, etc., may 
be found in logarithmic tables. 

In the absence of such a table, and when the degrees 
contained in the given angle are unknown, the values of 
the sine, cosine, etc., may be found by computation, as fol- 
lows:—Let ABC (Fig. 316) be the given angle. At any 
distance from B draw 6 perpendicular to BC. By any scale 
of equal parts obtain the length of each of the three lines a, 
b,c. Then for the angle at B we have, by proportion— 
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= oo IO: Sin TE 
c 

€:@::1-0:co. aaa 

C 

b 

Ce uas iG: tan, S S = 

a 

Oas rO: COL B=‘. 

C 

Gecis lOs SC A = a 


b:c:: 1-0 : cosec. 8 = 


S R 


Or, in any right-angled triangle, for the angle contained 
between the base and hypothenuse— 


+ 


When perp. divided by hyp., the quotient equals the size. 


base ‘ “hype 1 “ cosine, 

< perp i ‘“ base s < “ tangent 
y n S ° 
‘4 base 66 3 perp., 66 66 66 cotangent. 

‘¢ hyp. g ‘“ base, “ % “ secant. 
“hyp. i GEDE ae a a “ cosecant. 


To designate the angle to which a trigonometrical term 
applies, the letter at the intended angle is annexed to the 


B Cc 


FIG. 316. 


name of the trigonometrical term; thus, in the above exam- 
ple, for the dne tol AL C we write sin. 2; for the cosma 
cos. 5, etc. 
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By these proportions the two acute angles of a right- 
angled triangle may be computed, provided two of the 
sides are known. For when the perpendicular and hypoth- 
enuse are known, the sine and cosecant may be obtained. 
When the base and hypothenuse are known, the cosine and 
secant may be computed. And when the base and perpen- 
dicular are known, the tangent and cotangent may be com- 
puted. 

Either one of these, thus obtained, shows by the trigo- 
nometrical tables the number of degrees in the angle; and, 
deducting the angle thus found from 90°, the remainder will 
be the angle of the other acute angle of the triangle. For 


iG. oi. 


example: in a right-angled triangle, of which the base is 8 
feet and the perpendicular 6 feet, how many degrees are 
contained in each of the acute angles? 

Having, in this case, the base and perpendicular known, 
by referring to the above proportions we find that with 
these two sides we may obtain the tangent; therefore— 


ee a i 
a 


= 0-75. 


CO! O 


Referring to the trigonometrical tables, we find that 0-75 is 
‘the tangent of 36° 52’ 12”, nearly; therefore— 


The quadrant equals 90- o. o 
iitewamele 2 equals 36-52-12 


The angle A equals 53-07-48 
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475.—Right-Angled Triangles: Trigonometrical Value 
of Sides.—In the triangle A BC (Fig. 317), with BP=1 for 
radius, and on Æ as a centre, describe the arc P D, and from 
its intersection with the lines 4 B and BC, draw PM and 
T D perpendicular to the line BC. Then from homologous 
triangles we have these proportions for the perpendicular— 


BD) Tf a Cee ea 

r: (an. A. Daise mene, 

ti tan. D o a 20 = nA. (185.) 
Also— 

BP LAI TE A 

rosin Do ly De perp 

I) sm D e e =e cities (186.) 
For the base, we have— 


BP: BDM DA PC 
PCOS. b :: hyp. : base, 


I: COS. 6 3 2 e = ecOsaar (187.) 
Again— 
TP DP TAC IEC). 


tanc B r o PAP abase 


b 
tan. Bi ti: bi: a= —,. (188.) 


For the hypothenuse, we have— 
Pipe AC -: AB, 


sin oey =. perp. : hyp, 
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; b ON 
sin. Bi tii 0: ecne (189.) 


Again— 
ule ee oe Sa A, 


Pe sec D =. DASC TVD, 


a \ 
ie SeT A 22 2° 2 = 7 SO S = — 190. 
cos. 5 (190.) 


This substitution of the cos. for the sec. 1s needed because 
tables of secants are not always accessible. That ?t is an 
equivalent is clear; for we have— 


DM ORT LDD L 
COST a 7. . 7). See. — —__. 


By these equations either side of a right-angled triangle 
may be computed, provided there are certain parts of the 
triangle given. As, for example: of the six parts of a tri- 
angle (the three sides and the three angles), ¢4rce must be 
given, and at least one of these must be a side. 

As an example: let it be required to find two sides of a 
right-angled triangle of which the base is 100 feet, and the 
acute angle at the base is 35 degrees. Here we have given 
one side and two angles (the base, acute angle, and the right 
angle) to find the other two sides, the perpendicular and the 
hypothenuse. 

Among the above rules we have, in equation (185.), for 
the perpendicular— 


stan. 2. 


Or: The perpendicular equals the product of the dase into the 
tangent of the acute angle at the dase. 


518 TRIGONOMETRY. 


Then (Ariz. 427)— 7 
The logarithmic tangent of B (= 35°) is 9-8452268 
. Log. of a (= 100) is 2-0000000 


Perpendicular 0 = ereze 75) — 1 -8452268 


And for the hypothenuse, taking equation (190.), we 
have— 
TERE 3 
Cosa 


Or: The hypothenuse equals the quotient of the base divided 
by the cosine of the acute angle at the dase. 
For this we have— 


Log. of a (= 100) is 2-0000000 
“ cos. B (= 35°) is 9+9133645 
Hypothenuse ¢(= 122-0775) = 2-0866355 


We thus find that a right-angled triangle, having an angle 
of 35 degrees at the base, has its three sides, the perpendic- 


Bice 313, 


ular, base, and hypothenuse, respectively equal to 70-02075, 
1OOmanG 122,707 75: 

N.B.—The angle at A (/7g.317) is obtained by deducting 
the angle at 2 inom 90 (47/. 346). Thus, oo — 35 SE 
this is the angle at A, in the above case. 

If the perpendicular be given, then for the base use 
equation (188.), and for the hypothenuse use equation (189.). 
If the hypothenuse be given, then for the base use equation 
(187.) and for the perpendicular use equation (186.). 
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476.—Oblique-Anglied Triangles: Sines and Sides.—In 
the oblique-angled triangle A BC (Fie. 318) from C and per- 
pendicular to d&draw CD. This line divides the oblique- 
angled triangle into two right-angled triangles, the lines and 
angles of which may be treated by the rules already given; 
but there is a still more simple method, as will now be 
shown. 

As shown in Art. 474: “When the perpendicular is di- 
vided by the hypothenuse the quotient. equals ‘the sine.” 
Applying this to zg. 318, we have 


: a 
e A = — ; 
sın 7 À 
Sin A == 
a 


Let the former be divided by the latter; then— 


d 
sin. Æ _ ġ 
Sms 2 
a 
or, reducing, we have— 
Site er | 
Sie 


or, putting the equation in the form of a proportion— 
Simeone sine 4 2 = Oa. 


or; the sizes are in proportion as the sides, respectively op- 
posite. Or, as commonly stated, the szzes are in proportion 
as the szdes which subtend them. 

This is a rule of great utility ; by it we obtain the follow- 
ing : 
Referring to Fig. 318, we have— 
sin. A 


sin. B : sin. A 3:6: a=b— —,. (191.) 
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Since Gites <r Teor oS (192.) 
Sinead 2 Sito. eee nme = (193.) 
sin. C : sin. Bi: c: b= ea =, (194.) 
sin. A = Sin. Cre ee — -a (195.) 
Shy 3) eS oe ee = ae = (196.) 


These expressions give the values of the three sides respec- 
tively; two expressions for each, one for each of the two 
remaining sides; that is to be used which contains the given 
side. 

From these expressions we derive the values of the 
sines; thus— 


sn A sin. Be. (197.) 
Sn. Al = Sin Ce. (198.) 
Sin O = Sine z (199.) 
sin b = sin. a (200.) 
Saw S SN A =. (201) 
sin. C = sin. BY. (202.) 


477. — Oblique - Angled Triangles: First Class. — The 
problems arising in the treatment of oblique-angled trian- 
gles have been divided into four classes, one of which, the 
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first, will here be referred to. The problems of the first 
class are those in which «æ szde and two angles are given, to 
find the remaining angle and sides. 

As to the required angle, since the three angles of every 
triangle amount to just two right angles (A7¢. 345), or 180°, 
the third angle may be found simply by deducting the sum 
of the two given angles from 180°. 

lon example: referring to “7¢. 318, 1t angle A = 18° and 
angle B = 42°, then their sum is 18 + 42 = 60, and 180 — 
= 120 = the angle 4 CB. 

To find the two sides: if a be the given side, then to find 
the side 4 we have, equation (193.)— 


Og LE ; 
sin. A’ 

or, the side 4 equals the product of the side æ into the quo- 
tient obtained by a division of the sine of the angle opposite 
6 by the sine of the angle opposite a. 

For example: in a triangle (zg. 318) in which the angle 
ra= the angle 2 = 42" (and, consequently (A77. 345) the 
angle C = 120°), and the given side @ equals 43 feet; what 
are the lengths of the sides 6 and c? Equation (193.) gives— 


= yi B 
sin. A` 


Performing the problem by logarithms (A7¢. 427), we 
have— 
Log. a(= 43) = 1-6334685 
Sines (— az ) = 06-8255 100 
1-4589794 
Sina (= 18) = 9-4899824 
Log. b (= 93-1102) = 1-9689970. 


Thus the side oegquals 93-1102 feet, or 93 feet 1 inch and 
nearly one third of an inch. 
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For the side c, we have, equation (195.)— 


me g SP: a 
sim A 


or— 
Log. a(= 43) = 1-6334685 

Sin C (== 120 | = 095 75060 

1-5709991 

Sin, A (3 = 6 Aces 2" 

Log. ¢ (= 120-508) = 2-0810167 


or, the base ¢ equals 120 feet 6 inches and one tenth orm 
inch, nearly. But if instead of æ the side 4 be given, then 
for a use equation (191.), and for ¢ use equation (196.). 

And, lastly, if ¢ be the given side, then for < use equation 
(192.), and for 6 use equation (194.). 


478.—Oblique-Angled Triangles: Second Class.— The 
problems which comprise the second class are those in which 
two sides and an angle opposite to one of them are given, to 
find the two remaining angles and the third side. 

The only requirement really needed here is to find a 
second angle; for, with this second angle found, the problem 
is reduced to one of the first class; and the third side may 
then be found under rules given in A7/. 477. 

To find a second angle, use one of the equations (197.) to 
(202); 

For example: in the triangle A 2 C (Ar 313) let (es 
and (= 93-11) be the two given sides, and A the ane kop 
posite a, be the given angle (= 18°). Then to find the angle 
B, we have equation (199.)—(selecting that which in the 
right hand member contains the given angle and sides)— 


Sites —==—sinlwo4 4 
a 


= sine 4 eal ; 
43 
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By logarithms (477. 427), we have— 


n sin. A (= 18°) = 9-4899824 


93- 11 =i 9089970 
I -4589794 
< 43 = 1:6334035 


a (= 42°) = 6 255 109 


By reference to the log. tables, une last line of figures, as 
above, is found to be the sine of 42°; therefore, the required 
angle Bis 42°. Then 180° — (18° + 42°) = 120° = the angle C. 

With these angles, or with any two of them, the third 
side c may be found by rules given in A7¢. 477. 


FIG. 319. 


4.79.—Oblique-Angled Triangles: Sum and Diference 
of Two Anglies.—Preliminary to a consideration of prob- 
lems in the third class of triangles, it is requisite to show the 
relation between the sus and difference of two angles. 

In fig. 310, let the angle 4 747 and the angle A FV be 
the two given angles; and let A FJZ be called angle A, and 
A ¥ N, angle B. Now the sum and difference of the angles 
may be ascertained by the use of the sum and difference of 
the szues of the angles, and by the sum and difference of the 
tangents. In the diagram, in which the radius ÆA ¥ equals 
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unity, we have M A, the sine of angle A (= AFMI and 
NQ=RHP, the sine of angle B(= AFN), Then— 


MP—RP= MR 


equals the difference of the sines of the angles; and since 
PM’ = PM— 
PM Re ee 


equals the saz of the sines of the angles. 

With the radius F C describe the arc Y DZ, and tangent 
to this arc draw FH parallel with MAM’, or perpendicular 
t AD. 

Then FD is the tangent of the angle M CN, and DH is 
the tangent of the angle VC AZ’. 

Now since an angle at the circumference 1s equal to half 
the angle at the centre standing on the same arc (Art. 355), 
therefore the measure of the angle M CN is the half of M N, 
equals— 


LAMA) ee 


Similarly, we have— 


(A M'+ AN) =4(A + B), 


for the angle N CM”. 
Therefore we have for the tangent of the angle M C V— 


FD = tan. $(A —B), 
and, for the tangent of the angle VC A7’— 
DH = tan. } (A + D). 


And, because FCD and M CR are homologous triangles, as, 
also, DCH and RCM’, therefore— 


HVE AYE Ee DA: DE 
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sin. Æ + sin. B : sin. d — sin. Z : : tan. 4 (4 + B) : tan. }(4 — B), 


from which we have— 


sin. — Sin, Dae tan: 


4 tan. $ (A TEA) 
s D. 
sin. A + sin. P tan. 4 (4 a Tara (D.) 


To obtain a proper substitute for the first member of this 
expression we have, equation (195.)— 


sin. C 
= 
sin. A’ 


or— 
CN A Sn C. (M.) 


We also have, equation (196.)— 


sin. C 


n F 


or— 
eei EA (N.) 


These two equations, (M.) and (N.), added, give— 


c sin. A +c sin. B=asin. C+ 6 sin. C. 
or— 
c (sin. A + sin. 8) = sin. C (a + b). (P.) 
But, if equation (N.) be subtracted from equation (M.), we 
have— 


esi icin we esi, C — 6 sin. C, 
or— 


c(sin. A — sin. B) = A sin. C(e — b). (R.) 
If equation (R.) be divided by equation (P.), we have— 


e(sm. A —sin. £) sin: C(a — 3) 
e(sin. A + sin. 8) ~ sin. C(a + 6)’ 
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which race 10— 


sin. A — sin. B8 _ a— b 
Sm A ee Sine a a 


The first member of this equation is identical with the frst 
member of the above equation (D.), and therefore its equal, 
the second member, may be substituted for it; thus— 


a—b_ tan. 3(A — B) 
a+b tan.$(4 + By 


From which we have— 


(anes (45) — rae 7 a l (203) 


We have (47t. 431) the proposition, that if half the differ- 
ence of two quantities be subtracted from half their sum, the 
remainder will equal the smaller quantity. For example: 
if A represent the larger quantity and Æ the smaller, then— 


(4 + B) —}(4 — B)=B; (204.) 
and, again, we also have (d47¢. 431)— 
(4 + B)4+4(A-A) =A. (205.) 


480.—Oblique-Angled Triangles: Third Class.— The 
third class of problems comprises all those cases in which two 
sides of a triangle and their included angle are given, to 
find the other side and angles. 

In this case, as in the problems of the second class, the 
only requirement here is to find a second angle; for then 
the problem becomes one belonging to the first class. But 
the finding of the second angle, in problems of the third 
class, is attended with more computation than it is in prob- 
lems of the second class. The process is as follows: Hav- 
ing one angle of a triangle, the sam of the two remaining 
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angles is obtained by subtracting the given angle from 
180° — the sum of the three angles. 

Then with equation (203.) the diference of the two angles 
is obtained. And then, having the sum and difference of the 
two angles, either may be found by one of the equations 
(204.) and (205.). 

Ho example: let #ze 320 represent the triangle in 
mime (= 36 feet) and 6(= 27 feet) are the given sides; and 


FIG. 320. 


C (= 105°) the angle included between the given sides, æ and 
6. The sum of the two angles 4 and JS, therefore, will be— 


(A + B) = 180 — 105 = 75°, 


enemne half of the sum of A and D is 48 = 37° 30’. 

The sum of the given sides is 36 + 27 = 63, and their dif- 
ference is 36 — 27 = o. 

Then from equation (203.) we have— 


tan. (4 — &)= tan. 37° 30,%’. 
Solving this by logs. (Art. 427), we have— 


Loge. tan. 37° 30’ = 9- 8849805 

9 = 0-9542425 

O- 8392230 

63 = 1:7993405 

tan. $(A — B)(=6° 15’ 20-5”) = 90398825 


Thus halt the ditierence of A and Z is 6° 15’ 20-5”, nearly. 
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By equation (204.)— 


37° 30 
6° 15° 20.5” 


The difference, 31 14 30.5 SA 
and by equation (205.)— 


37-30 
6.15.20-5 
The sum, 43.45.20:5 =A 
From above, 31.14.39:5=8 
The given angle 105, 6705 — © 


The three angles, 180. 0. o 


Thus, by adding together the three angles, the work is 
tested and proved. 

Having the three angles, the third side may now be 
found by the rule for problems of the first class. 


48|.— Oblique-Angled Triangles; Fourth Class. — The 
fourth class comprises those problems in which the three 
sides of the triangle are given, to find the three angles. 

The method by which the problems of the fourth class 
are solved is to divide the triangle into two right-angled 
triangles; then, by the use of equation (129.), to find one 
side of one of these triangles, and then with this side to find 
one of the angles, then by rules for the second class prob- 
lems, obtain the second and third angles. 

Thus, from equation (129.), we have— 


_ ¢ —(a+ b\(a— d) 
oa a 


By the relation of sines to sides (A7?. 476), we have (Fig. 
321)— 


Oe acne! i S. 
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But the angle Æ is a right angle, of which the sine is unity, 
therefore— 


ee 1: sn.. F= 


|g 


a oe re (206.) 
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of the triangle A BC, respectively equal to 12, 8 and 16 feet. 
With these, equation (206.) becomes— 


ae ee e 


2x8&~x 16 : 
Sita e ; 
256 
sin. F = T, 


Solving this by logarithms (47¢. 427), we have— 


Poo TO= 22-2455127 
[eso = 2- 4082400 


Don nA, 20 = 9:8372727 


the ancele ai A eguale 26, nearly. Of the triangle 
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ACE (fig. 321), E is a right angle, therefore the sum of F 
and A, the two remaining angles, equals 90° (Art. 346). 
Hence, for the angle at A, we have— 


A=00 —437260 — 768-4. 


We now have two sides a and 6 and A, an angle opposite 
to one of them, to find B, a second angle. For this, equa- 
tion (199.) is appropriate. Thus— 


sin. B= sin. A a 
a 


This may be solved as shown in A77z. 478. 

And, when the second angle is obtained, the third angle 
is found by subtracting the sum of the first and second an- 
gles from 180°. 

But to test the accuracy of the work, it is well to com- 
pute the angle C from the angle A, and the sides a and c. 
For this, equation (201.) will be appropriate. 


482.— Trigonometric Formulæ: Right-Angled Trian- 
gles. — For facility of reference the formulæ of previous 


A 
i) 
b 
B c 
a 
FIG. 322. 


articles are here presented in tabular form. The symbols 
referred to are those of zg. 322. 
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RIGHT-ANGLED TRIANGLES. 


GIVEN. | REQUIRED. FORMUL. 
Ge o, T, c= NVa o. 
ale, b, b= V(c +a) (c— a). 
oe, a, a = (c + b) (c— b). 
o D: B = 90° — A. 
B, Iie A= 90° — B. 
b, Orn tans. 
A 7 
i “ = cos. B 
a 4- = b s 
-e | ao Sin, 
a c = e 
| | E Sis 
| a, i= e COS vr 
DC, 
| | b, 6 =csin. B. 


483.—Trigonometrical Formulz: First Class, Oblique. 


C 


Cc 
Pig. 323. 


—The symbols of the formule of the following table indi- 
cate quantities represented in 77g. 323 by like symbols. 
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OBLIQUE-ANGLED TRIANGLES: FIRST CLASS. 


aes. | | i 
GIVEN. | Reouiren.| FORMULA. | 
Be L, | C, C= 180 — A SLD), | 

| aC, B, B= IOs 4-6 

l a 
DC, A, = 180 —-B+C. | 
ie = ee ee | : —| 
sin. A | 
A, 5, b, a, = = ‘ | 
sin. A 
Diw ome 
VOB e payee 
sin. A 
By, C; C, | b, b — eS 
. | sin. C 
| sin. C 
ie IG | $ j sin. A 
sin C 
-u 2 sin. Z` | 
484.—Trigonometriecal Formule : Second Class, Oblique. 


—The symbols in the formulz of the following table refer 
to quantities represented in /7%g. 323, by like symbols. 


FORMULÆ FOR TRIANGLES, SECOND CLASS. 


OBLIQUE-ANGLED TRIANGLES: 


GIVEN. REQUIRED. 


Tab A, 


FORMULÆ. 


sin. ÁA = sin. B z 


. . a 
Shs Al = Sit, C = 


C 
7 . b 
Sii Æ = Sii A 
a 
: i b 
sin. 8 = Sin. a 
A : C 
Sim C = Sim A =, 
a 
: : E 
Sin C = Sim Be. 


A= 180—B+C. 
B= 180—A+C, 
C= rro a: 


See Formule, First Class. 


SECOND CLASS. 


Ga 
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485.—Trigonometrical Formule: Third Class, Oblique. 
—-The symbols in the formule of the following table refer 
to quantities shown by like symbols in Fig. 323. 


OBLIQUE-ANGLED TRIANGLES: THIRD CLASS. 


GIVEN. | REQUIRED. FORMULA. 


A+B, |\ AS b= Voor ae. 


C,a,b,| A—B, tan. $(A — B) = tan. $(4 + B) So. 
ad- 
A, AST Da ae 
| LB, B =4(4A + B)—4(4 — D). 
Pee Ga A eo — 4, 
ARO KCAIEC A, tan. $(C — B) = tan. 4(C+ B)S— 
E 
C, C =4(C+ B) +4(C— D). 
D, B=4(C+ B)—43(C— B). 
C+A,| C+A= 180— 8B. 
b, a, c| C— A, tan. $(€ — A) = tan. (C+ A). 
a 


GC carco a es. 
A, | A=4(C+A)4+4(C—A). 


For the remaining side consult formule for the first 
class. 


486. Trigonometrical Formulæ: Fourth Class, OD- 
lique.—The symbols in the formula of the following table 
refer to quantities shown by like symbols in /7g. 321. 
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OBLIQUE-ANGLED TRIANGLES: FOURTH CLASS. 


Ginen a 2 e, to nnd 4,2, C. 


ee oe e 
i 2bc 


A= 90o F. 

: ; b 
Sim 2) = Sim A 

a 


l : G 
Sin C = Sim AÁ 
a 


C = 180 — (A + D). 


SECTION XV.—DRAWING. 


487.— General Remarks.—A knowledge of the proper- 
ties and principles of /izes can best be acquired by practice. 
Although the various diagrams throughout this work may 
be understood by inspection, yet they will be impressed 
upon the mind with much greater force, if they are actually 
drawn out with pencil and paper by the student. Science 
is acquired by study—art by practice; he, therefore, who 
would have anything more than a theoretical (which must 
of necessity be a superficial) knowledge of carpentry and 
geometry, will provide himself with the articles here speci- 
fed, and perform all the operations described in the fore- 
going and following pages. Many of the problems may 
appear, at the first reading, somewhat confused and intricate ; 
but by making one line at a time, according to the explana- 
tions, the student will not only succeed in copying the fig- 
ures correctly, but by ordinary attention will learn the 
principles upon which they are based, and thus be able to 
make them available in any unexpected case to which they 
may apply. 


4-88.—Articles Required.— The following articles are 
necessary for drawing, viz.: a drawing-board, paper, draw- 
ing-pins or mouth-glue, a sponge, a T-square, a set-square, 
two straight-edges, or flat rulers, a lead pencil, a piece of 
india-rubber, a cake of india-ink, a set of drawing-instru- 
ments, and a scale of equal parts. 


489.—The Drawing-Board.—The size of the drawing- 
board must be regulated according to the size of the draw- 
ings which are to be made upon it. Yet for ordinary prac- 
tice, in learning to draw, a board about fifteen by twenty 
inches, and one inch thick, will be found large enough, and 
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more convenient than a larger one. This board should be 
well seasoned, perfectly square at the corners, and without 
clamps on the ends. A board is better without clamps, 
because the little service they are supposed to render by 
preventing the board from warping is overbalanced by the 
consideration that the shrinking of the panel leaves the 
ends of the clamps projecting beyond the edge of the board, 
and thus interfering with the proper working of the stock 
of the T-square. When the stuff is well-seasoned, the warp- 
ing of the board will be but trifling; and by exposing the 
rounding side to the fire, or to the sun, it may be brought 
back to its proper shape. 


490.—Drawing-Paper.— For mere line drawings, it is 
unnecessary to use the dest drawing-paper ; and since, where 
much is used, the expense will be considerable, it 1s desirable 
for economy to procure a paper of as low a price as will be 
suitable for the purpose. The best paper is made in Eng- 
land and water-marked “ Whatman.” This is a hand-made 
paper. There is also a machine-made paper at about half- 
price, and the manilla paper, of various tints of russet color, 
is still less in price. These papers are of the various sizes 
needed, and are quite sufficient for ordinary drawings. 


491.—To Secure the Paper to the Board.—A drawing- 
pin is a small brass button, having a steel pin projecting from 
the underside. By having one of these at each corner, the 
paper can be fixed to the board; but this can be done ina 
better manner with mouth.glue. The pins will prevent the 
paper from changing its position on the board; but, more 
than this, the glue keeps the paper perfectly tight and 
smooth, thus making it so much the more pleasant to work 
on. l 

To attach the paper with mouth-glue, lay it with the 
bottom side up, on the board; and with a straight-edge and 
penknife cut off the rough and uneven edge. With a 
sponge moderately wet rub all the surface of the paper, 
except a strip around the edge about half an inch wide. As 
soon as the glistening of the water disappears turn the sheet 
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over and place it upon the board just where you wish it 
glued. Commence upon one of the longest sides, and pro- 
ceed thus: lay a flat ruler upon the paper, parallel to the 
edge, and within a quarter of an inch of it. With a knife, 
or anything similar, turn up the edge of the paper against 
the edge of the ruler, and put one end of the cake of mouth- 
glue between your lips to dampen it. Then holding it up- 
right, rub it against and along the entire edge of the paper 
that is turned up against the ruler, bearing moderately 
against the edge of the ruler, which must be held firmly 
with the left hand. Moisten the glue as often as it becomes 
dry, until a sufficiency of it is rubbed on the edge of the 
paper. Take away the ruler, restore the turned-up edge to 
the level of the board, and lay upon it a strip of pretty stiff 
paper. By rubbing upon this, not very hard but pretty 
rapidly, with the thumb-nail of the right hand, so as to cause 
a gentle friction and heat to be imparted to the glue that is 
on the edge of the paper, you will make 1t adhere tothe 
board. The other edges in succession must be treated in 
the same manner. 

Some short distances along one or more of the edges 
may afterward be found loose; if so, the glue must again 
be applied, and the paper rubbed until it adheres. The 
board must then be laid away in a warm or dry place; and 
in a short time the surface of the paper will be drawn out, 
perfectly tight and smooth, and ready for use. The paper 
dries best when the board is laid level. When the drawing 
is finished lay a straight-edge upon the paper and cut it 
from the board, leaving the glued strip still attached. This 
may afterward be taken off by wetting it freely with the 
sponge, which will soak the glue and loosen the paper. Do 
this as soon as the drawing is taken off, in order that the 
board may be dry when it is wanted for use again. Care 
must be taken that, im applying the glue, the edge of the 
paper does not become damper than the rest; if it should, 
the paper must be laid aside to dry (to use at another time) 
and another sheet be used in its place. 

Sometimes, especially when the drawing-board is new, 
the paper will not stick very readily; but by persevering 
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this difficulty may be overcome. In the place of the mouth- 
glue a strong solution of gum-arabic may be used, and on 
some accounts is to be preferred ; for the edges of the paper 
need not be kept dry, and it adheres more readily. Dissolve 
the gum in a sufficiency of warm water to make it of the 
consistency of linseed-oil. It must be applied to the paper 
with a brush, when the edge is turned up against the ruler, 
as was described for the mouth-glue. If two drawing-boards 
are used, one may be in use while the other is laid away to 
dry; and as they may be cheaply made, it is advisable to 
have two. The drawing-board having a frame around it, 
commonly called a panel board, may afford rather more 
facility in attaching the paper when this is of the size to 
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suit; yet it has objections which overbalance that consid- 
eration. 


492.—The T-Square.— A T-square of mahogany, at once 
simple in its construction and affording all necessary service, 
may be thus made: let the stock or handle be seven inches 
long, two and a quarter inches wide, and three eighths of an 
inch thick; the blade, twenty inches long (exclusive of the 
stock), two inches wide, and one eighth of an inch thick. In 
joining the blade to the stock, a very firm and simple joint 
may be made by dovetailing it—as shown at Fig. 324. 


493.—The Set-Square.—The scf-sguare is in the form of 
a right-angled triangle ; and is commonly made of mahogany, 
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one cighth ofan meh im thickness. lle size) that 1s mess 
convenient for general use is six inches and three inches 
respectively for the sides which contain the right angle, 
although a particular length for the sides is by no means 
necessary. Care should be taken to have the square corner 
exactly true. This, as also the T-square and rulers, should 
have a hole bored through them, by which to hang them 
upon a nail when not in use. 


494.—The Rulers.— One of the rulers may be about 
twenty inches long, and the other six inches. The pencil 
ought to be hard enough to retain a fine point, and yet not 
so hard as to leave ineffaceable marks. It should be used 
lightly, so that the extra marks that are not needed when 
the drawing is inked, may be easily rubbed off with the 
rubber. The best kind of zzdia-ink is that which will easily 
rub off upon the plate; and, when the cake 1s rubbed against 
the teeth, will be free from grit. 


495.—The Instruments.—The drawing-iustrumeuts may 
be purchased of mathematical instrument makers at various 
prices; from one to one hundred dollars a set. In choosing 
a set, remember that the lowest price articles are not always 
the cheapest. A set, comprising a. sufficient number of 
instruments for ordinary use, well made and fitted in a ma- 
hogany box, may be purchased of the mathematical instru- 
ment makers in New York for four or five dollars. But for 
permanent use those which come at ten or twelve dollars 
will be found to be better. 


496.—The Secale of Equal Parts.—The best scale of 
equal parts for carpenters’ use, is one that has one eighth, 
three sixteenths, one fourth, three eighths, one half, five 
eighths, three fourths, and seven eighths of an inch, and one 
inch, severally divided into ¢ze//ths, instead of being divided, 
as they usually-are, into tenths. By this, if it be required 
to proportion a drawing so that every foot of the object 
represented will upon the paper measure one fourth of an 
inch, use that part of the scale which is divided into one 
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fourths of an inch, taking for every foot one of those divis- 
ions, and for every inch one of the subdivisions into twelfths ; 
and proceed in like manner in proportioning a drawing to 
any of the other divisions of the scale. An instrument in 
tie iorm of a semi-circle, called a protractor, and used for 
laying down and measuring angles, is of much service to 
surveyors, and occasionally to carpenters. 


497.—The Use of the Set-Square.—In drawing parallel 
Imes, when they are to be parallel to either side of the 
board, use the T-square; but when it is required to draw 
lines parallel to a line which is drawn in a direction oblique 
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to either side of the board, the set-square must be used. 
Eete o (Fe. 325) be a line, parallel to which it is desired to 
draw one or more lines. Place any edge, as cd, of the set- 
square even with said line; then place the ruler g% against 
one of the other sides, as ce, and hold it firmly ; slide the 
set-square along the edge of the ruler as far as it is desired, 
asat f; anda line drawn by the edge z/ will be parallel 
to æ ù. 

To draw a line, as £/ (Fzg. 326), perpendicular to another, 
as a b, set the shortest edge of the set-square at the line ad; 
place the ruler against the longest side (the hypothenuse of 
„the right-angled triangle); hold the ruler firmly, and slide 
the set-square along until the side ed touches the point 4; 
then the line 7£, drawn by it, will be perpendicular to ao. 
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In like manner, the drawing of other problems may be facil- 
itated, as will be discovered in using the instruments. 


498.—Dircctions for Drawing.—In drawing a problem, 
proceed, with the pencil sharpened to a point, to lay down 
the several lines until the whole figure is completed, ob- 
serving to let the lines cross each other at the several angles, 
instead of merely meeting. By this, the length of every 
line will be clearly defined. With a drop or two of water, 
rub one end of the cake of ink upon a plate or saucer, until 
a sufficiency adheres to it. Be careful to dry the cake of 
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ink ; because if it is left wet it will crack and crumble in 
pieces. With an inferior camel’s-hair pencil add a little 
water to the ink that was rubbed on the plate, and mix it 
well. It should be diluted sufficiently to flow freely from 
the pen, and yet be thick enough to make a d/ack line. With 
the hair pencil place a little of the ink between the nibs of 
the drawing-pen, and screw the nibs together until the pen 
makes a fine line. Beginning with the curved lines, proceed 
to ink ač the lines of the figure, being careful now to make 
every line of its requisite length. If tkey are a trifle too 
short or too long the drawing will have a ragged appear- 
ance; and this is opposed to that neatness and accuracy 
which is indispensable to a good drawing. When the ink 
is dry efface the pencil-marks with the india-rubber. If the 


PUTTING THE DRAWING IN INK. 543 


pencil is used lightly they will all rub off, leaving those lines 
only that were inked. 

In problems all auxiliary lines are drawn light; while the 
lines given and those sought, in order to be distinguished at 
a glance, are made much heavier. The heavy lines are 
made so by passing over them a second time, having the 
nibs of the pen separated far enough to make the lines as 
heavy as desired. If the heavy lines are made before the 
drawing is cleaned with the rubber they will not appear so 
black and neat, because the india-rubber takes away part 
of the ink. If the drawing is a ground-plan or elevation of 
a house, the shade-lines, as they are termed, should not be 
put in until the drawing is shaded ; as there is danger of the 
heavy lines spreading when the brush, in shading or color- 
ing, passes over them. If the lines are inked with common 
writing-ink they will, however fine they may be made, be 
subject to the same evil; for which reason india-ink is the 
only kind to be used. 


SECTION XVI.—PRACTICAL GEOMETRY. 


4.99,—Definitions.— Geometry treats of the properties of 
magnitudes. 

A point has neither length, breadth, nor thickness. 

A line has length only. 

Superficies has length and breadth only. 

A plane is a surface, perfectly straight and even in every 
direction; as the face of a panel when not warped nor 
winding. _ 

A solid has length, breadth, and thickness. 

A right, or straight, line is the shortest that can be drawn 
between two points. 

Parallel lines are equidistant throughout their length. 
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An angle is the inclination of two lines towards one an- 
other (727 327). 

A right angle has one line perpendicular to the other 
(Ze 328): l 

An oblique angle is either greater or less than a right 
angle Ae and 320). 

An acute angle is less than a right angle (Fig. 327). 

An obtuse angle is greater than a right angle (zg. 329). 

When an angle is denoted by three letters, the middle 
one, in the order they stand, denotes the angular point, and 
the other two the sides containing the angle; thus, let a, b, c 
(Fig. 327) be the angle, then 6 will be the angular point, and 
ab and dc will be the two sides containing that angle. 
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A triangle is a superficies having three sides and angles 
(Fags. 330, 331, 332, and 333). 

An equilateral triangle has its three sides equal (Fig. 330). 

An zsosceles triangle has only two sides equal (Fig. 331). 
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A scalene triangle has all its sides unequal (Fig. 332). 

A right-angled triangle has one right angle (/7g. 333). 

An acute-angled triangle has all its angles acute (Figs. 330 
and, 331). 
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An obtuse-angled triangle has one obtuse angle (Fig. 332). 

A quadrangle has four sides and four angles (/7gs. 334 to 
339). 

A parallelogram is a quadrangle having its opposite sides 


parallel (Fzgs. 334 to 337). 
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A rectangle is a parallelogram, its angles being right 
angles (Fzgs. 334 and 335). 

A square is a rectangle having equal sides (/7g. 334). 

A rhombus is an equilateral parallelogram having oblique- 
angles (Fig. 336). 
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A rhomboid is a parallelogram having oblique angles 
(Fig. 337). 

A trapezoid is a quadrangle having only two of its sides 
parallel (72g. 338). 
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A trapezium is a quadrangle which has no two of its sides 
parallel (77g. 339). 

A polygon is a figure bounded by right lines. 

A regular polygon has its sides and angles equal. 

An trregular polygon has its sides and angles unequal. 
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A trigon is a polygon of three sides (fzgs. 330 to 333); a 
tetragon has four sides (Figs. 334 to 339); a pentagon has five 
(Fig. 340); a hexagon six (Fig. 341); a heptagon seven (Fig. 
342); an octagon eight (Fig. 343); a nonagon nine ; a decagon 
ten; an uzdecagon eleven; and a dodecagon twelve sides. 
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A circle is a figure bounded by a curved line, called the 
circumference, which is everywhere equidistant from a cer- 
tain point within, called its centre. 

The circumference is also called the periphery, and some- 
times the czrcle. 
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The radius of a circle is a right line drawn from the 
centre to any point in the circumference (ad, Fig. 334). 

All the radii of a circle are equal. 

The diameter is a right line passing through the centre, 
and terminating at two opposite points in the circumference. 
Hence it is twice the length of the radius (c d, Fig. 344.) 
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An arc of a circle is a part of the circumference (c 4, or 
bed, Fig. 344). 

A chord is a right line joining the extremities of an arc 
(Od, Fig. 344). | 

A segment is any part of a circle bounded by an arc and 
its chord (4, Fig. 344). 
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A sector is any part of a circle bounded by an arc and 
two radu, drawn to its extremities (B, Fig. 344). 

A quadrant, or quarter of a circle, is a sector having a 
quarter of the circumference for its arc (C, Fig. 344). 

A tangent is a right line which, in passing a curve, 
touches, withont cutting it (fg, Fig. 344). 
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A cone is a solid figure standing upon a circular base di- 
minishing in straight lines to a point at the top, called its 
vertex (Fig. 345). 

The aris of a cone is a right line passing through it, 
from the vertex to the centre of the circle at the base. 

An ellipsis is described if a cone be cut by a plane, not 
parallel to its base, passing quite through the curved surface 
(ab, Fg. 346). 

A parabola is described if a cone be cut by a plane, par- 
allel to a plane touching the curved surface (cd, Fig. 346— 
cd being parallel to fz). 

An hyperbola is described if a cone be cut by a plane, 
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parallel to any plane within the cone that passes through its 
vertex (eh, Fig. 346). 

Foci are the points at which the pins are placed in de- 
scribing an ellipse (see A77 548, and f, f, Fig. 347). 

The ¢vansverse axis is the longest diameter of the ellipsis 
(ab, Fig. 347). 

The conjugate axis is the shortest diameter of the ellipsis ; 
and is, therefore, amameht angles to the transverse axis a 
Fig. 347). 

The parameter is a right line passing through the focus 
of an ellipsis, at right angles to the transverse axis, and ter- 
minated by the curve (gf and gt, Fig. 347). 
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A diameter of an ellipsis is any right line passing through 
the centre, and terminated by the curve (£4, or mx, Fig. 347). 

A diameter is conjugate to another when it is parallel toa 
tangent drawn at the extremity of that other—thus, the di- 
ameter mn (A:s. 347) being parallel to the tangent of, is 
therefore conjugate to the diameter £7. 

A double ordinate is any right line, crossing a diameter of 
an ellipsis, and drawn parallel to a tangent at the extremity 
of that diameter (27, Fig. 347). 

A cylinder is a solid generated by the revolution of a 
right-angled parallelogram, or rectangle, about one of its 
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sides ; and consequently the ends of the cylinder are equal 
circles (772g. 348). 

The axis of a cylinder is a right line passing through it 
from the centres of the two circles which form the ends. 

A segment of a cylinder is comprehended under three 
planes, and the curved surface of the cylinder. Two of 
these are segments of circles; the other plane is a parallelo- 
gram, called by way of distinction, the plane of the segment. 
The circular segments are called the ends of the cylinder 


(Fig. 349). 
PROBLEMS. 
RIGHT LINES AND ANGLES. 
500.—To Bisect a Line.—Upon the ends of the line ad 


(Fig. 350) as centres, with any distance for radius greater 
than half a4, describe arcs cutting each other in c and d; 


550 PRACTICAL GEOMETRY. 


draw the line cd, and the point e, where it cuts a ġ, will be 
the middle of the line a4. 

In practice, a line is generally divided with the com- 
passes, or dividers; but this problem is useful where it is 
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desired to draw, at the middle of another line, one at right 
angles to it. (See Art. 514.) 


50!.—-ro Erect a Perpendicular. —From the point a 
(Fig. 351) set off any distance, as ad, and the same distance 
from a toc; upon ç, as a centre, with any distance for radius 
greater than ca, describe an arc at d; upon 4, with the same 
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radius, describe another at d; join d and a, and the line da 
will be the perpendicular required. 

This, and_the three following problems, are more easily 
performed by the use of the set-square (see Art. 493). Yet 
they are useful when the operation is so large that a set- 
square cannot be used. 


ae 
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502.—To let Fall a Perpendicular.—Let a (Fig. 352) be 
the point above the line dc from which the perpendicular is 
required to fall. Upon a, with any radius greater than ad, 
describe an arc, cutting dc at eand f; upon the points e and 
f, with any radius greater than ed, describe arcs, cutting 
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each other at g; join æ and g,and the line ad will be the 
perpendicular required. 


503.—To Erect a Perpendicular at the End of a Line. 
—Let a (Fig. 353), at the end of the line ca, be the point at 
which the perpendicular is to be erected. Take any point, 
as 6, above the line ca, and with the radius 0a describe the 
arc dae; through d and 6 draw the line de; join e anda, 
then ea will be the perpendicular required. 
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The principle here made use of is a very important one, 
and is applied in many other cases (see Art. 510, 3d, and Artz. 
513. For proof of its correctness, see Art. 352). 

A second method. Let b (Fig. 354), at the end of the line 
ab, be the point at which it is required to erect a perpendic- 
ular. Upon 4, with any radius less than da, describe the arc 
ced; upon c, with the same radius, describe the small arc ate, 


552 PRACTICAL GEOMETRY. 


and upon e, another at d; upon e and d, with the same or any 
other radius greater than half ed, describe arcs intersecting 
at f; join fand 4, and the line fb will be the perpendicular 
required. This method of erecting a perpendicular, and 
that of the following article, depend for accuracy upon the 
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fact that the side of a hexagon is equal to the radius of the 
circumscribing circle. 

A third method. Let b (Fig. 355) be the given point at 
which it is required to erect a perpendicular. Upon 4, with 
any radius less than da, describe the quadrant de f; upon d, 
with the same radius, describe an arc at e, and upon e an- 
other at c; through g and e draw dc, cutting the arc inc; 
join c and å, then c will be the perpendicular required. 
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This problem can be solved by the szx, ezght and ten rule, 
as it is called, which is founded upon the same principle as 
the problems at Arts. 536, 537, and is applied as follows: 
let ad (fig. 353) equal eight, and ae, six; then, if de equals 
ten, the angle ead isaright angle. Because the square of 
six and that of eight, added together, equal the square of 
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ea hus: Ox O = 36,and $x 8 = 64; 36464 = 100, and 
10 x 10 = 100. Any sizes, taken in the same proportion, as 
six, eight and ten, will produce the same effect; as 3, 4 and 
Pwr 12,16 and 20. (See Art. 536.) 

By the process shown at fig. 353, the end of a board may 
be squared without a carpenters’-square. All that is neces- 
sary is a pair of compasses and a ruler. Let ca be the edge 
of the board, and æ the point at which it is required to be 
squared. Take the point 6 as near as possible at an angle 
of forty-five degrees, or on a mztre-line from a, and at about 
the middle of the board. This is not necessary to the work- 
ing of the problem, nor does it affect its accuracy, but the 
result is more easily obtained. Stretch the compasses from 
6 to a, and then bring the leg at æ around to d; draw a line 
from d, through 4, out indefinitely ; take the distance d% and 
place it from 4 toe; join e and a; then ea will be at right 
angles toca. In squaring the foundation of a building, or 
laying out a garden, a rod and chalk-line may be used in- 
stead of compasses and ruler. 


504.—To let Fall a Perpendicular near ihe End of a 
Line.—Let e (77g. 353) be the point above the line c a, from 
which the perpendicular is required to fall. From e draw 
any line, as ed, obliquely to the line ca; bisect edat b; upon 
6, with the radius ġe, describe the arc ead; join eand a; 
then ea will be the perpendicular required. 


505.—To Make an Angle (as e df, Fig. 356) Equal to a 
Given Angie (as bac).—From the angular point a, with any 
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radius, describe the arc c; and with the same radius, on 
the line de, and from the point d, describe the arc fg; take 
the distance dc, and upon g, describe the small arc at f; 
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join f and d; and the angle ed f will be equal to the angle 
bac. 

If the given line upon which the angle is to be made is 
situated parallel to the similar line of the given angle, this 
may be performed more readily with the set-square. (See 
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506.—To Bisect an Angle.—Let abc (Fig. 357) be the 
angle to be bisected. Upon 4, with any radius, describe the 
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arc ac; upon a and c, with a radius greater than half ac, 
describe arcs cutting each other at g; join 6 and d; and dd 
will bisect the angle abc, as was required. 

This problem is frequently made use of in solving other 
problems; it should therefore be well impressed upon the 
memory. 


507.—To Trisect a Right Angle.—Upon a (Fig. 358), 
with any radius, describe the arc dc; upon å and c, with the 
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same radius, describe arcs cutting the arc dc at d and e; 
from d and e draw lines to a, and they will trisect the angle, 
as was required. 
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The truth of this is made evident by the following oper- 
ation: divide a circle into quadrants; also, take the radius 
in the dividers, and space off the circumference. This will 
divide the circumference into just six parts. A semi-circum- 
ference, therefore, is equal to three, and a quadrant to one 
and a half of those parts. The radius, therefore, is equal to 
two thirds of a quadrant; and this is equal to a right angle. 


508.—Through a Given Point, to Draw a Line Paralic! 
to a Given Line.—Let a (Fig. 359) be the given point, and 
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bc the given line. Upon any point, as d, in the line Jc, with 

the radius da, describe the arc ac; upon a, with the same 

radius, describe the arc de; make de equal to ac; through 

e and a draw the line ea, which will be the line required. 
This is upon the same principle as Artz. 505. 


509.— To Divide a Given Line into any Number of 
Equal Parts.—Let a ò (Fig. 360) be the given line, and 5 the 
number of parts. Draw ac at any angle to ad; on ac, from 
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a, set off five equal parts of any length, as at 1, 2, 3, 4andc; 
join c and 2; through the points 1, 2, 3, and 4, draw 1e, 2/, 
3g and 44%, parallel to cd; which will divide the line a4, as 
was required. 
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The lines ab and ac are divided in the same proportion. 
(See Artz. 542.) 


THE CIRCLE. 


510.—To Find the Centre of a Circle.—Draw any chord, 
as ab (Fig. 361), and bisect it with the perpendicular cd; bi- 
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sect cd with the line e f, as at g; then g is the centre, as was 
required. 

A second method. Upon any two points in the circumfer- 
ence nearly opposite, as a and 6 (Fig. 362), describe arcs cut- 
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ting each other at c and d; take any other two points, as ¢ 
and f, and describe arcs intersecting, as at g and %; join g 
and # and c and d; the intersection o is the centre. 

This is upon the same principle as Arż. 514. 

A third method. Draw any chord, as ab (Fig. 363), and 
from the point a draw ac at right angles to a4; join c and 
b; bisect có at a—which will be the centre of the circle. 
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liwamcirele be not too large for the purpose, its centre 
may very readily be ascertained by the help of a carpenters’- 
square, thus: apply the corner of the square to any point in 
M circumference, as at a; by the edges of the square 
(which the lines ab and ac represent) draw lines cutting the 


VBS 


Fic. 363. 
circle, as at 6 and c; join 6 and c; then if c is bisected, as at 
@ tie point Z will be the centre. (See A7/. 352.) 


SI!.—At a Given Point in a Cirele to Draw a Tangent 
thereto,—Let a (Fig. 364) be the given point, and 6 the cen- 
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tre of the circle. Join zand 6; through the point a, and at 
right angles to a, draw cd; then cd is the tangent required. 


912.—The Same, without making use of the Centre of 
the Cirele.—Let a (Fzg. 365) be the given point. [Troma set 
off any distance to 6,and the same from 4 toc; join a and 
c; upon a, with @é for radius, describe the arc de; make 
d b equal to be; through a and d draw a line; this will be 
the tangent required. 
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The correctness of this method depends upon the fact 
that the angle formed by a chord and tangent is equal to any 
inscribed angle in the opposite segment of the circle (47ż. 
358); ab being the chord, and bca the angle in the opposite 
segment of the circle. Now, the angles dad and dca are 
equal, because the angles dad and bac are, by construction, 
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equal; and the angles bac and dca are equal, because the 
triangle adc is an isosceles triangle, having its two sides, aé 
and dc, by construction equal; therefore the angles dad and 
bca are equal. 


513.—A Circle and a Tangent Given, to Find the Point 
of Contact.—From any point, as a (Fig. 366), in the tangent 


Fic. 366. 


6c, draw a line to the centre d; bisect ad ate; upon e, with 
the radius ea, describe the arc afd; f is the point of con- 
tact required. 

If f and d were joined, the line would form right angles 
with the tangent dc. (See Art. 352.) ` 
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514.—Through any Three Points not in a Straight Line, 
to Draw a Cirele.—Let a, ò and c (/7g. 367) be the three 
given points. Upon a and 4, with any radius greater than 
half a 6, describe arcs intersecting at d and e; upon è and ç, 
with any radius greater than half 4c, describe arcs intersect- 
ing at f and g; through d and e draw a right line, also 


A 
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another through f and g; upon the intersection 4, with the 
radius /a, describe the circle adc, and it will be the one re- 
quired. 


515.—Three Points not in a Straight Line being Given, 
to Find a Fourth that shall, with the Three, Lie in the 
Circumference of a Cirele.—Let adc (Fig. 368) be the given 
points. Connect them with right lines, forming the triangle 
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ach; bisect the angle cba (Art. 506) with the line dd; also 
bisect c a in e, and erect ed perpendicular to ac, cutting dd 
in d; then d is the fourth point required. 

A fifth point may be found, as at f, by assuming a, d and 
6, as the three given points, and proceeding as before. So, 
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also, any number of points may be found simply by using 
any three already found. This problem will be serviceable 
in obtaining short pieces of very flat sweeps. (See Art. 240.) 

The proof of the correctness of this method is found in 
the fact that equal chords subtend equal angles (Art. 357). 
Join d and c; then since ae and ec are, by construction, 
equal, therefore the chords ad and dc are equal; hence the 
angles they subtend, dba and dbc, are equal. So, like- 
wise, chords drawn from a to f, and from f to d, are equal, 
and subtend the equal angles dôf and fda. Additional 
points deyond a or 6 may be obtained on the same principle. 
To obtain a point beyond a, on 4, as a centre, describe with 
any radius the arc zon; make oz equal to oz; through 6 and 
n draw 6g; on a as centre and with af for radius, describe 
the arc, cutting gb at g, then g is the point sought. 


516.—To Describe a Segment of a Cirele by a Set-Tri- 
angle.—Let ab (Fig. 369) be the chord, and cd the height 


(a 
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of the segment. Secure two straight-edges, or rulers, in the 
position ce and c f, by nailing them together at c, and affixing 
a brace from e to f; put in pins at a and b; move the angu- 
lar point ¢ in the direction acd; keeping the edges of the 
triangle hard against the pins æ and 6; a pencil held at c 
will describe the arc ac. 

A curve described by this process is accurately circular, 
and is not a mere approximation to a circular arc, as some 
may suppose. This method produces a circular curve, be- 
cause all inscribed angles on one side of a chord-line are 
equal (A7z. 356). To obtain the radius from a chord and its 
versed sine, see Art. 444. 

If the angle formed by the rulers at c be a right angle, 
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the segment described will be a semi-circle. This problem 
is useful in describing centres for brick arches, when they 
are required to be rather flat. Also, for the head hang- 
ing-stile of a window-frame, where a brick arch, instead of a 
stone lintel, is to be placed over it. 


517.—To Find the Radius of an Arc of a Circle when 
the Chord and Versed Sine are Given.—The radius is equal 
to the sum of the squares of half the chord and of the versed 
sine, divided by twice the versed sine. This is expressed, 
; Jea 
algebraically, thus: 7 = a 


chord, and v the versed sine (47rż. 444). 


, where v is the radius, c the 


Example—In a given arc of a circle a chord of 12 feet 
has the rise at the middle, or the versed sine, equal to 2 feet, 
what is the radius ? 


Half the chord equals 6, the square of 6 is, 6 x 6 = 36 
The square of the versed sine is, 2x2 =. 


Their sum equals, 40 


Twice the versed sine equals 4, and 40 divided by 4 equals 
10. Therefore the radius, in this case, is 10 feet. This 
result is shown in less space and more neatly by using the 
above algebraical formula. For the letters substituting 


e\2 ° 
. = alo 12\2 2 
tein value, the formula 7 = ie becomes + = Gey + 2 
v 2x2 


and performing the arithmetical operations here indicated 
equals— 
6°+2 36+4 40 


~- = = — = 10. 


4 4 4 


518.—To Find the Versed Sine of an Arc of a Circle 
when the Radius and Chord are Given.—The versed sine 
is equal to the radius, less the square root of the difference- 
of the squares of the radius and half chord; expressed alge-. 
braically thus: v = 7 — Vr ° — (F, where v is the radius, v 
the versed sine, and c the chord. (Equation (161.) reduced.) 


I 
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Example.—I\n an arc of a circle whose radius is 75 feet, 
what is the versed sine to a chord of 120 feet? By the table 
in the Appendix it will be seen that— 


The square of the radius, 75, equals . RS 
The square of half the chord, 60, equals . 3600 
The difference is : : : ; Pos 
The square root of this is . ? : l pr 
This deducted from the radius . l 5 Bs 
The remainder is the versed sine, = 30 


This is expressed by the formula, thus— 
v= 75 — V75"— (432) = 75 — 75625 — 3600 = 75 — 45 = 30. 


519.—Y¥o Describe the Segment of a Circle by Intersec- 
tion of Lines.—Let ad (Fig. 370) be the chord, and cd the 


e g 1 2 3 c 3 p) 1h ff 
F 22" 
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height of the segment. Through c draw ef parallel to ad; 
draw f at right angles to cb; make ce equal to cf; draw 
ag and b% at right angles to ad; divide ce, cf, da, db, ag, 
and #4, each into a like number of equal parts, as four; 
draw the lines 1 1, 22, etc., and from the points a, o, and a, 
draw lines to c; at the intersection of these lines trace the 
curve, acd, which will be the segment required. . 

In very large work, or in laying out ornamental gar- 
dens, etc., this will be found useful; and where the centre 
of the proposed arc of acircle is inaccessible it will be inval- 
uable. (To trace the curve, see note at A7z. 550.) 

The lines ea, cd, and fb, would, were they extended, 
meet in a point, and that point would be in the opposite 
side of the circumference of the circle of which acé isa 
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segment. The lines 11, 22, 3 3, would likewise, if extended, 
meet in the same point. The line cd, if extended to the op- 
posite side of the circle, would become a diameter. The line 
f 4 forms, by construction, a right angle with dc, and hence 
the extension of fó would also form a right angle with dc, 
on the opposite side of dc; and this right angle would be 
the inscribed angle in the semi-circle; and since this is re- 
quired to be a vrzght angle (Art. 352), therefore the construc- 
tion thus far is correct, and it will be found likewise that at 
each point in the curve formed by the intersection of the 
radiating lines, these intersecting lines are at right angles. 


520. — Ordinates. — Points in the circumference of a 
circle may be obtained arithmetically, and positively accu- 
rate, by the calculation of ordinates, or the parallel lines o 1, 
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02, 03,04 (fig. 371). These ordinates are drawn at right 
angles to the chord-line ad, and they may be drawn at any 
distance apart, either equally distant or unequally, and there 
may be as many of them as is desirable; the more there are 
the more points in the curve will be obtained. If they are 
located in pairs, equally distant from the versed sine cd, 
calculation need be made only for those on one side of cd, 
as those on the opposite side will be of equal lengths, re- 
spectively ; for example: o1, on the left-hand side of cd, is 
equal to o1 on the right-hand side, 02 on the right equals 
o2 on the left, and in like manner for the others. 

The length of any ordinate is equal to the square root 
of the difference of the squares of the radius and abscissa, 
less the difference between the radius and versed sine (A477. 
445). The abscissa being the distance from the foot of 
the versed sine to the foot of the ordinate. Algebraically, 
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t= Vr? — x? — (r — b), where z is put to represent the ordi- 
nate; +, the abscissa; 8, the versed sine; and 7, the radius. 


Example—An arc of a circle has its chord a6 (Fig. 371) 
100 feet lene, and its versed sine ea, 5 feet. It is required 
to ascertain the length of ordinates for a sufficient number 
of points through which to describe the curve. To this end 
it is requisite, first, to ascertain the radius. This is readily 


ie 2 
done in accordance with Arź. 517. For oe)? ” becomes 
27 
o° + 2 
ea. 3 : = 252-5 = radius. Having the radius, the curve 


might at once be described without the ordinate points, but 
for the impracticability that usually occurs, in large, flat 
segments of the circle, of getting a location for the centre, 
the centre usually being inaccessible. The ordinates are, 
therefore, to be calculated. In Æg. 371 the ordinates are 
located equidistant, and are 10 feet apart. It will only 
be requisite, therefore, to calculate those on one side of 
the versed sine cd. For the first ordinate o1, the formula 


t= Vr? — x’ — (r — b) becomes— 
¢ = 7252-5*— 10° — (252-5 — 5). 
= 763756-25 — 100 — 247°5. 
= 252-3019 — 247-5. 
= 4:8019 = the first ordinate, o 1. 
For the second— 
i= 7252-5" — 20° — (252-5 — 5). 
= 251-7006 — 247-5. 
= 4:2006 = the second ordinate, 0 2. 
For the third— 
t = ¥252-5*— 30° — 247-5. 


= 250-7115 — 247-5. 
= 39215 = the third ordinate, 4, 
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For the fourth— 
t = ¥252-5*— 40° — 247-5. 


= 249-3115 — 247-5. 
= 1-8115 =the fourth ordinate, 0 4. 


The results here obtained are in feet and decimals of a 
foot. To reduce these to feet, inches, and eighths of an 
inch, proceed as at Reduction of Decimals in the Appendix. 
If the two-feet rule, used by carpenters and others, were 
decimally divided, there would be no necessity of this re- 
duction, and it is to be hoped that the rule will yet be thus 
divided, as such a reform would much lessen the labor of 
computations, and insure more accurate measurements. 


Wersed sine cd = ft.5-0 = ÍL 5-0 inches. 

Ordinates or= 4-8019 = 4-9% inches, nearly. 
A o2 =m J 2000 = 4-21 inches, nearly: 
n C= 2s = 3 2 Inches, ned 
i O4= I-iri5 = 1-9% inches, nearly. 


521.—In a Given Angle, to Describe a Tanged Curve. 
—Let adc (Fig. 372) be the given angle, and 1 in the line a å, 
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and 5 in the line dc, the termination of the curve. Divide 
16 and 65 into a like number of equal parts, as at 1, 2, 3, 4, 
and 5; join 1 and 1,2 and 2, 3 and 3, etc.; and a regular 
curve will be formed that will be tangical to the line a4, at 
the point 1, and to ġc at 5. 

This is of much use in stair-building, in easing the angles 
formed between the wall-string and the base of the hall, 
also between the front string and level facia, and in many 
other instances. The curve is not circular, but of the form 
of the parabola (Fig. 418); yet in large angles the difference 
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is not perceptible. This problem can be applied to describ- 
ing the curve for door-heads, window-heads, etc., to rather 
better advantage than 47ż. 516. For instance, let ad (Fig. 
373) be the width of the opening, and cd the height of the 


é 


a c b 
FIG 373; 


arc. Extend cd, and make de equal to cd; join a and e, 
also e and 6; and proceed as directed above. 


522.—To Describe a Circle within any Given Triangle, 
so that the Sides of the Triangle shall be Tangical.— 


Let a bc (Fig. 374) be the given triangle. Bisect the angles 


FIG. 374. 


a and 6 according to Art. 506; upon d, the point of intersec- 
tion of the bisecting lines, with the radius de, describe the 
required circle. 


§23.—About a Given Cirele, to Describe an Equilateral 
Triangle.—Let adbc (Fig. 375) be the given circle. Draw 
the diameter cd; upon d, with the radius of the given circle, 
describe the arc aed; join a and 6; draw /g at right angles 
to dc; make fc and cg each equal to ad; from f, through 
a, draw fh, also from g, through 4, draw gf; then fg% 
will be the triangle required. 


524.—To Find a Right Line nearly Equal to the Cir- 
cumferenee of a Cirele.—Let abcd (fig. 376) be the given 
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circle. Draw the diameter ac; on this erect an equilateral 
triangle aec according to Art. 525; draw gf parallel to ac; 
extend ec to f, also ea to g; then gf will be nearly the 


h 


a c g 
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length of the semi-circle adc; and twice gf will nearly 
equal the circumference of the circle æ 0 c d, as was required. 

Lines drawn from e, through any points in the circle, as — 
o, o and o, to f, p and f, will divide gf in the same way as 
the semi-circle adc is divided. So, any portion of a circle 
may be transferred to a straight line. This is a very useful 
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problem, and should be well studied, as it is frequently 
used to solve problems on stairs, domes, etc. 

Another method. Let ab fe (fig. 377) be the given circle. 
Draw the diameter ac; from d, the centre, and at right an- 
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gles to ac, draw db; join 6 and c; bisect bc at e; from d, 
through e, draw df; then ef added to three times the di- 
ameter, will equal the circumference of the circle sufficiently 
near for many uses. The result is a trifle too large. If the 


ae 
LA 
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circumference found by this rule be divided by 648-22 the 
quotient will be the excess. Deduct this excess, and the 
remainder will be the true circumference. This problem is 
rather more curious than useful, as it is less labor to perform 
the operation arithmetically, simply multiplying the given 
diameter by 3-1416, or, where a greater degree of accuracy 
is needed, by 3-1415926. (See Art. 446.) 


POLYGONS, ETC. 


525.—Upon a Given Line to Construet an Equilateral 
Triangle.—Let a b (Fig. 378) be the given line. Upon a and 


c 


a rs) 
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6, with a 6 for radius, describe arcs, intersecting atc; join a 
and cç, also c and 0; then acò will be the triangle required. 


526. 


To Describe an Equilateral Rectangle, or Square. 


—Let ab (Fig. 379) be the length of a side of the proposed 


POLYGONS IN CIRCUMSCRIBING CIRCLES. 569 


square. Upon a and å, with @é for radius, describe the arcs 
ad and éc; bisect the arc ae in f; upon e, with ef for ra- 
dius, describe the arc cfd; join a and çc, cand d, d and 4; 
then acd will be the square required. 


o 


a 
Fic. 379. 


§27.—Within a Given Circle, to Inscribe an Equilateral 
Triangle, Hexagon or Dodecagon.— Let abcd (Fig. 380) be 
the given circle. Draw the diameter 4d; upon 4, with the 
radius of the given circle, describe the arc aec; join a and çc, 
also a and d, and c and d—and the triangle is completed. 
For the hexagon: from a, also from c, through e, draw the 
lines a f and cg; join a and 6, ò and c, c and f, etc., and the 


hexagon is completed. The dodecagon may be formed by 
bisecting the sides of the hexagon. 

Each side of a regular hexagon is exactly equal to the 
radius of the circle that circumscribes the figure. For the 
radius is equal to a chord of an arc of 6o degrees; and, as 
every circle is supposed to be divided into 360 degrees, there 
is just 6 times 6o, or 6 arcs of 6o degrees, in the whole cir- 
cumference. A line drawn from each angle of the hexagon 
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to the centre (as in the figure) divides it into six equal, equi- 
lateral triangles. 


528.—Within a Square to Inscribe an Octagon.—Let 
abcd (Fig. 381) be the given square. Draw the diagonals 
a 2 3 b 
AS 
Kas 
c 7 6 a 
Fic, 381. 


adand dc; upon a, 6, c, and d, with ae for radius, describe 
arcs cutting the sides of the square at I, 2, 3,4, 5,6, 7, and 8; 
join I and 2, 3 and 4, 5 and 6, etc., and the figure is com- 


pleted: 
In order to eight-square a hand-rail, or any piece that is 


FIG, 382. 


to be afterwards rounded, draw the diagonals ad and bc 
upon the end of it, after it has been squared-up. Set a 
gauge to the distance ae and run it upon the whole length 
of the stuff, from each corner both ways. This will show 
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how much is to be chamfered off, in order to make the piece 
octagonal (Art. 354). 


529.—To Find the Side of a Buttressed Octagon.—Let 
ABCDE (Fig. 382) represent one quarter of an octagon 
structure, having a buttress Æ F G F at each angle. The 
distance M H, between the buttresses, being given, as also 
FG, the width of a buttress; to find Æ C or C F, in order to 
obtain BC, the side of the octagon. Let BC, a side of the 
octagon, be represented by 0; or DC by +6. Let MH=a«a; 
Oe D= ta; and FC = x. 

Then we have— 


TLA C=C, 


O G put ż; or LG=K7=42. 
Now £ D is the radius of an inscribed circle and, as per 


i = b 
equation (140.), equals 7 = (¥2 + 1) = 
Also, EC is the radius of a circumscribed circle, and, as 
i =en 
per equation (141.), equals K = Vo V2 + 475 


The two triangles, C7 K and CED, are homologous; 
for the angles at C are common and the angles at K and D 
are right angles. Having thus two angles of one equal 
respectively to the two angles of the other, therefore (477. 
345) the remaining angles must be equal. Hence, the sides 
of the triangles are proportionate, or— 


Dee AAKA: CT 
R 
r: R::ġfp: te — a? 


The value of the side, as above, is— 


R 
o= o E 
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And taking the value of R and 7, as above, we have— 


R ome V2 +47 v 


a 7 a 
A a ; R 
Substituting this for -z we have— 


Cae 


b= a+ P 
e 
The numerical coefficient of p reduces to 1-0823923 or 
1-0824, nearly. 
Therefore we have— 


= dæ + 1-0824 p. Cor 


Or: The szde of a buttressed octagon equals the distance be- 
tween the buttresses plus 1-0824 times the width of the face of 
the buttress. 

For example: let there be an octagon building, which 
measures between the buttresses, as at M H, 18 feet, and the 
face of the buttresses, as FG, equals 3 feet; what, in such a 
building, is the length of aside BC? For this, using equa- 
tion (207.), we have— 


b = 18 + 1-0824 x 3 
= 18 + 3-2472 
= 21-2472. 


Or: The side of the octagon BC equals 21 feet and nearly 3 
inches. 


530.—Within a Given Cirele to Inscribe any Regular 
Polygon.—Let adc 2 (Figs. 383, 384, and 385) be given circles. 
Draw the diameter ac; upon this erect an equilateral trian- 
gle aec, according to Art. 525; divide ac into as many equal 
parts as the polygon is to have sides, as at 1, 2, 3, 4, etc.; 
from e, through each even number, as 2, 4, 6, etc., draw lines 
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cutting the circle in the points 2, 4, etc.; from these points 
and at right angles to ac draw lines to the opposite part 
of the circle; this will give the remaining points for the 


polygon, as 4, f, etc. 
In forming a hexagon, the sides of the triangle crected 


Fic. 385. 


upon ac (as at Fig. 384) mark the points 6 and f. This 
method of locating the angles of a polygon is an approxima- 
tion sufficiently near for many purposes; it is based upon 
the like principle with the method of obtaining a right line 
nearly equal to a circle (Art. 524). The method shown at 
Pied 531 15 accurate. 


ee o’ 
Fic. 386. PG SE Fic. 388 
531.—Upon a Given Line to Describe any Regular 


Polygon.—Let a6 (Figs. 386, 387, and 388) be given lines, 
equal to a side of the required figure. From é draw dc at 
right angles toad; upon a and 4, with a å for radius, describe 
the arcs acd and feb; divide ac into as many equal parts 
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as the polygon is to have sides, and extend those divisions 
from c towards d; from the second point of division, count- 
ing from c towards a, as 3 (Fig. 386), 4 (Fig. 387), and 5 (Fig. 
388), draw a line to 4; take the distance from said point of 
division to @, and set it from 6 to ¢; join e and a; upon the 
intersection o with the radius oa, describe the circle afdo; 
then radiating lines, drawn from é through the even numbers 
on the arc ad, will cut the circle at the several angles of the 
required figure. 

In the hexagon (Fig. 387), the divisions on the arc ad are 
not necessary ; for the point o is at the intersection of the 
arcs ad and fò, the points f and d are determined by the 
intersection of those arcs with the circle, and the points 
above g and % can be found by drawing lines from a and 6 
through the centre o. In polygons of a greater number of 
sides than the hexagon the intersection o comes above the 
arcs; in such case, therefore, the lines ae and 65 (Fig. 388) 
have to be extended before they will intersect. This method 
of describing polygons is founded on correct principles, and 
is therefore accurate. In the circle equal arcs subtend 
equal angles (Arts. 357 and 515). Although this method is 
accurate, yet polygons may be described as accurately and 
more simply in the following manner. It will be observed 
that much of the process in this method is for the purpose 
of ascertaining the centre of a circle that will circumscribe 
the proposed polygon. By reference to the Table of Poly- 
gons in Art. 442 it will be seen how this centre may be ob- 
tained arithmetically. This is the rule: multiply the given 
side by the tabular radius for polygons of a like number of 
sides with the proposed figure, and the product will be the 
radius of the required circumscribing circle. Divide this 
circle into as many equal parts as the polygon is to have 
sides, connect the points of division by straight lines, and 
the figure is complete. For example: It is desired to de- 
scribe a polygon of 7 sides, and 20 inches a side. The tabu- 
lar radius is 1-15238. This multiplied by 20, the product, 
23-0476 is the required radius in inches. The Rules for 
the Reduction of Decimals, in the Appendix, show how to 
change decimals to the fractions of a foot or an inch. From 
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this, 23-0476 is equal to 234% inches, nearly. It is not needed 
to take all the decimals in the table, three or four of them 
will give a result sufficiently near for all ordinary practice. 


§32.—To Construct a Triangle whose Sides shall be 
severally Equal to Three Given Lines.—Let a, b and c (Fig. 
389) be the given lines. Draw the line de and make it equal 


f 


o &a 
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c; upon e, with 6 for radius, describe an arc at f; upon d, 
with a for radius, describe an arc intersecting the other at f; 
join d and f, also f and e; then dfe will be the triangle 
required. 


533.—To Construct a Figure Equal to a Given, Right- 


lined Figure.— Let abcd (Fig. 390) be the given figure. 
Make e f (Fig. 391) equal to cd; upon f, with da for radius, 


ó h 
c d é df 


FIG. 390. FIG. 391. 


describe an arc at g; upon e, with ca for radius, describe an 
arc intersecting the other at g; join gand ¢; upon f and g, 
with @6 and aé for radius, describe arcs intersecting at 4; 
join g and %, also Æ and f; then Fig. 391 will every way 
equal F7zg. 390. 

So, right-lined figures of any number of sides may be 
copied, by first dividing them into triangles, and then pro- 
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ceeding as above. The shape of the floor of any room, or 
of any piece of land, etc., may be accurately laid out by this 
problem, at a scale upon paper ; and the contents in square 
feet be ascertained by the next. 


534.—To Make a Parallelogram equal to a Given 
Triangle.—Let adc (Fig. 392) be the given triangle. From 
a draw ad at right angles to dc; bisect ad in e; through e 
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draw fg parallel to dc; from 6 and c draw 6 f and cg par- 
allel to de; then df gc will be a parallelogram containing a 
surface exactly equal to that of the triangle adc. 

Unless the parallelogram is required to be a rectangle, 
the lines 67 and cg need not be drawn parallel to de. Ifa 
rhomboid is desired they may be drawn at an oblique angle, 
provided they be parallel to one another. To ascertain the 
area of a triangle, multiply the base dc by half the perpen- 
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dicular height da. In doing this it matters not which side 
is taken for base. 


535.—A Parallelogram being Given, to Construet An- 
other Equal to it, and Having a Side Equal to a Given Line. 
—Let A (Fig. 393) be the given parallelogram, and Æ the 
given line. Produce the sides of the parallelogram, as at 
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Geopcpand d; make ed equalto £; through d draw cf par- 
allel to g4; through e draw the diagonal ca; from a draw 
af parallel to ed; then C will be equal to A. (Sce Art. 340.) 


536.—To Make a Square Equal to two or more Given 
Squares.—Let 4 and ZB (Fig. 394) be two given squares. 


FIG. 394. 


Place them so as to form a right angle, as at æ; join dand c; 
then the square C, formed upon the line dc, will be equal in 
extent to the squares A and B added together. Again: if 
a b (Fig. 395) be equal to the side of a given square, ca, placed 
at right angles to a4, be the side of another given square, 


FIG. 395. 


and cd, placed at right angles to cå, be the side of a third 
given square, then the square A, formed upon the line æo, 
will be equal to the three given squares. (See Art. 353.) 
The usefulness and importance of this problem are pro- 
verbial. To ascertain the length of braces and of rafters in 
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framing, the length of stair-strings, etc., are some of the pur- 
poses to which it may be applied in carpentry. (See note 
to Art. 503.) If the lengths of any two sides of a right- 
angled triangle are known, that of the third can be ascer- 
tained. Because the square of the hypothenuse is equal to 
the united squares of the two sides that contain the right 
angle. 

(1.)—The two sides containing the right angle being 
known, to find the hypothenuse. 


Rule.—Square each given side, add the squares together, 
and from the product extract the square root; this will be 
the answer. 


For instance, suppose it were required to find the length 
of a rafter for a house, 34 feet wide—the ridge of the roof 
to be g feet high, above the level of the wall-plates. Then 
17 feet, half of the span, is one, and o feet, the height, is the 
other of the sides that contain the right angle. Proceed as 
directed by the rule: 


17 9 

17 e. 
119 S1 = square of ọ. 
17 289 = square ol T7. 


289 == sguare of 17, 370 Product. 


1 ) 370( 19-235 + = square root of 370; equal tg feet 24 in., 
I I nearly; which would be the required 
length of the rafter. 


3843 ) 13600 
3 11529 


38468) -207 100 
192325 
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(By reference to the table of square roots in the Appen- 
dix, the root of almost any number may be found ready 
calculated; also, to change the decimals of a foot to inches 
and parts, see Piles for the Reduction of Decimals in the 
Appendix.) 

Again: suppose it be required, in a frame building, to 
imal tie length of a brace having a run of three feet each 
way from the point of the right angle. The length of the 
6 des containing the right angle will be each 3 feet; then, as 
before— 


3 

3 

O square ol one side: 
Mies 3 = 9 = square of the other side. 


18 Product: the square root of which is 4: 2426+ ft., 
or 4 feet 2 inches and # full. 


(2.)—The hypothenuse and one side being known, to find 
Gerother side. 


Rule.—Subtract the square of the given side from the 
square of the hypothenuse, and the square root of the prod- 
uct will be the answer. 


Suppose it were required to ascertain the greatest per- 
pendicular height a roof of a given span may have, when 
pieces of timber of a given length are to be used as rafters. 
et the span be 20 feet, and the rafters of 3 x 4 hemlock 
igicte hese come about 13 feet long. The known hy- 
pothenuse, then, is 13 feet, and the known side, 10 feet— 
that being half the span of the building. 


13 
13 


39 
"13 
169 = square of hypothenuse. 
we 16 a EE e of the given side. 


69 Product: the square root of which is 
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S- 3000+ fect, or 8 feet 3 inches and 3 full. This will be tine 
greatest perpendicular height, as required. Again: suppose 
that in a story of 8 feet, from floor to floor, a step-ladder is 
requinedamics strings of which are to be of plank i2 fcet 
long, and it is desirable to know the greatest run such a 
length of string will afford. In this case, the two given 
sides are—hypothenuse 12, perpendicular 8 feet. 


12 times 12 = 144 = square of hypothenuse, 
8 times 8 = 64 = square of perpendicular. 


80 Product: the square root of which is 
8-9442+ feet, or 8 feet 11 inches and ,—the answer, as re- 
quired. 

Many other cases might be adduced to show the utility 
of this problem. A practical and ready method of ascer- 
taining the length of braces, rafters, etc., when not of a great 
length, is to apply a rule across the carpenters’ - square. 
Suppose, for the length of a rafter, the base be 12 feet and 
the height 7. Apply the rule diagonally on the square, so 
that it touches 12 inches from the corner on one side, and 7 
inches from the corner on the other. The number of inches 
on the rule which are intercepted by the sides of the square, 
13%, nearly, will be the length of the rafter in feet ; viz., 13 
feet and 2 of a foot. If the dimensions are large, as 30 feet 
and 20, take the half of each on the sides of the square, viz., 
15 and to inches; then the length in inches across will be 
one half the number of feet the rafter is long. This method 
is just as accurate as the preceding ; but when the length of 
a very long rafter is sought, it requires great care and pre- 
cision to ascertain the fractions. For the least variation on 
the square, or in the length taken on the rule, would make 
perhaps several inches difference in the length of the rafter. 
For shorter dimensions, however, the result will be true 
enough. i 


537.—To Make a Circle Equal to two Given Circies.— 
Let A and (fig, 306)9be the given circles. Jin thetieine 
angled triangle abc make aé equal to the diameter of the 
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circle B, and ¢é equal to the diameter of the circle A; then 
the hypothenuse ac will be the diameter of a circle C, which 
will be equal in area to the two circles 4 and B, added 


together. 


Any polygonal figure, as A (Fig. 397), formed on the hy- 
pothenuse of a right-angled triangle, will be equal to two 
similar figures,* as B and C, formed on the two legs of the 
triangle. 


/\ | 


B 


FIG. 397. 


5§38.—To Construct a Square Equal to a Given Rect- 
angle.—Let A (Fig. 398) be the given rectangle. Extend 
the side a4 and make dc equal to ġe; bisect ac in f, and 
upon f, with the radius fa, describe the semi-circle agc; 
extend 29 till it cuts the curve in g; then a square jgk a, 
formed on the line 6g, will be equal in area to the rectan- 
lee ie 


* Similar figures are such as have their several angles respectively equal, 
and their sides respectively proportionate. 
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Another method. Let A (Fig. 399) be the given rectangle. 
Extend the side a6 and make ad equal to ac; bisect ad in 
e; upon e, with the radius ea, describe the semi-circle a fd; 
extend s0 till it cuts the curve in /; join e and /; then 


Fic. 398. 


the square J, formed on the line a f, will be equal in area to 
the rectangle 4) (Gee A775 352 andeaces) 


539.—To Form a Square Equal to a Given Triangle.— 
Let a b (Fig. 398) equal the base of the given triangle, and de 
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equal half its perpendicular height (see Fzg. 392); then pro- 
ceed as directed at 477.1539. 


. 540.—Two Right Lines being Given, to Find a Third 
Proportional Thereto.—Let A and Z (Fig. 400) be the given 
lines. Make ad equal to A; from a draw ac at any angle 
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With aa; make ac and ag each equal to &; join c and 6; 
from d draw de parallel to cd; then ae will be the third 
proportional required. That is, ae bears the same propor- 
tion to 4 as Æ does to A. 


by AS 


FIG. 400. 


541.—Three Right Lines being Given, to Find a Fourth 
Proportional Thereto.—Let A, B, and C (fig. 401) be the 
given lines. Make aé equal to A; from a draw ac at any 


cy bys 


an 
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angle with a4; make ac equal to Z and ae equal to C; join 
c and 6; from e draw ef parallel toco; then a / will be the 
fourth proportional required. That is, af bears the same 
proportion to C as Z does to A. 

To apply this problem, suppose the two axes of a given 
ellipsis and the longer axis of a proposed ellipsis are given. 
Then, by this problem, the length of the shorter axis to the 
proposed ellipsis can be found; so that it will bear the same 
proportion to the longer axis as the shorter of the given 
ellipsis does to its longer. (See also A7t. 559.) 


542.—A Line with Certain Divisions being Given, to 
Divide Another, Longer or Shorter, Given Line in the 
Same Proportion.—Let A (Fig. 402) be the line to be di- 
vided, and & the line with its divisions. Make æ% equal to 
B with all ws diens as at 1, 2, 3, etc.; from a draw ac at 
any angle with a6; make ae equal to A; joine and 6; from 
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the points I, 2, 3, etc., draw lines parallel to cå; then these 
will divide the line ac in the same proportion as & is divided 
——as was required. 

This problem will be found useful in proportioning the 


A ——— 


B 
e 
a 1 2 3 AN 


Ric. 402. 


members of a proposed cornice, in the same proportion as 
those of a given cornice of another size. (See Art. 321.) So 
of a pilaster, architrave, etc. 


543.—Between Two Given Right Lines, to Find a 
Mean Proportional.—Let A and & (Fig. 403) be the given 
lines. On the line ac make aġ equal to A and dc equal to 
B; bisect ac in e; upon e, with ea for radius, describe the 
semi-circle adc; at 6 erect bd at right angles to ac; then 


a 


A 
B 


a e & c 


FIG. 403. 


bd will be the mean proportional between A and 2. That 
is,@6 is to bd as bd is to bc. This is usually stated thus: 
“ab:0da >: bd: bc, and since the product of the means 
equals the product of the extremes, therefore, ad x bc = bd”. 
This is shown geometrically at Arz. 538. 


CONIC SECTIONS. 


544.—Definitions.— If a cone, standing upon a base 
that is at right angles with its axis, be cut by a plane, per- 
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pendicular to its base and passing through its axis, the sec- 
tion will be an isosceles triangle (as adc, Fig. 404); and the 
base will be a semi-circle. Ifa cone be cut by a plane in the 
direction ¢ f the section will be an ed/zpszs , if in the direction 
ml, the section will be a parabola; and if in the direction 
a hyperbola. (See Art. 499.) Tf the cutting planes be 
at right angles with the plane adc, then— 


545.—To Find the Axes of the Ellipsis: bisect e f (Fig. 
404) in g; through g draw 4z parallel to ad; bisect 42 in7; 


GA 
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upon 7, with 74% for radius, describe the semi-circle 2472; 
from g draw gk at right angles to #7; then twice gf will 
be the conjugate axis and e f the transverse. 


546.—To Find the Axis and Base of the Parabola. 
Let mm / (Fig. 404), parallel to ac, be the direction of the cut- 
ting plane. From mw draw md at right angles to ad; then 
Zm will be the axis and height, and 7: d an ordinate and half 
the base, as at Fzgs. 417, 418. 


547.—To Find the Meight, Base, and Transverse Axis 
of an Hyperbola,—Let or (Fig. 404) be the direction of the 
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cutting plane. Extend o7 and ac till they meet at nz; from 
o draw of at right angles to ae b; then vo will be the height, 
nr the transverse axis, and of half the base; as at Fig. 410. 


548.—The Axes being Given, to Find the Foci, and to 
Describe an Ellipsis with a String.—Let ab (Fig. 405) and 
cd be the given axes. Upon c, with ae or de for radius, de- 
scribe the arc ff; then / and f, the points at which the 
arc cuts the transverse axis, will be the Jocs. At 7 mCi 
place two pins, and another at c; tie a string about the three 
pins, so as to form the triangle ffc; remove the pin from c 
and place a pencil in its stead; keeping the string taut, 


Fig. 405. 


move the pencil in the direction cga; it will then describe 
the required ellipsis. The lines fg and gf show the posi- 
tion of the string when the pencil arrives at g. 

This method, when performed correctly, is perfectly ac- 
curate; but the string is liable to stretch, and is, therefore, 
not so good to use as the trammel. In making an ellipse by 
a string or twine, that kind should be used which has the 
least tendency to elasticity. For this reason, a cotton cord, 
such as chalk-lines are commonly made of, is not proper for 
the purpose; a linen or flaxen cord is much better. 


549. 


The Axes being Given, to Deseribe an Eilipsis 


with a Trammel.—Let @é and cd (Fig. 406) be the given 
axes. Place the trammel so that a line passing through the 
centre of the grooves would coincide with the axes; make 
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the distance from the pencil ¢ to the nut f equal to half cd; 
meso, trom the pencil ¢ to the nut g equal to half e; letting 
the pins under the nuts slide in the grooves, move the tram- 
Pelee im the direction cód; then the pencil at ¢ will de- 
scribe the required ellipse. 

A trammel may be constructed thus: take two straight 
strips of board, and make a groove on their face, in the cen- 
tre of their width; join them together, in the middle of their 
length, at right angles to one another; as is seen at zg. 406. 
A rod is then to be prepared, having two movable nuts 
made of wood, with a mortise through them of the size of 
the rod, and pins under them large enough to fill the 
grooves. Make a hole at one end of the rod, in which to 


place a pencil. In the absence of a regular trammel a tem- 
porary one may be made, which, for any short job, will an- 
swer every purpose. Fasten two straight-edges at right 
angles to one another. Lay them so as to coincide with the 
axes of the proposed ellipse, having the angular point at the 
centre. Then, in a rod having a hole for the pencil at one 
eqa, piace two brad-awls at the distances described at Arz. 
549. While the pencil is moved in the direction of the 
curve, keep the brad-awls hard against the straight-edges, 
as directed for using the trammel-rod, and one quarter of 
the ellipse wall bevdrawn. Then, by shifting the straight- 
edges, the other three quarters in succession may be drawn. 
If the required ellipse be not too large, a carpenters’-square 
may be made use of, in place of the straight-edges. 

A iiprovecdmmethod Of constructing the tramimel 1s as 
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follows: make the sides of the grooves bevelling from the 
face of the stuff, or dove-tailing instead of square. Prepare 
two slips of wood, each about two inches long, which shall 
be of a shape to just fill the groove when slipped in at the 
end. These, instead of pins, are to be attached one to each 
of the movable nuts with a screw, loose enough for the nut 
to move freely about the screw as an axis. The advantage 
of this contrivance is, in preventing the nuts from slipping 
out of their places during the operation of describing the 


Curve. 


550.—Yo Deseribe an Ellipsis by Ordinates.—Let ad 
and cd (Fig. 407) be given axes. With ce or ed for radius 


describe the quadrant fg; divide fA, ae, and ed, each into 
a like number of equal parts, as at 1, 2,and 3; through 
these points draw ordinates parallel to cd and fg; take the 
distance Iz and place it at 14 transfer 27 to 2, and 3% to 
32; through the points a,%, m, /, and <, trace a curve; and 
the ellipsis will be completed. 

The greater the number of divisions on a, ¢, etc., in this 
and the following problem, the more points in the curve can 
be found, and the more accurate the curve cam be tric oi 
If pins are placed in the points z, 7, 7, etc., and a thin slip 
of wood bent around by them, the curve can be made quite 
correct. This method is mostly used in tracing face-moulds 
for stair hand-railing. 


551!.—To Describe an Ellipsis by Intersection of Lines. 
—Let aò and cd (Fig. 408) be given axes. Through c, draw 
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fg parallel to ad; from a and 6 draw a f and 6g at right 
angles to a0; divide fa, £0, ae, and eh, each into a like 
wober of equal parts, as at 1, 2,3, and o,o, 0; from 1, 2, 
and 3, draw lines to c; through v, o, and o, draw lines from g, 


Fic. 408. 


intersecting those drawn to c; then a curve, traced through 
the points z, z, z, will be that of an ellipsis. 

Where neither trammel nor string is at hand, this, per- 
haps, is the most ready method of drawing an ellipsis. The 
divisions should be small, where accuracy is desirable. By 
this method an ellipsis may be traced without the axes, pro- 
vided that a diameter and its conjugate be given. Thus, ad 


FIG. 409. 


and cd (Fig. 409) are conjugate diameters: fg is drawn par- 
allel to ad, instead of being at right angles to cd; also, fa 
and gd are drawn parallel to cd, instead of being at right 
angles to a0. 
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552.—TFo Describe an Ellipsis by Intersecting Arcs, — 
Let a b and od (zg. 410) be given axes) Betweenone of tre 
foci, f and f, and the centre ¢, mark any number of points, 
at random, as 1, 2, and 3; upon 7 and), with ot for radius, 
describe arcs at 2, 7,2, and g, upon 7 and, wit tion 
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radius, describe arcs intersecting the others at g, g, g,and g; 
then these points of intersection will be in the curve of the 
ellipsis. The other points, Æ% and 7, are found in like manner, 
viz.: # is found by taking 62 for one radius, and < for the 
other; zis found by taking 43 for one radius, and a 3 for the 
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other, always using the foci for centres. Then by tracing a 
curve through the points c, g, 4, 7, 4, etc., the ellipse will be 
completed: 

This problem is founded upon the same principle as that 
of the string. This is obvious, when we reflect that the 
length of the string is equal to the transverse axis, added to 
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tle distance between the foci. See Fig. 405, in which cf 
equals ae, the half of the transverse axis. 


553.—To Describe a Figure Nearly in the Shape of an 
Ellipsis, by a Pair of Compasses.-_Let æ b and cd (Fig. 411) 
E iven axes. From c draw ce parallel to a4; from æ draw 
ae parallel to cd; joine and d; bisect ea in f; join f and e, 
intersecting ed in f; bisect zc ino; from o draw og at right 
angles to 7c, meeting cd extended to g; join z and g, cutting 
the transverse axis in 7; make 47 equal to 7g, and 4 £ equal 
to fr; from 7, through 7 and &, draw 7 m and jx; also, from 
g, through 4, draw g/; upon g and 7, with gc for radius, 
m@ecembe the arcs 7/ and #22; upon 7 and +, with ra for 


£ 


| 
d 


FIG. 412. 


radius, describe the arcs mzand Zz; this will complete the 
figure. 

When the axes are proportioned to one another, as at 2 
tome ine (extvemuties, c and a, of the shortest axis, will be 
the centres for describing the arcs 7 / and m2; and the inter- 
section of ed with the transverse axis will be the centre for 
describing the arc m, z, etc. As the elliptic curve is contin- 
ually changing its course from that of a circle, a true ellipsis 
cannot be described with a pair of compasses. The above, 
therefore, is only an approximation. 


554. 


To Draw an Oval in the Proportion Seven by 


Nine.—-Let cd (Fig. 412) be the given conjugate axis. Bisect 
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cdin o, and through o draw @é at right angles to cd; bisect 
co ine; upon o, with oc for radius, describe the circle ef gh; 
from <, through % and 7, draw ec7 and ez; also, from g, 
through # and f, draw gé and g/; upon g, with gc for 
radius, describe the arc Z; upon e, with ed for radius, de- 
scribe the arc jz; upon £ and f, with ££ for radius, describe 
the arcs j k and /z; this will complete the figure. 


6 
FIG. 413. 


This is an approximation to an ellipsis; and perhaps no 
method can be found by which a well-shaped oval can be 
drawn with greater facility. By a little variation in the 
process, ovals of different proportions may be obtained. If 
quarter of the transverse axis is taken for the radius of the 
circle ef gh, one will be drawn in the proportion five by 
seven. 


Fic. 414. 


555.—To Draw a Tangent to an Ellipsis.—Let abcd 
(Fig. 413) be the given ellipsis, and d@ the point of contact. 
Find the foci (Art. 548) f and f, and from them, through d, D 
draw fe and fd; bisect the angle (47. 506) edo with the 
line sv; then s7 will bemhetaneent required. 
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556.—An Ellipsis with a Tangent Given, to Detect the 
Point of Contact.—Let agd/ (Fig. 414) be the given ellip- 
sis and tangent. Through the centre e draw aé parallel to 
the tangent; anywhere between e and f draw cd parallel to 
me; bisect cd in o; through o and ¢ draw fg; then g will 
be, the point of contact required. 


557.—A Diameter of an Ellipsis Given, to Find its 
Conjugate,—Let a b (Fig. 414) be the given diameter. Find 
the line fg by the last problem; then fg will be the diam- 
eter required. 


558.—Any Diameter and its Conjugate being Given, to 
Ascertain the Two Axes, and thence to Describe the Ellipsis. 
—Let zb and cd (Fig. 415) be the given diameters, conjugate 
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to one another. Through c draw c f parallel to a6; frome 
W e at ight angles to ¢7; make cg equal to a% or A0;: 
join g and %; upon g, with gc for radius, describe the arc 
Te wpe, wit the same radius, describe the are 77 = 
through the intersections / and z draw xo, cutting the tan- 
gent ef ino; upon o, with og for radius, describe the semi- 
@ycle ezg/f; join e and g, also gand f, cutting the are iej 
in Å and ¢; from e, through 4, draw e 7⁄7, also from f, through 
h, draw fp; trom & and ¢ draw kr and ¢s parallel to ¢4.. 
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cutting em in 7, and fpf ins; make 4m equal to 47, and hp 
equal to 4s; then 7z and s will be the axes required, by 
which the ellipsis may be drawn in the usual way. 


559.—To Describe an Ellipsis, whose Axes shail be 
Proportionate to the Axes of a Larger or Smaller Given 
One.—Let acbd (Fig. 416) be the given ellipsis and axes, and 


S 


= 
a 
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77 the transverse axis of a proposed smaller one. Join a and 
c; from z draw ze parallel to ac; make o f equal to oc; then 
ef will be the conjugate axis required, and will bear the 
same proportion to z7 as cd does toad. (See Art. 541.) 


560.—To Describe a Parabola by Intersection of Lines. 
— Let m/l (Fig. 417) be the axis and height (see /zg. 404) and 


‘Laa g ome 
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dd a double ordinate and base of the proposed parabola. 
Through / draw aa parallel to dd; through d and d draw 
da and da parallel to m/; divide ad and dm, each into a 
like number of equal parts; from each point of division in 


TO DESCRIBE AN HYPERBOLA. 595 


Cda ihe lines 11, 22, etc., parallel to m2; from each 
point of division in da draw lines to Z; then a curve traced 
through the points of intersection v, o, and o, will be that of 
a parabola. 

Another method. Let ml (fig. 418) be the axis and height, 
and dæ the base. Extend a: / and make ¿æ equal to mz; 
join a and d,and a and d; divide ad and ad, each into a 
iikemumber of equal parts, as at 1, 2, 3, etc.; join 1 and 1, 2 
amae2, etc., and the parabola will be completed. (See Aris. 
460 to 472.) 


561.—To Describe an Wyperbola by Intersection of 
Lines.— Let 7 o (Fig. 419) be the height, 2 the base, and xr 
the transverse axis. (See /zg. 404.) Through r draw aa 


Fic. 418. FIG. 419. 


parallel to pp; from p draw ap parallel to ro; divide a f 
and po, each into a like number of equal parts; from each 
of the points of division in the base, draw lines to z; from 
each of the points of division in af, draw lines to 7; then 
a curve traced through the points of intersection o, o, etc., 
will be that of an hyperbola. 

The parabola and hyperbola afford handsome curves for 
various mouldings. (See Figs. 191 to 205; 222 to 224; 24I 
and 242; also note to Art. 318.) 


SECTION XVII—SHADOWS. 


562.—The Art of Drawing consists in representing 
solids upon a plane surface, so that a curious and nice ad- 
justment of lines is made to present the same appearance to 
the eye as does the human figure, a tree, or a house. It is 
by the effects of light, in its reflection, shade, and shadow, 
that the presence of an object is made known to us; so 
upon paper it is necessary, in order that the delineation 
may appear real, to represent fully all the shades and shad- 
ows that would be seen upon the object itself. In this sec- 
tion I propose to illustrate, by a few plain examples, the 
simple elementary principles upon which shading, in archi- 
tectural subjects, is based. The necessary knowledge of 
drawing, preliminary to this subject, is treated of in Section 
XV., from Arts. 487 to 408. 


563.—The Inclination of the Line of Shadow.—This 
is always, in architectural drawing, 45 degrees, both on the 
elevation and on the plan; and the sun is supposed to be 
behind the spectator, and over his left shoulder. This can 
be illustrated by reference to Fig. 420,in which A repre- 
sents a horizontal plane, and Æ and C two vertical planes 
placed at right angles to each other. A represents the plan, 
C the elevation, and Z a vertical projection from the eleva- 
tion. In finding the shadow of the plane J, the line æ 6 is 
drawn at an angle of 45 degrees with the horizon, and the 
line cd at the same angle with the vertical plane B. The 
plane Z being a rectangle, this makes the true direction of 
the sun’s rays to be in a course parallel to dd, which direc- 
tion has been proved to be at an angle of 35 degrees and 
16 minutes with the horizon. It is convenient, in shading, 
to have a set-square with the two sides that contain the 
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right angle of equal length; this will make the two acute 
angles each 45 degrees, and will give the requisite bevel 
when worked upon the edge of the T-square. One reason 
why this angle is chosen in preference to another is that 
when shadows are properly made upon the drawing by it, 
the depth of every recess is more readily known, since the 
breadth of shadow and the depth of the recess will be equal. 

To distinguish between the terms shade and shadow, it will 
be understood that all such parts of a body as are not ex- 
posed to the direct action of the sun’s rays are in shade ; 


ian 
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while those parts which are deprived of light by the inter- 
position of other bodies are in shadow. > 
i 


564.—To Find the Line of Shadow on Mouldings and 
other Horizontally Straight Projections.—/7¢gs. 421, 422, 
423, and 424 represent various mouldings in elevation, re- 
turned at the left, in the usual manner of mitering around a 
projection. A mere inspection of the figures is sufficient to 
see how the line of shadow is obtained, bearing in mind that 
the ray ab is drawn from the projections at an angle of 45 
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degrees. When there is no return at the end, it is neces- 
sary to draw a section, at any place in the length of the 
mouldings, and find the line of shadow from that. 


565.—To Find the Line of Shadow Cast by a Shelf.—In 
lig. 425, A is the plan and Z is the elevation of a shelf 
attached toa wall. From æ and c draw aù and cd, accord- 
ing to the angle previously directed; from 6 erect a per- 
pendicular intersecting cd at d; from d draw de parallel to 


Fic. 421. 
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the shelf; then the lines cd and de will define the shadow 
cast by the shelf. There is another method of finding the 
shadow, without the plan A. Extend the lower line of the 
shelf to f, and make c f equal to the projection of the shelf 
from the wall; from f draw fg at the customary angle, and 
from c drop the vertical line cg intersecting fg at g; from 
g draw ge parallel to the shelf, and from ¢ draw cag at the 
usual angle; then the lines cd and de will determine the 
extent of the shadow as before. 
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566.—To Find the Shadow Cast by a Shelf which is 
Wider at one End than at the Other.—In Fig. 426, A is the 
plan, and Z the elevation. Find the point ¢, as in the pre- 
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vious example, and from any other point in the front of the 
shelf, as a, erect the perpendicular ae; from a and e draw ab 
and ¢c,at the proper angle, and from é erect the perpendicu- 


Bic, 426. 


lan oeiitersectingecein ¢; irom da, through c, dram aa, 
then the lines ¿g and do will give the limit of the shadow 
cast by the shelf. 
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567.—To Find the Shadow of a Shelf having one End 
Acute or Obtuse Angled.—/7g, 427 shows the plan dnd ele- 
vation of an acute-angled shelf. Find the line eg as before ; 


from a erect the perpendicular @é; join b and e; then ġe 
and e g will define the boundary of shadow. 


568.—To Find the Shadow Cast by an Inclined Shelf.— 
In Fig. 428 the plan and elevation of such a shelf are shown, 
having also one end wider than the other. Proceed as di- 
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rected for finding the shadows of /7g. 426, and find the points 
dandc; then ad and dc will be the shadow required. If 
the shelf had been parallel in width on the plan, then the 
line de would have been parallel with the shelf a b. - 
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569.—To Find the Shadow Cast by a Sheif Inelined in 
its Vertical Section cither Upward or Downward.—lrom 
a (Figs. 429 and 430) draw aé at the usual angle, and from é 
draw óc parallel with the shelf; obtain the point e by draw- 


FIG. 429. Pic. 430; 


ing a line from g at the usual angle. In Jig. 429 join e and 
Aben zeand ec will deine the shadow. In /zg. 430, from 
o draw oz parallel with the shelf; join z and e, then ze and 
fe will be the shadow required. 

The projections in these several examples are bounded 


nian 
. < i 
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by straight lines; but the shadows of curved lines may be 
found in the same manner, by projecting shadows from sev- 
eralapomicmiustnemeteved line, and tracing the curve’ of 
shadow through these points. (Figs. 431 and 432.) 
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570.—Fo Find tho Shadow of a Shelf having iis Front 
Edge, or End, Curved on the Plan,—In /7zgs. 431 and 432 
-1 and A show an example of each kind. From several 
points, as a, a, in the plan, and from the corresponding points 
o,o in the elevation, draw rays and perpendiculars intersect- 
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ing atc, c, ctc.; through these points of intersections Gmce 
the curve, and it will define the shadow. 


571.—To Find the Shadow of a Shelf Curved in the Ele- 
vation.—In /z¢. 433 find the points of intersection, ¢, ¢ and 
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e, as in the last examples, and a curve traced through them 
will define the shadow. 

The preceding examples show how to find shadows when 
cast upon a vertical plane ; shadows thrown upon curved sur- 
Jaces are ascertained in a similar manner. (7g. 434.) 
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572.—To Find the Shadow Cast upon a Cylindrical 
Wall by a Projection of any Kind.— By an inspection of 
Fig. 434, it will be seen that the only difference between this 
and the last examples is that the rays in the plan die against 
the circle @é, instead of a straight line. 


FIG. 435. 


573.—YTo Find the Shadow Cast by a Shelf upon an Fn- 
clined Wall.—Cast the ray a b (Fig. 435) from the end of the 
shelf to the face of the wall, and from 6 draw 6c parallel to 
ime shelf; cast the ray Ze from the end of the shelf; then 
the lines de and ec will define the shadow. 


Fic. 436. 


These examples might be multiplied, but enough has 
been given to illustrate the general principle by which shad- 
ows in all instances are found. Let us attend now to the 
application of this principle to such familiar objects as are 
likely to occur in practice. 
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574.—Fo Find the Shadow of a Projecting Horizontal 
Beam.—From the points a, a, etc. (Fig. 436), cast rays upon 
the wall; the intersections ¢, c, e of those rays with the per- 
pendiculars drawn from the plan will define the shadow. If 
the beam be inclined, either on the plan or elevation, at any 
angle other than a right angle, the difference in the manner 
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of proceeding can be seen by reference to the preceding 
examples of inclined shelves, etc. 


575.—To Find the Shadow in a Recess.—F rom the point 
a (Fig. 437) in the plan, and 4 in the elevation, draw the rays 
acand be; from c erect the perpendicular ce, and from e 
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draw the horizontal line ed; then the lines ce and ed will 
show the extent of the shadow. This applies only where 
the back of the’recess is parallel with the face of the wall. 


_576.—To Find the Shadow in a Recess, when the Face 
of the Wall is Inclined, and the Back of the Recess is 


Vertical.—In /7g. 438, A shows the section and Z the eleva- 
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tion of a recess of this kind. From 4, and from any other 
point in the line da, as a, draw the rays dc and ae; from çc, 
a, and e draw the horizontal lines cg, af, and eh; from d 
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-and f cast the rays dzand fi; from z, through 4, draw zs, 
then sz and zg will define the shadow. 


577.—To Find the Shadow in a Fireplace.—From a and 
b (Fig. 439) cast the rays ac and ġe, and from c erect the 
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perpendicular ce; from ¢ draw the horizontal line ¢o, and 
join o and d; then ce, eo, and od will give the extent of the 
shadow. 
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578.—To Find the Shadow of a Moulded Window-Lin- 
tel.—Cast rays from the projections a, o, etc., in the plan 
(Fig. 440), and d, e, etc., in the elevation, and draw the usual 
perpendiculars intersecting the rays at z, z, and z; these in- 
tersections connected, and horizontal lines drawn from them. 
will define the shadow. The shadow on the face of the lin- 
tel is found by casting a ray back from z to s, and drawing 
the horizontal line s 7. 


579.— Fo Find the Shadow Cast by the Nosing of a Step. 
—From a (Fig. 441) and its corresponding point c, cast the 


Pic, 441: 


rays a4 and cd, and from å erect the perpendicular 6d; tan- 
gical to the curve at ¢ cast the ray e f, and from ¢ drop the 
perpendicular e o, meeting the mitre-line e g in 0; cast a ray 
from o to ñ, and from z erect the perpendicular 7f; from +% 
draw the ray 24; from f to d and from d to & trace the 
curve as shown in the figure; from # and % draw the hori- 
zontal lines £z and 4s; then the limit of the shadow will be 
completed. 


580.—To Find the Shadow Thrown by a Pedestal upon 
Steps.—From a (Fig. 442) in the plan, and from c in the ele- 
vation, draw the rays aò and ce; then ao will show the ex- 
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tent of the shadow on the first riser, as at A; fg will deter- 
mine the shadow on the second riser, as at ee ca gives the 
amount of shadow on the first tread, as at C, and /2z that on 
the second tread, as at D; which completes the shadow of 


Fics 442; 


the left-hand pedestal, both on the plan and clevation. aS 
mere inspection of the figure will be sufficient to show how 
the shadow of the right-hand pedestal is obtained. l 


Fic. 443. Pic. aay. 


581.—To Find the Shadow Thrown on a Column bya 
Square Abacus.—From a and 6 (Fig. 443) draw the rays ac 
and 6e,and from ¢ erect the perpendicular ce; tangical to 
the curveat a draw the ray df, and from %4 corresponding 
to fin the plan, draw the ray 40; take any point between a 
and f, as z, and from this, as also from a corresponding point 
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n, draw the rays 77 and xs; from 7 and from g erect the 
perpendiculars 7s and do; through the points ¢, s, and o 
trace the curve as shown in the figure; then the extent of 
the shadow will be defined. 


a 
S 
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582.—-To Find the Shadow Thrown on a Column by a 
Circular Abacus.—This is so nearly like the last example 
that no explanation will be necessary, farther than a refer- 
ence to the preceding article. 
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583.—To Find the Shadows on the Capital of a Column. 
-—-This may be done according to the principles explained 
in the examples already given; a quicker way of doing it, 
however, is as follows: if we take into consideration one 
ray of light in connection with all those perpendicularly 
under and over it, it is evident that these several rays would 
form a vertical plane, standing at an angle of 45 degrees 
with the face of the elevation. Now we may suppose the 
column to be s@zced, so to speak, with planes of this nature-~~ 
cutting it in the lines æ 4, c d, etc. (fig. 445), and, in the ele- 
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vation, find by squaring up from the plan, the /éves of section 
which these planes would make thereupon. For instance: 
in finding upon the elevation the line of section a4, the plane 
cuts the ovolo at ¢, and therefore f will be the correspond- 
ing point upon the elevation ; # corresponds with g, ¢ with 7, 
o with s, and Z with &. Now, to find the shadows upon this 
line of section, cast from m the ray mx, Irom% the ray ho, 
etc.; then that part of the section indicated by the letters 
m fin, and that part also between 4 and o will be under 
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shadow. By an inspection of the figure, it will be seen that 
the same process is applied to each line of section, and in 
that way the points 7, 7, Zam o w, 1, aS also 1, 2, 3, etc, are 


iG dEle 


successively found, and the lines of shadow traced through 


them. i 
Fig. 446 is an example of the same capital gvith all the 
shadows finished in accordance with the lines obtained on 


/1g. 445. 
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634.—To Find the Shadow Thrown on a Vertical Wall 
by 2 Column and Entablature Standing in Advance of said 


Wall.—Cast rays from a and 6 (Fig. 447), and find the point 
cas inthe previous examples; from d draw the ray de, and 
from e the horizontal line ef; tangical to the curve at g and 
Wedraw the rays g7 and 47, and trom 7 and 7 erect the per- 
pendiculars z / w from #e and z draw the rays z7 and 
zk, and trace the curve between kand, cast a ray from oto 
p, a vertical line from pto s, and through s draw the horizon- 
tai line s¢; the shadow as required will then be completed. 


Foon | afi 
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fig. 448 is an example of the same kind as the last, with 
all the shadows filled in, according to the lines obtained in 
the preceding figure. 
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585.— Shadows on a Cornice.—/igs. 449 and 450 arc 
examples of the Tuscan cornice. The manner of obtaining 
the shadows is evident. 


986.— Reflected Light.—In shading, the finish and life of 
an object depend much on reflected light. This is seen to 
advantage in /zg. 446, and on the column in Fie. 448. Re- 
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flected rays are thrown in a direction exactly the reverse 
of direct rays; therefore, on that part of an object which is 
subject to reflected light, the shadows are reversed. The 
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fillet of the ovolo in Fig. 446 is an example of this. On the 
right hand side of the column, the face of the fillet is much 
darker than the cove directly under it. The reason of this 


is, the face of the fillet is deprived both of direct and re- 
flected light, whereas the cove is subject tothe latter. Other 
instances of the effect of reflected light will be seen in the 
other examples. 
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CLODAR. 


Terms not found here can be found in the lists of definitions in other parts of this book, or in 


common dictionaries. 
® 


A bacus.—The uppermost member of a capital. 

Abattoiy.—A slaughter-house. 

Adbbey.—The residence of an abbot or abbess., 

Abutment.—That part of a pier from which the arch springs. 

Acanthus.—A plant called in English bear s-breech. Its leaves are employed 
for decorating the Corinthian and the Composite capitals. 

Acropolis.—The highest part of a city ; generaily the citadel. 

Acroterta.—The small pedestals placed on the extremities and apex of 2 
pediment, originally intended as a base for sculpture. 

Ais/e.—Passage to and from the pews of a church. In Gothic architecture, 
the lean-to wings on the sides of the zave. 

Alcove.—Part of a chamber separated by an esérade, or partition of columns. 
Recess with seats, etc., in gardens. 

Altar.—A pedestal whereon sacrifice was offered. In modern churches; the 
area within the railing in front of the pulpit. l 

A lto-relievo.—High relief; sculpture projecting from a surface so as to appear 
nearly isolated. 

Amphitheatre.—A double theatre, employed by the ancients for the exhibi- 
tion of gladiatorial fights and other shows. 

Ancones.—Trusses employed as an apparent support to a cornice upon the 
flanks of the architrave. 

Annulet-—A small square moulding used to separate others ; the fillets in 
the Doric capital under the ovolo, and those which separate the flutings of col- 
umns, are known by this term. 

Antw.—A pilaster attached to a wall. 

Afiary.—A place for keeping beehives. 

Arabesque —A building after the Arabian style. 

Arcostyle.—An intercolumniation of from four to five diameters. 

Arcade.—A series of arches. 

Arch.—An arrangement of stones or other material in a curvilinear form, so 
as to perform the office of a lintel and carry superincumbent weights. 

Architrave.-—That part of the entablature which rests upon the capital of a 
column, and is beneath the frieze. The casing and mouldings about a door or 
window. 

Archivolt—The ceiling of a vault ; the under surface of an arch. 

Area.—Superficial measurement. An open space, below the level of the 
ground, in front of basement windows. 
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Arsenal.—A public establishment for the deposition of arms and warlike 
stores. 

Asiragal—A small moulding consisting of a half-round with a fillet on each 
side. 

Attic. —A low story erected over an order of architecture. A low additional 
story immediately under the roof of a building. 

Aviary. —A place for keeping and breeding birds. 


Balcony.—An open gallery projecting from the front of a building. 

Baluster —A small pillar or pilaster supporting a rail. 

Balustrade —A series of balusters connected by a rail. 

Barge-course. —That part of the covering which projects over the gable of a 
building. 

Base.—The lowest part of a wall, column, etc. 

Basement-story.—That which is immediately under the principal story, and 
included within the foundation of the building. 

Basso-relicvo,— Low relief; sculptured figures projecting from a surface one 
half their thickness or less. See A2fo-relievo. 

Battering.—See Talus. 

Battlement.—Indentations on the top of a wall or parapct. 

Bay-window.—A window projecting in two or more planes, and not form- 
ing the segment of a circle. 

Bazaar.—A species of mart or exchange for the sale of various articles of 
merchandise. 

Bead.—A circular moulding. 

Bed-mouldings.—Those mouldings which are between the corona and the 
fnieze: 

Belfry.—That part of the steeple in which the bells are hung; anciently 
called campanile. 

Belvedere —An ornamental turret or observatory commanding a pleasant 
prospect. 

Bow-window.—A window projecting in curved lines. 

Bressummer.—A beam or iron tie supporting a wall over a gateway or other 
opening. 

Brick-nogging.—The brickwork between studs of partitions. 

Buttress —A projection from a wall to give additional strength. 


Cable.—A cylindrical moulding placed in flutes at the lower part of the col- 
umn, 

Camber.—To give a convexity to the upper surface of a beam. 

Campanile.—A tower for the reception of bells, usually, in Italy, separated 
from the church. 

Canopy.—An ornamental covering over a seat of state. 
The ends of rafters under a projecting roof. Pieces of wood 


Cantalivers. 


or stone supporting the eaves. 

Capital.—The uppermost part of a column included between the shaft and 
the architrave. 

Caravausera.—In the East, a large public building for the reception of trav- 
ellers by caravans in the desert. 
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Carpentry. —(From the Latin carpentum, carved wood.) That department 
of science and art which treats of the disposition, the construction, and the 
relative strength of timber. The first is called descriptive, the second con- 
structive, and the last mechanical carpentry. 

Caryatides.—Figures of women used instead cf columns to support an 
entablature. 

Casino.—A small country-house. 

Castelated.— Built with battlements and turrets in imitation of ancient 
castles. 

Castle—A building fortified for military defence. A house with towers, 
usually encompassed with walls and moats, and having a donjon, or keep, in 
the centre. 

Catacombs.—Subterraneous places for burying the dead. 

Cathedral.—The principal church of a province or diocese, wherein the 
throne of the archbishop or bishop is placed. 

Cavetto—A concave moulding comprising the quadrant of a circle. 

Cemetery.—An edifice or area where the dead are interred. 

Cenotaph.—A monument erected to the memory of a person buried in 
another place. 

Centring—The temporary woodwork, or framing, whereon any vaulted 
work is constructed. 

Cesspool— A well under a drain or pavement to receive the waste water and 
sediment. 

Cham fer.—The bevelled edge of anything originally right angled. 

Chancel.—That part of a Gothic church in which the altar is placed. 

Chantry.—-A little chapel in ancient churches, with an endowment for one 
or more priests to say mass for the relief of souls out of purgatory. 

Chapel.—A building for religious worship, erected separately from a thurch, 
and served by a chaplain. 

Chaplet.—A moulding carved into beads, olives, etc. 

Cincture.—The ring, listel, or fillet, at the top and bottom of a column, 
which divides the shaft of the column from its capital and base. 

Circus.—A straight, long, narrow building used by the Romans for the ex- 
hibition of public spectacles and chariot races. At the present day,a building 
enclosing an arena for the exhibition of feats of horsemanship. 

Clere-story.—The upper part of the nave of a church above the roofs of the 
aisles. 

Cloister. —The square space attached to a regular monastery or large church, 
having a peristyle or ambulatory around it, covered with a range of buildings, 

Coffer-dam.—A case of piling, water-tight, fixed in the bed of a river, for the 
purpose of excluding the water while any work, such as a wharf, wall, or the 
pier of a bridge, is carried up. 

Collar.beam.—A horizontal beam framed between two principal rafters above 
the tie-beam. 

Colonnade.-—A range of columns. 

Columbarium.—A pigeon-house. 

Column.—A vertical cylindrical support under the entablature of an order. 

Common-raflers.—The same as jack-rafters, which see. 
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Conduit —A long, narrow, walled passage underground, for secret com- 
munication between different apartments. A canal or pipe for the conveyance 
of water. 

Conservatory.—A building for preserving curious and rare exotic plants. 

Consoles.—-The same as azcones, which see. 

Contour.—The external lines which bound and terminate a figure. 

Conveni —A building for the reception of a society of religious persons. 

Coping.—Stones laid on the top of a wall to defend it from the weather. 

Corbels.—Stones or timbers fixed in a wall to sustain the timbers of a floor 
cr roof. 

Cornice.—Any moulded projection which crowns or finishes the part to 
which it is affixed. 

Corona.—That part of a cornice which is between the crown-moulding and 
the bed-mouldings. 

Cornucopia.—The horn of plenty. 

Corridor—An open gallery or communication to the different apartments of 
a house. 

Cove.—A concave moulding. 

Cripple-rafters—The short rafters which are spiked to the hip-rafter of a 
roof. 

Crockets.—In Gothic architecture, the ornaments placed along the angles of 
pediments, pinnacles, etc. 

Crosettes —The same as ancones, which see. 

Crypt —The under or hidden part of a building. 

Culvert—An arched channel of masonry or brickwork, built beneath the 
bed of a canal for the purpose of conducting water under it. Any arched 
channel for water underground. 

Cupola. —A small building on the top of a dome. 

Curtatl-step.—A step with a spiral end, usually the first of the flight. 

Cusps.—The pendants of a pointed arch. 

Cyma.—An ogee. There are two kinds; the cyma-recta, having the upper 
part concave and the lower convex, and the cyma-reversa, with the upper part 
convex and the lower concave. 


Dado.—The die, or part between the base and cornice of a pedestal. 

Dairy.—An apartment or building for the preservation of milk, and the 
manufacture of it into butter, cheese, etc. 

Dead-shoar.— A. piece of timber or stone stood vertically in brickwork, to 
support a superincumbent weight until the brickwork which is to carry it 
has set or become hard. 

Decastyle—A building having ten columns in front. 

Dentils.—(From the Latin, dentes, teeth.) Small rectangular blocks used in 
the bed-mouldings of some of the orders. 

Diastyle.—An intercolumniation of three, or, as some say, four diameters. 

Die.—That part of a pedestal included between the base and the cornice ; it 
is also called a dado, 


Dodecastyle.—i building having twelve columns in front. 
Donjon.—A massive tower within ancient castles, to which the garrison 
might 1etreat in case of necessity. 
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Dooks.—A Scotch name given to wooden brick?. 

Dormer-—A window placed on the roof of a house, the frame being placed 
vertically on the rafters. 

Dormitory —A. sleeping-room. 

Dovecote.—A building for keeping tame pigeons. A cclumbarium. 


Echinus.—The Grecian ovolo. 

Elevation—A geometrical projection drawn on a plane at right angles to 
the horizon. 

Entablature.—That part of an order which is supported by the columns; 
consisting of the architrave, frieze, and cornice. : 

Litstjle.— An intercolumniation of two and a quarter diameters. 

Lxchange.—A building in which merchants and brokers meet to transact 
business. 

L£xtrados.—The exterior curve of an arch. 


fracade.—The principal front of any building. 

face-mould,--The pattern for marking the plank out of which hand-railing 
is to be cut for stairs, etc. 

Facia, or fascia.—A flat member, like a band or broad fillet. 

falling-mould—The mould applied to the convex, vertical surface of the 
rail-piece, in order to form the back and under surface of the rail, and finish 
the squaring. 

festoon.—An ornament representing a wreath of flowers and leaves. 

fillet.—A_ narrow flat band, listel, or annulet, used for the separation of 
one moulding from another, and to give breadth and firmness to the edges of 
mouldings. 

flutes.—Upright channels on the shafts of columns. 

flyers.—Steps in a flight of stairs that are parallel to each other. 

forum.—In ancient architecture a public market; also, a place where the 
common courts were held and law pleadings carried on. 

foundry.—A building in which various metals are cast into moulds or 
shapes. : 

fv ieze.—That part of an entablature included between the architrave and 
the cornice. 


Gable.—The vertical, triangular piece of wall at the end of a roof, from the 
level of the eaves to the summit. 

Gain.—A recess made to receive a tenon or tusk. 

Gallery.—A common passage to several rooms in an upper story. A long 
room for the reception of pictures. A platform raised on columns, pilasters, 
or piers. 

Girder.—The principal beam in a floor, for supporting the binding and 
other joists, whereby the bearing or length is lessened. 

Glyph.—A vertical, sunken channel. From their number, those in the 
Doric order are called ¢riglyphs. 

Granary.—A building for storing grain, especially that intended to be 
kept for a considerable time. 
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Groin.—The line formed by the intersection of two arches, which cross each 
other at any angle. 

Guttæ.—The small cylindrical pendent ornaments, otherwise called drops, 
used in the Doric order under the triglyplis, and also pendent from the mutuli 
of the cornice. 

Gymuasium,—Originally, a place measured out and covered with sand for 
the exercise of athletic games; afterward, spacious buildings devoted to the 
mental as well as corporeal instruction of youth. 


Hall—tThe first large apartment on entering a house. The public room of 
a corporate body. A manor-house. 

Ham.—A house or dwelling-place. A street or village: hence Notting- 
ham, Buckingham, etc. Hamlet, the diminutive of am, is a small street or 
village. 

Helix.—The small volute, or twist, under the abacus in the Corinthian 
capital. 

Hem.—The projecting spiral fillet of the Ionic capital. 

Hexastyle—A building having six columns in front. 

Hip-vafier.—A piece of timber placed at the angle made by two adjacent 
inclined roofs. 

Hlomestall,—A mansion-house, or seat in the country. 

Hotel, or Hostel. —A large inn or place of public entertainment. A large 
house or palace. 

flot-house.—A glass building used in gardening. 

Hovel—An open shed. 

Hut—A small cottage or hovel, generally constructed of earthy materials, 
as strong loamy clay, etc. 


Impost. —The capital of a pier or pilaster which supports an arch. 

Zntaglio.—Sculpture in which the subject is hollowed out, so that the im- 
pression from it presents the appearance of a bas-relief. 

Intercolumntation.—The distance between two columns. 

{ntrados —The interior and lower curve of an arch. 


Jack-rafters.—Rafters that fill in between the principal rafters of a roof; 
called also com:mon-rafters. 

Jail.—A place of legal confinement. 

Jambs.—The vertical sides of an aperture. 

Jozgle-piece.—A post to receive struts. 

jotsts——The timbers to which the boards of a floor or the laths of a ceiling 
are nailed. 


Keep.—The same as donjon, which see. 
Key-stone.-—The highest central stone of an arch. 
n.--A building for the accumulation and retention of heat, in order to 
dry or burn certain materials deposited within it. 
Aing-post—The centre-post in a trussed roof. 
AKnee.—A convex bend in the back of a hand-rail. See Ramp. 
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Lactarium.—The same as dairy, which see. 

Lantern.—A cupola having windows in the sides for lighting an apartment 
beneath. 

Larmter.—The same as corona, which see. 

Lattice,—A reticulated window for the admission of air, rather than light, 
as in dairies and cellars. 

Lever-boards.—Blind-slats ; a set of boards so fastened that they may be 
turned at any angle to admit more or less light, or to lap upon each other so 
as to exclude all air or light through apertures. 

Lintel.—A piece of timber or stone placed horizontally over a door, win- 
dow, or other opening. 

Listel.—The same as fillet, which see. 

Lobby.—An enclosed space, or passage, communicating with the principal 
room or rooms of a house. 

Lodge.—A small house near and subordinate to the mansion. A cottage 
placed at the gate of the road leading to a mansion. 

Loop.— A small narrow window. Loophole is a term applied to the vertical 
series of doors in a warehouse, through which goods are delivered by means 
of a crane. 

Luffer-boarding. —The same as /ever-boards, which see. 

Luther2.—The same as dormer, which see. 


Mazusoleum.—A sepulchral building—so called from a very celebrated one 
erected to the memory of Mausolus, king of Caria, by his wife Artemisia. 

Aletopa.—The square space in the frieze between the triglyphs of the Doric 
order. 

Mezzanine.—A story of small height introduced between two of greater 
height. 

Afinaret.—A slender, lofty turret having projecting balconies, common in 
Mohammedan countries. 

Minster.—A church to which an ecclesiastical fraternity has been or is 


attached. ; 

Aloat.—An excavated reservoir of water, surrounding a house, castle, or 
town, 

Modilion.—A projection under the corona of the richer orders, resembling 
a bracket. 


AModule-—The semi-diameter of a column, used by the architect as a meas- 
ure by which to proportion the parts of an order. 

Monastery —A building or buildings appropriated to the reception of 
monks. 

Monopteron.—A circular colonnade supporting a dome without an enclos- 
ing wall. 

Mosaic.—A mode of representing objects by the inlaying of small cubes of 
glass, stone, marble, shells, etc. 

Afosgue.—A Mohammedan temple or place of worship. 

Mutlions.—The upright posts or bars which divide the lights in a Gothic 
window. 

Muniment-house—A strong, fire-proof apartment for the keeping and pres- 
ervation of evidences, charters, seals, etc., called muniments. 
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Afewseum.—A repository of natural, scientific, and literary curiosities or of 
works of art. 

Afutule.—A projecting ornament of the Doric cornice supposed to repre- 
sent the ends of rafters. 


Nave.—The main body of a Gothic church. 

Newel,—A post at the starting or landing of a flight of stairs. 

Niche.—A cavity or hollow place in a wall for the reception of a statue, 
vase, etc. 

Nogs.—Wooden bricks. 

Nosing.—The rounded and projecting edge of a step in stairs. 

Nunuery.—A building or buildings appropriated for the reception of nuns. 


Obelisk.—A lofty pillar of a rectangular form. 

Octastyle—A building with eight columns in front. 

Odeum.—Among the Greeks,a species of theatre wherein the poets and 
musicians rehearsed their compositions previous to the public production of 
them. 

Ogee.—See cyma. 

Oraugery—A gallery or building in a garden or parterre fronting the 
south. 

Oriel-window.—A large bay or recessed window in a hall, chapel, or other 
apartment. ; 

Ovolo.—A convex projecting moulding whose profile is the quadrant of a 
circle. 


Pagoda.—A temple or place of worship in India. 

Palisade.—A fence of pales or stakes driven into the ground. 

Parapet.—A small wall of any material for protection on the sides of 
bridges, quays, or high buildings. 

Pavilion.—A turret or small building generally insulated and comprised 
under a single roof. 

Pedestal.—A square foundation used to elevate and sustain a column, 
Statue, etc. 

Pediment.—The triangular crowning part of a portico or aperture which 
terminates vertically the sloping parts of the roof; this, in Gothic architecture, 
is called a gad/e. 

Penitentiary.—A prison for the confinement of criminals whose crimes are 
not of a very heinous nature. 

Piazsa.—A square, open space surrounded by buildings. This term is 
often improperly used to denote_a portico. 

Pier.—A rectangular pillar without any regular base or capital. The up- 
right, narrow portions of walls between doors and windows are known by this 
term. 

Pilaster.—A square pillar, sometimes insulated, but more commonly en- 
gaged in a wall, and projecting only a part of its thickness. 

Pilłes.—Large timbers driven into the ground to make a secure foundation 
in marshy places, or in the bed of a river. 
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Pillas.—A column of irregular form, always disengaged, and always deviat- 
ing from the proportions of the orders; whence the distinction between a 
pillar and a column. 

Pinnacle.—A small spire used to ornament Gothic buildings. 

Planceer.—The same as soffit, which sce. 

Plinth.—The lower square member of the base of a column, pedestal, or 
wall. 

Porch.—An exterior appendage to a building, forming a covered approach 
to one of its principal doorways. 

Portal,—Vhe arch over a door or gate; the framework of the gate; the 
lesser gate, when there are two of different dimensions at one entrance. 

Portcullis—A strong timber gate to old castles, made to slide up and 
down vertically. 

fPortico.—X colonnade supporting a shelter over a walk, or ambulatory. 

Priory.—A building similar in its constitution to a monastery or abbey, 
the head whereof was called a prior or prioress. 

Prism.—A solid bounded on the sides by parallelograms, and on the ends 
by polygonal figures in parallel planes. 

Prostyle.—A building with columns in front only. 

Purlines—Those pieces of timber which lie under and at right angles to 
the rafters to prevent them from sinking. 

Pycnostyle—An intercolumniation of one and a half diameters. 

Pyramid.—A solid body standing on a square, triangle, or polygonal basis 
and terminating in a point at the top. 


Quarry.—A place whence stones and slates are procured. 
Quay.—(Pronounced ey.) A bank formed towards the sea or on the side 

of a river for free passage, or for the purpose of unloading merchandise. 
Quotz.—An external angle. See Rustic guotns. 


Rabbet, or Rebate—A groove or channel in the edge of a board. 

Ramp.—A concave bend in the back of a hand-rail. 

Rampant arch.-One having abutments of different heights. 

Regula.—The band below the tzenia in the Doric order. 

Riser——In stairs, the vertical board forming the front of a step. 

Rostrum.—An elevated platform from which a speaker addresses an audi- 
ence. 

Rotunda.—A circular building. 

Riubble-wall—A wall built of unhewn stone. 

Rudenture.—The same as cable, which see. 

Rustic guoins.—The stones placed on the external angle of a building, pro- 
jecting beyond the face of the wall, and having their edges bevelled. 

Rustic-work.—A mode of building masonry wherein the faces of the stones. 
are left rough, the sides only being wrought smooth where the union of the 
stones takes place. 


Salon, or Saloon.—A lofty and spacious apartment comprehending the 
height of two stories with two tiers of windows. 
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Sarcophagus.—A tomb or coffin made cf one stone. 

Scantling.—The measure to which a piece of timber is to be or has been 
cut. 

Scarjing.—The joining of two pieces of timber by bolting or nailing trans- 
versely together, so that the two appear but one. 

Scotta.—The hollow moulding in the base of a column, between the fillets 
of the tori. 

Scrol.—A carved curvilinear ornament, somewhat resembling in profile 
the turnings of a ram’s horn. 

Sepulchre.—A grave, tomb, or place of interment. 

Sewer,—A drain or conduit for carrying off soil or water from any place. 

Shaft.—The cylindrical part between the base and the capital of a column. 

Shoar.—A piece of timber placed in an oblique direction to support a 
building or wall. 

S7il,—The horizontal piece of timber at the bottom of framing ; the timber 
or stone at the bottom of doors and windows. 

Sofit—The underside of an architrave, corona, etc. The underside of 
the heads of doors, windows, etc. 

Suntmer—The lintel of a door or window; a beam tenoned into a girder 
to support the ends of joists on both sides of it. 

Systyle—An intercolumniation of two diameters. 


Tanta——The fillet which separates the Doric frieze from the architrave. 

Talus.—The slope or inclination of a wall, among workmen called Jdat- 
tering. i 

Terrace——An area raised before a building, above the level of the ground, 
to serve as a walk. 

Tesselated pavement. —A curious pavement of mosaic work, composed of 
small square stones. 

Tetrastyle.—A building having four columns in front. 

Thatch. A covering of straw or reeds used on the roofs of cottages, 
barns, etc. 

Theatre—A building appropriated to the representation of dramatic 
spectacles. 

Tile.—A thin piece or plate of baked clay or other materia! used for the 
external covering of a roof. 

Tonb,—A grave, or place for the interment of a human body, including 
also any commemorative monument raised over such a place. 

Torus.—A moulding of semi-circular profile used in the bases of col- 
umns. 

Tower. —A lofty building of several stories, round or polygonal. 

Transept. —The transverse portion of a cruciform church. 

Transom.—The bam across a double-lighted window; if the window 
have no transom,,.it is called a cleve-story window. 

Thread.—That part of a step which is included between the face of its riser 
and that of the riser above. 

Tretlis—A reticulated framing made of thin bars of wood for screens, win- 
dows, etc. 
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Tiighph.—The vertical tablets in the Doric frieze, chamfered on the two 
vertical edges, and having two channels in the middle. 

Tripod.—A table or seat with three legs. 

Trochilus. — The same as scotia, which see. 

Truss.—An arrangement of timbers for increasing the resistance to cross- 
strains, consisting of a tie, two struts, and a suspending-piece. 

Turret.—A small tower, often crowning the angle of a wall, etc. 

Tusk.—A short projection under a tenon to increase its strength. 

Tympanum.—The naked face of a pediment, included between the level and 
the raking mouldings. 


nderpinning.—The wall under the ground-sills of a building. 
University.—An assemblage of colleges under the supervision of a senate, etc. 


Vault —A concave arched ceiling resting upon two opposite parallel walls. 

Venetian-door.—A door having side-lights. 

Venetian-window.—A window having three separate apertures. 

Veranda.—An awning. An open portico under the extended roof of a 
building. 

Vestibule.—An apartment which serves as a medium cf communication to 
another room or series of roorns. 

Vestry.—An apartment in a church, or attached to it, for the preservation 
of the sacred vestments and utensils. 

Villa.—A country-house for the residence of an opulent person. 

Vinery.-—A house for the cultivation of vines. 

Volute.—A spiral scroll, which forms the principal feature of the Ionic and 
the Composite capitals. 

Voussoirs.—Arch-stones, 


IVainscoting.—Wooden lining of walls, generally in panels. 

Water-table—The stone covering to the projecting foundation or other walis 
of a building. 

Well—The space occupied by a flight of stairs. The space left beyond the 
ends of the steps is called the we//-hole. 

Wicket.—A small door made in a gate. 

Winders.—In stairs, steps not parallel to each other. 


Zophorus.—The same as frieze, which see. 
Zystos.—Among the ancients, a portico of unusual length, commonly appro- 
priated to gymnastic exercises. 


No. | 
ie 


| 
Lor | Aisa | S0u763 | 6-1833523| 4061349] 131) 1799 


Becusvaoen| 


b 


T u a A E o e Ma 
bami pa pomi pad pd pad ad paat bead 
tO O N O Ot a OS S Mmt 


TABLE OF SQUARES, CUBES, 


Square, | Cube. 
] 1 
4 8 
9 Q7 
16 64 
25 125 
30 Z l 6 
49 343 
64 TN 
8] 729 
100 1000 
121 1331 
144 1723 
169 2197 
196 2744 
225 3375 
256 4036 
239 4913 
324 5332 
301 635) 
409 8000 
44l 9261 
434 10643 
529 12167 
576 13324 
625 15625 
676 17576 
729 19683 
754 21952 
841 243389 
900 27000 
961 29791 
1024 32768 
1089 35937 
1156 3930 t 
1225 42875 
1296 46656 
1369 50653 
1444 51872 
1521 59319 
1600 64090 
_ 1681 63921 
` 1764 74088 
1319 79907 
1936 85184 
2025 91125 
2116 97336 
2209 103323 
2304 110592 
2401 117649 
2500 125000 
2601 132551 
2704 140603 
2309 143377 
2916 157464 
3025 166375 
3136 175616 
3219 185193 
336-4 195112 
3431 205379 
3600 216000 
3721 22693 1 
3341 233323 


3969 
4096 
4225 
4356 
438) 


250017 

262144 
274625 
287496 
300763 


————— eg 
=<... E 


43533989) 


APPENDIX. 


(From lutton’s Mathematics.) 


et Root. |CubeRoot No. 


Fi -0000000 
1 4142136 
1:7320508 
20000000 
22360680) 
24491897 
9°6457513 
2°8284271 
3:0900030 
31622777 
3 3169243 
3:4641016. 
3:69355513, 
37416574 
38729333 
40090000; 
4:1231056, 
42426407 


414721350) 
4:5825757| 
46901153. 
47953315! 
48933795 
5:0)00000 | 
50990195: 
35-1961: 52d, 
5 2915025! 
53331613) 
5°47 72255) 
5 5577644 
56568542, 
57445! 626, 
5-83. 19519. 
3. 9160798 
6:0000000' 
60327625! 
61644140) 
62419980. 
6:3245553 
6:403 1242 
64307407) 
6°5574335: 
6-633 2496! 
6:703203)) 
6: 4323300 
6°8556545. 
G 9232032) 
70000000 
T -0710578 
T 1411234 
72111026 
T2 301033 
7°318 1662 
TAIGII35 
74833143 
75193344 
76157731 
76311457 
T: 7459367 
78102197 
78740979 
7:93725339 
8-0000V000; 
3-062 2577 


81210334 
7 1353523 


É090009 | 
1253921 
1-442250! 
r:537401 
1:703976! 
ral 

1:912931| 
2-000900. 
2080934) 
A 154433) 

2223330 
2239429, 
2 351335 
2-410142 
2: 466212 | 
2519342 
2571232 
2620741 
2-66 3402 
2714418, 
2: 758324, l 
3 802033 
2-843367: 
2°88 499. 
2-924018 
2-962496 
3: 000000. 
3-036539, 
3 072317 
3107232) 
3141331) 
3-174802 
SDIS 
3233612 
3-271066 
3 3)1927 | 
37332222" 
3-361975 | 
3-391211; 
3 419352 
3 448: 217 
3-476027 7 
3-503393 | 
3 339319. 
3 556393 ! 
3°533)48' 
3603325 
3-631241! 
3-659395! 
36341031; 
3703439" 
SSO 
3756233 | 
3779763 | 
3-302952 | 
3°829852. 
3-343501! 
3°8703877| 
3°392996 
914883) 

3-935497 || 
3-957891 
3-979057 
4-000000: 
4-029726; 
4-041240 
4:06 1543]! 


Square. Cube. | 
4624 314432 
4761 328509 
4900 343000 
5041 357911 
5184 373248 
5329 389017 
5476 405224 
5625 421875 
5776 43397 
9929) 456533 
6084 474552 
62141 493039 
6400 312000 
6561 531441 
6724 551358 
6339 571787 

7055 592704 

T225 614125 
7396 636055 
7569 658503 
774i 681472 
7921 704969 
8100 729000 
8281 753571 
8161 773633 
8649 804357 
8836 8305 34 
9025 857375 
9216 831736 
9109 912673 
9604 941192 
9801 970299 
10000 1000000 
10201 1030301 
10404 1061208 
10609 1092727 
10816 1124861 
11025 1157625 
11236 1191016 
11449 1225043 
11664 1259712 
11881 1295929 
12100 1331000 
12321 1367631 
12544 1404928 
12769 14423897 
12996 1481514 
13225 1520375 
13456 1560896 
13639, 16091613 
13924 1643032 
14161 1685159 
14400 1723000 
14641 1771561 
14384 1815348 
15129 1860867 
15376 1906624 
13625 1953125 
15276" 2000376 
16129 2048333 
16331 2097152 
16641 2146639) 
16900 2197000 
17161 22418091, 
17424 2299968 


134 


17689) 
17956; 


23526371 
2406104! 


Sq. Root. 


AND ROOTS. 


82462113 
§:3066239 
83666003 
84261498; 
84352814 
85440037 
86023253 
86602540 
8:7177979] 
87749644 
8:8317699 
8:8331944 
8:9442719) 
9-0000000 
9:0533351 
3°1104336 
9°16515 14) 
9-2195445 
92736185 
9:-3273791 
9-3898315 


94339311) 4 


9-4363330 
9-5393 320 
9-5916630 
96436508! 
96953397 
9°7467943 
9°7979590 
9:8483573 


98994949) “ 


9:9498744 
10: 0000000; - 
10-0498755, 


a 


CubeR ot, 


4081653) 


4 101566 
4121285 
4-140818 
4:160168 
4:179333 
4193336 
4 217163 
4 235324 
4254321 
4272659 


4344181 
4°362071 
4379519 
4-396330 
4-414095 
443 tH8 
4-447969 


1.657009 


10:099 5049! 40 
10°14839'5) 4:6 


10-1980299! 4° 


10-24695.23! 


10-2956304! a 
10:3 H4034 < 


103923343: 
10-4403355! 
10-4830335 
10:53565 
10-5330952! 
10:630 L53 
10:6770733' 

10 7238832; 

10-7703225 
10-8163533; 
10°8627805! 
10-908712} 

10-9545 13) 
1100002% 
1 ] ‘04555 1k WH 
11:0905355 
11-1355287 


1]*18u33 00 < 


11-2249722 
112694277 
11:3137085 
11:3573 167 
11-4017543) 5 
11-4455231 
{144831253 
11-5325626 


] 1-5 752364! 


calg 


4.762203 
4.791420 


1-820284 
4331533 
4: ote 


4946937 
4'959676 
4973190 


5013293 
5026526 
5039681 
5052774 
065797 
ie 078753 
5-091643 
5 104469 
5 117230 


No. | Square. 


18225) 
18496 
18769 
19044 
19321 
19609 
19881 
20164 
29449 
209736 
21025 
21316 
21609 
21904 
22201 
22500 
22301 
23104 
23409 
23716 
£4025 
24335 
24619 
24964 
25281 
25600 
25921 
259 14 
26569 
£6396 
27225 
87556 
37339 
29224 
28561 
170! £3999 
29241 
99534 
29929 
30276 
30E25 
30976 
31329 
31084 
32041 
32.409 
32751 
33121 
33493! 
33356 
34225 
34596 
34969 
35344 


36100 
36431 
36364 
STan 
37036 
33025 
33416 
33809 
39204 
39501 
40000 
4010] 


35721]. 


Wik Or SOUARES, CUBES, AND ROOTS. 


[] 


Cube. 


— e 


2460375) 11-6189500 


2515456 
23571353 
2629072 
2635619 
2744000 
2803221 
2863283 
2924207 
2985934 
3048625 
3112136 
3176523 
3241792 
3307949 
3375000 
3412951 
3511808 
Ba3 1577 
3652204 
3123373 
3726416, 
3869393 
3944312 
4019679 
4096000 
4173281 
4251528 
43307417 
4410944, 
4492125 
45741296 
4657463 
4741632 
4826809 
4913000 
5900211 
5083448 
5177717 
5268024 
5359375, 
5151776 
3510233 
5639752, 
5735339! 
5832000 
5929741 
6023568 
6128487 
6229504 
6331625 
6434856 
6539293 
6644672 
6751269 


6859000 
6967871 
7077838 
7189057 
7301334 
7414875 


7929536 
7615373 
7762392 
7880599 
8000900 


8120601) 14:177469 


11-6619033| 
117046999 
11-7473401 
11-7898261 
11-8321595 
11-8743422 
11-9163753 
11-9592607 
12-0000000 
12-0415946 
12-0830460 
12-1243557 
12°1655251 
12-2065556 
12-2174187 
12-2832057 
12-3233280 
12-3693169 
12-4096736 
124493995 
12-4399360; 
12-5299641] 
125998051 
126995202! 
12-6491106 
12-6395775 
12-7279221 
127671453 
12-8062 185] 
12:8 152326 
12°83 10987 
12 9228180, 
12-9614914 
13-0000000 
13-0331048 
13-0766963 
13-1143770 
13-1529464 
13-1909060 
13-2287566 
132664992 
133041347 
13-3416641 
13-3790392 
13-41641079 
13-4536240 
13-4907376 
13-5277493. 
13-5646600 
13-6014705 
13-6331817] 
13-6747943, 
137113092 
13-7477271 
137340483 
13-8202750 
138564065] 
13-8924 140) 
13-9293383 
13-9642490] 
14-0000000 
14-0356683 
14-0712473, 
14-1067360 
141421356 


5129929 
5-142563 
5155137 
5-167649 

5-180101] 
5192494 
5-294328, 
5217103 
5229321! 
5241483) 
5253593 

5265637 

5277632 
5299572. 
5313293, 
5325074 
5-336303 
5°3418181] 
5-360103 
5-371685 
5333213! 
5-394691 
5-406120) 
5417501 
5-423335 
5440122 
5-451382 
5462536 
5473701, 
5-431807) 
54495365 
5-506878. 
5-517843 
5529775. 
5539653 
5-550499 
5-561293 | 
5572055! 
5 532770 
5593145, 
5604079 
5614672 | 
5625226 | 
5-635741 
5646216) 
5656633) 
5-66705 1 | 
5677411 
5637734 
5-693919 
5-703267 
5718479 | 
5-723654 

5-733794 
5°748397) 
5759965" 
5763993 
5778396 
5783360 
5-793399 
5-808736 
5818618 
5-823477 
5-833272 
58148935 
5857766}! 


202 
203 
204 
205 


206) 


207 
203 
209 
210 
211 
lz 
213 
214 
215 
216 
217 
218 
219 
220 
221 
222 
223 
224 
225 
226 
227 
aos 
220 
230 
231 
232 
233 
234 
235 
226 
237 
233 
233 
240 
241 
242 
243 
244 
245 
246 
247 
248 
249 
290 
251 
252 


253| 
254 


255 
256 


257| 


253 
259 


260 


261 
262 
263 
264 
265 
265 
267 


263 


| 


Sq. Root. CubeRoot, No. Square. | 


40804 
41209 
41616] 
42025 
42136 
42819 
43264 
436381 

44100 
4452] 

44944 

45369 

45796 
46225 
46656 
47089 
47524 
47961 
48400) 
43341] 
49234 
49729 
50176 
50625 
51076 
51529 
51934 
52441 
52900 
53361 
53824 
54289 
54753 
55225 
55596 
55159 
50644 
57121 
57600 
53081 
59564 
59049 
59536 
60025 
60516 
61009 
61504 
62001 
62500 
63001 
63504 
61009 
64516 
65025 
65336 
65019 
66564 
67031 
67609 
63121 
63614 
69169 
69696 
70225 
70756; 
71239} 
71824 


] 
Cube. | 
} 
| 


8242402 
8365 127) 
8489664 
8615125 
8741816 
8869743 
8998912 
9129329 
9261000 
9333931 
9528123! 
9663597 
9800344; 
9933375! 
10077696 
10218313 
10360232! 
10503459 
106 18000 
10793361 
10941048 
11039567 
11239424 
11390625 
11513176 
11697083 
11852352 
12003939 
12167000 
12325231 
12487168 
12619337 
12812904 
12977875 
12144256 
13312033 
13181272 
13551919 
13324000 
13337521 
14172433 
14318907 
14526784 
14706125 
14336936 
15059223 
15252932 
15133249 
15523000 
15313251 
16003908 
16194277 
16338706 | 
165381375 
16777216 
16374593 
17173512 
17373379 
17576900 
17779531 
1798 1723 
18191447 
18399744 
18609625 
18821096 
19034163 
19248832 


Sq. Root. 
142126704 
142478063) 
14-2323569] 
14-3178211 
14:3527001 
1-4°3374946 
1t-4222051) 
14:-1568323) 


144913767] 5 


145258390 
14-5602193 
14-5945195 
146287333 
146623783 
146969335 


147309199! 6 


147643231 
14°7985486 
14:8323970 
14-8660687 
14+:8936644 


149331845) 6 


11-9656295 
15-0000090 
15-033296 | 
15-0565 192 
13-0936639 
15-1327460 
15-1657509 
15-1936342 
15-2315 162 
152643375 
152370535 
15-3297097! 
15 3522315 
153913013 
15-4272 186, 
154596243 
154919334 
15-5241747 
155363192 
155334573 
15-6204994 
15-6524753 
156343371 
15-7162336" 
157489157 
157797333 
158113333 
15-3429795 
158715079 
15-9953737 
159373775! 
15 9687194 
16 0099090 
160312195 
16-0623734 
16-0334769 
161215155 
16-1554944 
161854141 
162172747 
15-2130763 
16-2738296. 
16-3035961 
16-3101346 
16-3707955 


5867461 
5877131 
5836765 
5896368 
5-905941 
5-915432 
5:924992f; 


5953342 
5:962732 
5972093 
5931424 
5-950726 
609009 


6936311 
6°045943 
6°055049 


6-073173 
6-082292 
6-091 199 
6-103170 
6-109115 
6-113933 
6-126925 
6-135732 
6-144631 
6-153419) 
6-162210 

6-171005 
6-179747 
6-133463 
6-197154 
6205322 
6-214465 
6-223031 
6231630 
6240251 
6213309 
6-257325 
6-255327 
6274305 
6282761 
6291195 
6299605 
6307994 
6-316360 
6-321704 
6-333926 
6-341325 
6-349604 
6-357861 
6-366037 
6374311 
6-332591 
6390676 
6393823 
6106953 
6415969 


6439277 
6447306 


640 


| No | Square. 


269 
270 
271] 
272 
273 
274 
275 
276 
oa 
278 
279 
230 
281 
282 
233 
234 
235 
286 
į 237) 
233 
239 


ae 
me 26 65 EIP 
OOS oS 

Ot we A 


' 103684 


— 105625 


72351 
72900 
73441 
73984 
74529 
75076 
75625 
76176 
76729 
T7234 
7781] 
78400 
78951 
79524 
80089 
80656 
81225 
81796 
82369 
82944 
83521 
84100 
84681 
85264 
85949 
86136 
87025 
87616 
83209 
83304 
89401 
90000 
90601 
91204 
91809 
92416 
93025 
93636 
94249 
94864 
95431 
96100 
96721 


97344 
97969; 
98596 
99225 
99856 
100489 
101124 
101761 
102400 
103941 


104329 
104976 


106276 


| 106929 


1075814 
108241 
108900 
109561 


1:0224 
. 110889 


111556 
112225 


Cube. | 


19165109 
19633000 
19902511 
20123618 
20346417 
20570824 
20796875 
21024576 
21253933 
21484952 
21717639 
21952000 
22183041 
22425768 
22665187 
22906304 
23149125 
23393656 
23639903 
23387872| 
24137569 
24389900 
24642171 
24897083 
25153757 
25312184 
25672375 
25931336 
25193073 
26163592 
26730899 
27000000 
27270901 
27543603 
27818127 
28094464 
28372625 
23652616 
29934443 
29218112 
29503629 
29791000 
30080231 
30371328 
30664297 
30959144 
31255375 
31554496 
31855013 
32157432 
32161759 
32763000 
33076161 
33336248 
33598267 
31012224 
34323125 
34615976 
31965783 
35287552 
35611239 
35937000, 
36264691, 
36594368 
36926037 
37259704 
37595375, 


16-4012195 


Sq. Root. 


16°4316767 
16-4620776 
16-4924225 
16-5227116 
16-5529454 
16-5331240 
16-6132477 
16643317 

16-6733320 
16-7032931 
167332005 
16-7630346 
16-7923556 
16-8226033 
16-8522995 
16-8819430 
169115345 
16-9410743 
16-9705627 
17-0000000 
17-0293364 
17-0537221 
17-0830075 
17-1172428 
17-1464232 
17-1755610 
17-2046505 


APPENDIX. 


\CubeRoot. 
6-455315 
6463304. 
6-471274! 
| 6-479224 
6-487154 
6-495065 
6-502957 
6°510830 
6:518634 
6-526519 
6:5341335 


6-549912 
6557672 
6-565414 
6573139, 
6580844 


6-596202 
6-603354 
6-611499 
6-619106 
6-626705 
6631237 
6641852 
6-649400 
6-656930 
6-664444 


17-2336979 
17-2626765 
17:2916165' 
17:3205081: 
17-3493316' 
17°3781472) 
17-4068952 
17-43559593 
17-4642492 
17-4928557 
17:5214155 
17-5499298 
17:5783959' 
17-6068169 
17-6351921 
17-6635217 
17-6918060 
17-7200451; 
17-7492393! 
17-77633833) 
17-8944933 
17-8325545 
17-8605711 
17-8835433 
17-9164729 
17-94413594 
17-9722908 
18-0000090 
18-0277564 
18-0554701 
18-0331413! 
18-1107703 
18-1333571 
18-1659921 
18-1931054 
182208672 
182482376 
18-2756669 


6-671940 
6-679120 


6-695993. 
6-694329. 


6701759 
6709173 
6716570; 
6723951 


6-796834 
6-304092 
6-811235 
6-818462 
6-325624 
683271 


6:847021 
6854124 


6°863235 
6875344 
6°832339 
6°839419 
6°896135 
6-903 136 
6910423 
6917336 
6:924356 
6931391 
6933232 


18-3030052, 


6:5 12133) 


6533532) 


6°731316), 


6839904. 


6°86 1212), 


| 


| 


6°945 150): 


402 


e | Square. 


112896 
113569 
114244 
114921 
115600 
116231 
116964 
117649 
118336 
119025 
119716 
120409 
121104 
121801 
122500 
123201 
123904 


į 124699 


125316 
126025 


| 126736 


127449 
128164 
128881 
129600 
130321 
131044 
131769 
132495 
133225 
133956 
134639 
135424 
136161 
136900 
137641 
138384 
139129 
139876 
140625 
141376 
142129 
142834 
143641 
144400 
145161 
145924 
146639 
147456 
149225 
148996: 
149769 
1505 14 
151321 
152100 
152831 
153664 
154449 
155236 
146925 
155816 
157609 
158404 
159201 
160000 
160801 


161604, 


Cube. 


37933056 
33272753 
33514472 
38978219 
3926 L000 
39651821 
40001688 
40353607 
40707534 
41063625 
41421736 
41781923 
42144192 
42508549 
42875000 
43243551 
43614208 
43985977 
41361864 
41738875 
45118016 
45199293 
45382712 
46268279 
46656000 
47045381 
47437928 
47832147 
48229544 
48627125 
49027396 
49430863 
49835032 
50243409 
50653000 
51064811 
514788418 
51895117 
52313624 
52734375 
53157376. 
53582633 
51010152 
54439939 
54872000 
55306341 
55742968 
56181837 
55623104 
57066625 
57512456 
57960603 
58111072 
53363859 
59319000 
59776471 
60236233 
60693457 
61162934 
61629875 
62099135 
62570773 
63044792 
63521199 
64000000, 
64481201 
61964808! 


Sq Root. 


18-3303028 
18 3575393 
13-3317763 
18-4119526 
18-4390839 
18-4661853 
184932120 
185202592 
18-5472370 
18-5741756 
18-6010752 
18-6279360 
18-6547531 
18-6315417 
18-7092869 
18-7319940 
18-7616639 
18-7332912 
18-8148977 
18-8414137 
18-8679623 
18-8944436 
18-9208379 
18-9472953 
18-9736660 
19-0000000 
19-0262976 
19-0525589 
19-0737840 
19-1049732 
191311265 
19-1572441 
19-1833261 
192093727 
19-2353311 
19-2613503 
19:2373915 
19-3132079 
19-3390796 
19-3649167 
19-3907194 
194164378 
19-4422221 


19:4679223| 7 


19-49353937 
19-5192213 
19-5449203 
19-5703253 
19-5959179 
19-6214169 
19-6163327 
19-6723156 
19:6977 156 
197230829 
19-7494177 
197737199 
19-7939399 
19-3242276 
19-8194332 
19-8746069 
19:8997437 
19-9243538 
19-9499373 
19-9749944 
20-0090000 
20 0219344 
20 499377 


CubeRoor. 


952053 


coenen 
a) 
(S 
%@ 
© 
ca 
u 


6-972683 
6-979532 
6-986368 


TV 2581 


7217652 
7224045 
7239427 


7243156 
T2495 
7255341 
7262167 


7274736 
7231079 
72897362 
7293633 
7299894 
7306144 
7312333 
7318611 
7°32 1829 
7331037 
7337234 
73413420 
7349597 
7°359762 
7361918 
7363063 
7374195 
7330323 


aS 


No. | Square. | 


162409] 


163216 
164025 
164836 
165549 
166464 
167281 
168 100 
168921 
169744 
170569 
171396 
172225 
173036 
173389 
174724 
173561 
176100 
177241 
173084 
178929 
179776 
180625 
181476 
182329 
183184 
184011 
184900 
183761 
185624 
187189 
183356 
189225 
190096; 
190969 
191814 
192721! 
193600] 
194481 
195364 
196219 
197136 
198025; 
193916 
199803; 
200704! 
201601} 
202500 
203401 
204304 
205209 
206116 
207025 
207936 
208349 
209764 
210681 
211600 
212521 
213444 
463! 214363 
464 215296 
465! 216225 
466: 217156 
467) 218139 
468! 219024) 
469| 219961| 


433 
439) 
440 
44] 
449 
443 
414 
445 
446 
447 
443 
449 
450 
451 
452 
453 
454 
455 
456. 
457 
458 
459) 
460 
461 
462! 


TABLE OF SQUARES, CUBES, AND ROOTS. 


Cube. 


65450527 
85939204 


C6439125! 


66923416 
67419143 
67917312 
68417929 
68921000 
694263 31 
699342 23 
70444997 
70357944 
71473375 
71991296 
72511713 
73031632 
73560059 
74083000 
74618461 
75151448 
75636967 
76225021 
76765625 
77303776 
77854483 
78402752 
78953539 
79507000 
80062991 
80621568 
81182737 
81746504 
82312875) 
82881856. 
83453453 
81027672 
84691519 
85184000, 
6976 5121 
86350388 
86933307 
87523334 
83121125 
88716535 
89314623 
89915392 
90518319 
91125900. 
91733851 
92315403 
92959677 
93576664 
94196375 
94818816 
95443993 
96071912 
96702579 
97336000, 
97972181 
93511128 
99252347 
99897344 
1005 14625 
101194696 
101817563 
102503232, 
103161709. 


20:0748599 
20-0997512 
20°1246118 
20°1494417 
201742410 
29-1990099 
29-2237484 
20-2484567 
292731349 
20-2977331 
203224014 
20:3169899 
20°3715188 
20°3960731 
20°4205779 
20°4450183 
20-4694395 
204939015 
20-5182345 
20-54263386 
29°5669638 
20°59 12603 
20-6 155281 
20°6397674 
29°6633783 


20-6831609) 


20°7123152 
20-7364414 
20-7605395 
20°78 16097 
20-3086520 
20-8326657 
20-8565535 
20-8806130 
209015450 
20-9284495 
20-9523268 
20-9761770 
21-0000000 
210237960 
21-0475652 
21-0713975 
21-0950231 
21-1187121! 
21-1423745 
21-1660105 
21-1896201 
212132034 
212367606 
212502916 
212837967 
21-3072753 
213307290 
21-3541555 
213775533 
214009346 
214212353 
21-4476106 
214709106 


214941853; 7730614" 5: 


21-5174318 


7:336437| 
een 


7398636 
7404721 
7'410795 
7416859 
7422914 
7°428959 
7431994 
7441019 


7447034) 


7:453040 
7-459035 
7465922 
7470999 
7476966 
7182924 
7483372 
7494311 
7590741 
7-596661 
ao 
7-518473 
7524365 
7530243 
7°535122| 
7511987 
7547312 
7°553639 
7°559526 
7585355 
TOTAT 


7576985 || 
7532786 || 


TOSSINI 


7:534363 


7600133 


7605905 


7611663 


7617412. 
7°6231952, 
TE62S33EL 
7634607, 
610321. 
646027, 
‘657414; 
663094 
‘663766 
674430! 
“680086. 
685733, 
691372; 
6 


AP AD 2 3 2 2 +P 2 2 2 +1 


7°708239} 
7713345 


7719443 | 


7723032: 


7736183" £ 
215406592! 7741753: : 
21-5633587| 7747311} 


21:5370331| 7752861 


21-6101828 
21:6333077 
21:656 1078 


| 


7758402 
7763336 
7769462 


4 


| 


| 


j 
S 
{ 


‘ 


97002)? 
7702625, 


! 


| 
|! 


Sq. Root. CubeRoot,| No. | Square. 


470! 


47] 
472 
473 
474 
475 
476 
477 
478 
479 
430 
431 
432 
433 
434 
435 
486 
437 
438 
439 
490 
491 
492 
493 
494 
495 
496 
497 
493 
499 
500 
501 
502 
503 
504 
505 
506 
597 


j| 266256 


223900! 
221841 
222784 
223729 

24676 
225625 
226576 
227529 
223484 
229441 
230400 
231361 
232324 
233289 
234256 
239225 
236196 
237169 
233144 
239121 
210100 
241031 
242064 
243049 
244036 
245025 
246016 
247009 
248004 
249001 
250000 
251001 
252004 
253009 
254016 
255025 
256036 
257049 
253061 
259031 
260100 
261121 
262144 
263169 
264196 
265225 


267289 
263324 
269351 
270400 
271441 
272484 
273529 
271576 
275625 
276676 
277729 
278734 
279341 
280990 
231961) 
283024 
231089 
285156 
286225! 


237296 


Cube. 


103323000 
10418711) 
105151048 
105823817 
106496424 
107171875 
107850176 
103531333 
109215352 
109902239" 
110592000 
111281641 
111930163 
112678537 
113379904 
114084125 
114791256 
115301303 
116214272 
116930169 
117649000 
118370771 
1190951488 
119823157 
120553784 
121287375 
122023936 
122763473 
123505992 
124251499 
125000000 
125751501 
126506008 
127263527 
128024064 
128787625 
129554216 
130323843 
131096512! 
131872229 
132651000 
133432331 
131217728 
135005697 
135796744 
136590875 
137383096 
133183413 
138991832 
1397938339 
140608000 
141420761 
142236645 
143055667 
1438377821 
144703125 
145531576 
146363183 
14719795? 
148035889 
148877000 
149721291 
150568768 
151419437 
152273304 
153130375' 
153990656 


Sq. Root. 


21°6794334 
21°70253 44 
21°7255610 
21°7485632 
2e OAT 
217914947 
218174242 
91:8403297 
218632111 
2188506836 
219082023 
2E9317 122 
21:95 44934 
219772610 
220000000 
220227155 
23: 0451077 
220689765 
990907220 
92°1133444 
991359435 
227: 1585193 
29° 1810739] 
222035033 
222261 103) 
232485955 
22:2710575 
222334963 
223159133 
22:3333979 
22°3606798 
22:333I293 
224053565 
334276615 
99°4499143 


22-472203 11 7 


924944138 
225166505 
225333553 
225510283 
225331795 
92-6053091 
226274170 
22-6195933 
226715531] 
22-6936 114 
227156334 
227376310 
22°75 96131 
227815715' 
228035035 
228254244 
228473193 
223691933 
228910463 
22°9 128785 
22-9316 s9Y)! 
22-95 54836 
229732500 
23-0000900 
23-0217 28u) 
23-0134372 
23-065 1232 
23-0307923 
23-1084400 
23-1516738 


7867613 


ae 


7947574 


7-989570 
8-009090. 


8-019405 
B015595 
8-020779 
8-025957 
8-031129 
8-035291 
8-041451 
8-016605 
8-051745 
8 056836 
8-062015 
8-067145 
8.072262 
8-077374 
8-082430 
8-037579 
809267: 
8-097759% 
810233% 
8107915 
8&:113041 
812309 


RR e 


_ 292681! 


233369 
239444 
2993521 
291600 


293764! 
294349 
295936 
297025 
298116 
299209 
300304 
301401 
302500 
393601 
304704 
305309 
306916 
308025 
309136 
310249 
311364 
312431 
313600 
314721 
315344 
316969 
318096 
319225 
320356 
321489 
322624 
323761 
324900 
326041 
327184 
329329 
329176 
330625 
331776 
332929 
334034 
335241 
336400 
337561 
333724 
339339 
311056 
342295 
313396 
344559 
345744 
316921 
348100; 
349281! 
350464! 
351649! 
352836 


3} 354025 


355216 
356409! 
357604! 
353801! 
360000 
361201 
362404) 
363609) 


Cube. 


154854153 
155720872; 
156590819 
157464000 
158340221! 
159220088 
160103007 
160939184 
161878625 
162771336 
163667323, 
164566592 
165469149 
166375000 
167234151 
163196608 
169112377 
170031464 
170953375 
171879616 
172808693 
173741112 
174676879 
175516000 
176558481 
177504328 
178453547 
179406144 
180362125 
181321496 
182284263 
183250432 
184220009 
185193000 
186169411 
187149248 
183132517 
189119224 
190109375 
191102976 
192100033 
193100552 
194104539 
195112000 
196122941 
197137368 
198155237 
199176704 
200201625 
201230055 
202262003 
203297472 
201336469 
205379000 
206125071 
207474683 
208527857 
209584581 
210644875 
21170873€ 
212776173 
213347192 
214921799 
216000000 
217081801 
218167208 
219256227 


Sq. Root. 
23-1732605 
23-1948270 
23:2163735 
23-2379001 
23-2594067. 
23-2303935 
233023604 
23-3233076 
23-3452351 
23-3665429 
23-38303111 
234093998 
234307490 
23-4520788 
23-4733392 
23-4946802 
23-5159520 
23-5372046 
23-5534339 
23-5796522 
23-6009474 
23 6220236 
23-6431808 
23-6643191 
236354386 
23-7065392] 
23-7276210 
237486812; 
23-7697285 
2379075 15 
23-8117618 
23-8327596! 
23-8537209 
23-8746729! 
23-8956063 
23-9165215 
23-9374184 
23-9592971 
23-9791576 
24-0000000 
2102082413 
210416306 
24-0524188 
24-0831891 
24-10394 16 
24-1216762 
24-1453929 
24-1660919 
24-1867732 
24-2974369 
242230829 
24-2487113 
24-2593222 
24-2899156 
24-3104916 
213310501 


8-123145 


24:3515913 
243721152 
243926218 
24-4131112 
24:4335834 
214540385 
24.4744765 
244943974 
245153913 
2 15356333 
24-5560533 


APPENDIX. 


CubeRoot. 


8133137! 
8-133223] 
8-143253 
8-148276 
8-153294 
8153305 
8-163310 
8168309 
8-173302 
8-178239 
8-183269 
8-188244 
8-193213 
8-198175 
8-203132 
8203032 
8213027 
8217966 
8222893 
8227825 
8232746 
8237661 
82412571 
8-247474 
8252371 
3257263 
8:262149 
8:267029 
8271901 
8-276773 
8281635! 
8286193) 
8-291344 
8-236190 
8-331039 
8:3)95365 
8-310694 
8:315517 
8-329335 
8325147 
8-329954] 
8°331755)) 
8°33955 1)! 
8-344341] 
8349126! 
8-353905) 
8353678! 
8353417 
8-363209] 
8:372967 
8377719! 
8332165" 
8:337206|| 
8-391942] 
8-396673)! 
8-401398, 
8-406 11s: 
8410833 
8415542) 
8:420246 
8424945), 
8:429633)! 
8-431327) 
8:439910! 
8-443683] 


| 


No. 


604 
605 
606 
607 
608 
609 
610 
611 
612 
613 
611 
615 
616 
617 
618 
619 
620 
621 
622 
623 
624 
625 
626 
627 
623 
629 
630 
631 
632 
633 
634 
635 
636 
en 
633 
639 
640 
641 
642 
643 
644 
645 
6.16, 
647) 
648 
649| 
659 
651 
652 
653 
654 
655 
656 
657 
658 
659 
660) 
661; 
662 
663 
664 
655. 
666 
667 
663 
669 


Square. 


304816 
356025 
357236 
368449 
369664! 
37083} | 
372100 
313321 
374554 
375799 
376996 
378225 
379156 
330689 
331924 
333161 
331400 
335641 
386834 
383129 
339376 
390625 
391876 
393129 
394334 
395641 
396900 
338161 
339424 
400689 
401956 
403225 
404196 
405769 
407044 
408321 
409600 
410881 
412164 
413419 
414736 
416025 
417316 
418609 
419904 
421201 
422599 
423301 
425104 
426409 
427716: 
429025 
43.1336 
431619 


432964 
434281 
435600 
436921 
438244 
439569 
440396 
442225 
443556 
444889 
4416224 
447561 


8:44836)| 670 448900 


Cube. 


221445125 
222545016 


223648543! 24:6373700| 8-46700( 


224755712 
225866529 
226981000 
228099131 
229220928 
230346397 
231475544 
232608375 
233744895 
934885113 
236029032 
237176659 
233328000 
239433061 
240641848 
241804367 
242970624 
244140625 
245314376 
216491833 
247673152 
248858189 
250017000 
25 1239591 
252435968 
253636137 
254840104 
256047375 
257259456 
2581741853 
259694072 
260917119 
262144000 
263374721 
261609283 
265847707 
267089984 
253336125 
269596136 
270340023 
272097792 
273359149 
274625000 
275894451 
277167808 

73445077 
79726264 
281011375 
282300416 
253593393 
234890312 
236191179 
287496000) 
233804781. 
290117523 
291434247 
292751944 
294079625 
295408296 
296740963 
298077632 
299418309 
300763000 


24-7184142 
21-7386338 
24-7538358 
2477902314 
24-7991935 
24:8193 +73 
24-8394347 
243596053 
248797106 
248997992 
24-9198716 
24-9399278 
24-9599679 
24-9799920 
250000000 
25-0199920 
25-0399681 
25:6599282 
25-0798724 
25-0993003 
25°1197134 
25:1396 102 
251591913 
25:1793566 
25°1992063 
25°2190404 
252333539 
252585619 
252734493 
25.2932213 
25°3179778 
25°3377189 
253574447 
25°3771551 
253968502 
25°4165301 
25°4351947 
25°4553 141 
254751784 
25-4950976 
25-5147016 
25-5342907 
25-5533647 
25°5734237| 
25°5929678 
256124969 
2563201121 
256515107! 
23°6709953 
256991652 
257099203 
25°7293607 
25°7487854 
25°7681975 
25°7875939 
258069758 
258263431 
258456960 
25-3650343 
258843582 


O — a a aaae a o a 


8:485558 
8-490185 


8-68896 


8°745985 
8-7503 


No. 


672 
673 
674 
675 
676 
677 
678 
679 
630 
681 
632) 
683 
684 
685 


687 
633 
689 
690 
691 
692 
693 
094 
695 
696 
697 
6938 
699 
700 
701 
702 
703 
704 
705 
706 
707 | 
708) 
709 
710 
711 
712 
713 
714 
715 
716 
717 
718 
719 

720 
721| 
722) 
T23. 
724 
725 


726, 527076 


127 
728 
729 
730 
731 
Tay 
733 
734 
735 
736 
737 


Square. 


450241 
451534 
452929 
454276 
455625 
456976 
453329 
461041 


461041 
462400 
463761 
465124 
466489 
467856 
469225 
470596 
471969 
473344 
474721 
476100 
477481 
478364 
480219 
481636 
483925 
4841416 
489809 
487204 
435601 
490000 
491401 
492304 
494209 
495616 
497025 
498436 
499849 
501264 
502681 
504100 
505521 
506944 
508369 
509796 
511225 
512656 
514089 
515524 
516961 
518400 
519341 
521284 
522729 
524176 
525625! 


528529 
529934 
531441 
532900 
534361 
535924 
527209! 
533706, 
540225! 
541690] 
543169) 


TABLE OF SQUARES, CUBES, 


Cube. 


302111711 
303464448 
304821217 
306182024 
307546875 
308915776 
310283733 
311665752 
313046839 
314432000 
315321241 
317214568 
318611987 
320013504 
321419125 
322828356 
324242703 
325660672 
327082769 
323509000 
32993937 1 
331373338 
332812557 
334255334 
335 T0287 i 
337153536 
3386033873 
340068392 
341532099 
343000000 
344472101 
345948408 
347428927 
348913664 
390402625 
351895316 
353393243 
334894912 
396400829 
39791 1000 
30912543! 
360944128 
362467097 
303994344 
365525875 
367061696 
368601813 
370146232 
371694959 
373248000 
ere 
76357048 
377933067 
379503424 
331078125 
382657176 
384240588 
385828352 
387420489 
389017000 
390617891 
392223168 
393832837 
35514694 
397065375 
393088256 
400315593} 


| Sq. Root. 


25:9035677 
25°9229628! 
25 9422435! 
259615100 
259807621 
26-0000000 
26:0192237 
26°038.1331 
26.0576284 
2507680656 
26:0959767 
26°1151297 
26'1342687 
26°1533937 
26°1725047 
26-1916017 
96-2106848 


262297541] 8 


262183095 
262673511 
26-2868789 
26-3053929 
263218932 
263438797 
26-3628527 
26-3318119 
26-4007576 
256-4196896 
26:4386081 
26-4575131 
264764046 
264952826 
265141472 
2653529983 
26°5518361 
265766605 
26°5894716 
266082694 
266270539 
266458252 
26:66453833 
26°6833281 
26°7020598 
26°72U7784 
2773948939 
267581763 
267768557 
267955220 
268141754 
268328157 
268514432! 
268700577 
268886593 
269072481 
269258240 
269443872 
269629375 
26°9814751 
47-0000000 
27-0185122 
270370117 
T ge 554985 
27:07 99727 
270924344 
27.1108834 
27 1293199 


27 1477433| 9°032802)| 804 


E a | 


8°759033 
8763331 
8°767719 
8°77 2053) 
8-77 76333 
8-789705! 
8785030! 
8789347 
8793659 
8-797968 
8°8U227:2 
8: "800572 
8°38 10868) 
8: 815160 
aed 


n 


8°823731 
828010 
8°832285 
8°836556 
8°840823 
8-845085 
8849344 
8-853598 
8857849 
8862095 
8.866337 
8870576 
8:374810 
8379010 
8883266 
88874893 
8-891706 
8895920 
8900130 
8-904337 
8908539 
8912737 
8-916931 
8-921121 
8-925308 
8-929490 
8-933669 
8-937843 
8942014 
8946181 
8-950344 
8954503 
8:958653 
8-962809 
8966957 
8971101 
8975241 
8979377 
8-983509 
8-987637 
8:991762 
8-995883 
9-000000 
9-004113 
9-008223 
9-012329 
9-016431 
9-020529 
P 


= 2IL 


9-025715 


Na. Suare: 


730 544644 
739! 546121 
740) 547600 
741) 549081 
742) 550564 
743! 552049 
744| 553536 
745 
746| 556516 
TaT 
7433! 
749 
750 
751 
T52 
753 
754 
755 


561001 
562590 
564001 
565504 
567009 
568516 
570025 
571536 
573U49 
574564 
576081 
577600 
STMI 
580644 
582169 
533696 
5935225 
5| 586756 
588289 
589824 
591361 
592900 
59444] 
595984 
597529 
599076 
600625 
602176 
603729 
605284 
606841 
6084uU 
603961 
611524 
613089 
614656 
5| 616225 
617796 
619369 
620944 

22521 
624106 
625681 
627264 
628849 
630436 
632025 
633616 
7] 635209 
3| 636804 
638401 
640000 
641601 
643204 
644809 
646416 


803 


AND ROOTS. 


Cubo. 
401947272 
403533419 
405224009 
406369021 
408518488 
410172407 
411830784 
413493625 
415160936 
416332723 
418508992 
420189749 


421875000 
4235641751 
425259008 
426957777 
423661064 
4303683875 
432081216 
433798093 
435519512 
437245479 
438976000 
440711081 
442450728 
444194947 
445943744 
447697125 
449455096 
451217663 
452984832 
454756609 
456533000 
458314011 
460099648 
461839917 
463684824 
465484375 
467288576 
462097433 
470910952 
474729139 
474952000 
47E379541 
475211768 
480018687 
481890304 
483736625 
485537650 
437443403 
4893U3372 
491169069 
493U33000 
494913671 
496793035 
498677257 
500566 184 
502459875 
504353336 
506261573 
508169592 
510082399 
5 12000060 
513922401 
515849608 
517781627 
519718464 


Sq. Roct. |CubeRoot 


27°1661554 
271845544 
272029110 
272213152 
272336769 
272530263 
272163634 
7T 2946881 


273130006! 


273313007 


27°3495387 
27°36786414 
27°3361279 
274043792 
274226184 
274403455 
274590694 
27°4772633 
27°4954542 
275130330 
275317998 
27°9499546 
275680975 
27°5362234 
27°6043475 


276224546 
976405493 
276586334 
276767050 


AT69AT645| I 


277128129 
27730849% 
27-7488739 
277669865 
27°7845850 
27°8023775 
278208535 
275333218 
278567766 
278747197 
278926514 
279105715 
279284801 
2794463772 
279642629 
275821372 
23°ULU0QUU0 
23 0175515 
28°0356915 
28°0535203 
280713371 
280891433 
231069330 
2812472x% 
23-1424940 
231602557 
28°178U056 
281957444 
28°213472U 
28°2311884 
23243593 
28-2665831 
232812712 
233019434 
28°3196045 
28°33725 16 
28-3548938 


9:197z9U 
940122% 
9-905104 


Yeg LaTU 


9-248234 
9-25213L 
9-2 56022 
9259911 
9263791 


9-290207 
929476; 
9-298b2a 


860 
861 
862 
863 
864 
865 
866. 
867] 
868; 
869! 
87C! 
71! 


652864 
654181 
656 100 
657721 
659344 
669969 
662596 
664225 
665856 
667489 
669124 
670761 
672400 
T4041 
675684 
677329 
678976 
680625 
632276 
633329 
635584 
687241 
6889.10 
690561 
692224 
693889 
695556 
697225 
693896 
700569 
702244 
703921 
705600 
707281 
708964 


| 710649! 
| 712336 


714025 
715716 
717409 
719104 
720801 
722500 
724201 
725904 
727609 
729316 
731025 
732736 
734449 
736164 
737881 
739600 
741321 
743044 
714769 
7464196 
748225 
749956 
791689 
753424 
795161 
756900 
758641 


r 
a. 


: Square. | Cube. Sq. Root. 


521660125 


5| 523606616, 


925557943) 
527514112 


929475129] 


531441000 
533411731 
535387328 
537367797 
539353144 
511343375 
543338496 
545333513 
547313432 
549353259 
551368000 
553337661 
555412248 
557441767 
559476224 
561515625 
963559976 
565609283 
567663552 
569722789 
571787000 
973856191 
975930368 
578009537 
580093704 
582 182875 
584277056 
986376253 
588480472 
590589719 
592704000 
994823321 
596947688 
599077107 
601211584 
603351125 
605495736 
607645123 
609300192 
611960049 
614125000 
616295051 
618470208 
620650477 
622835864 
625026375 
627222016 
629422793 


631623712 
633839779 
636056000 
638277381 
640503923 
642735647 
644972544 
647214625 
649461896 
651714363 
653972032 
656234909 
6533503000 
660776311 


28 3725219 
28-3901391 
28-4077154 
28 4253403 
23-4429253 
284604989 
28-4780617 
23-4956137 
23-5131549 
23-53068352 
23-5482048 
23-5657137 
28-5832119 
28-6006993 
28-6181760 
28-6356421 
286530976 
28-6705424 
23-6379766 
23-7054002 
287228132 
28-7402157 
28-7576077 
28-7749391 
28-7923601 
28-8097206 
28-8270706 
258444102 


28-8617394 
28-8790582 
288963666 
289136646 
28-9309523 
28-9492297 
23-9651967 
28-9827535 
29-0000000 
29-0172363 
29-0341623 
29-0516781 
29-0688837 
29-0860791 
29°1032544 
29-1204396 
291376046 
29-1547595 
29-1719043 
29-1890390 
29-2061637 
292232784 
29-2403830 
29-2574777 
29-2745623 
29-2916370 
29-3087018 
29-3257566 
29-3423015 
29-3598365 
29-3768616 
29-3933769 
29-4108823 
29-4278779 
29-4448637 
29-4618397 
29:4788059 
29-4957624! 
29-5127091 
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9-302477 
9-306323 
9-310175. 
9°314019) 
9-317860 
9-321697! 
9'325532! 
9323363) 
9°333192! 
9:337017, 
9-340839 
9344657; 
9318473 
9-352286 
9-356095 
9-359902 
9:363705| 
9-367505 
9-371302 
9-375096" 
9373887 
9-332675 
9-336460! 
9390242 
9-394021! 
9-337795 
9-401569 
9-405339 
9-409105 
9-412369 
9-416630, 
9-420337 
9-424142 
9427834. 
9-431642 
9-435338. 
9-439131] 
9-442970 
9446607! 
9:450341| 
9-454072 
9-457800; 
9-461525 
9-465247 
9-463966! 
9-472682 
9-476336 
9-480106 
9-483814 
9-487518" 
9:491220: 
9°494919 
9:498615! 
9-5)23U8' 
9505998 
9509685 
9-5 13370 
9°517051| 
9520730 
9-524406 
9-528079 
9-531750! 
9-535417 
9-539082" 
0519744 
9°546403! 
9-550059] 


| 


CubeRoot. | No. 


872 
873 
874 
875 
76 
877 
878 
87 
880 
681 
832 
883 
834 
835 
836 
837 
888 
8389 
890 
891 
892 
893 
894 
895 
896 
897 
898 
899 
900 
901 
902 
903 
904 
C05 
306 
907 
908 
909 
910 
911 
912 
913 
914 
915 
916 
917 
918 
919 
92u 
921 
922 
923 
924 
925 
926 
927 
928 
929 
930 
931 
932 
933 
934 
935 
936 
937 
933 


—_ 


Square. 


760334 
762129 
763376 
765625 
"67376 
769129 
770884 
772641 
774400 
776161 
777924 
779689 
"31456 
733225 
784996 
786769 
738544 
790321 
742100 
793881 
795664 
797449 
799236 
801025 
802816 
804609 
806494 
803201 
810000 
811801 
813604 
815409 
817216 
819025 
820836 
822649 
824464 
826231 
828100 
829921 
831744 
833569 
835396 
837225 
839056 
810889 
842724 
844561 
846400 
848241 
850084 
851929 
853776 
855625 
857476 
859329 
861184 
863041 
864900 
86676 1! 
863624: 
BTI 
872556" 
874225 
876096 
877969 
879344 


663954848 
655338617 
667627624 
669921875 
672221376 
674526133 
676836152 
679151439 
681472UC0 
683797341 
686 128968 
688465387 
690807101 
693154125 
695506456 
697864103 
700227072 
702595369 
704969000 
707347971 
709732288 
712121957 
714516934 
716917375 
719323136 
721734273 
724150792 
726572693 
729000000 
731432701 
733870808 
736314327 
738763264 
741217625 
742677416 
716142643 
748613312 
751089429 
753571600 
756053031 
758550528 
761018497 
763551944 
766060875 
763575296 
771095213 
773620632, 
776151559 
778633000 
781229961 
783777448 
786336467 
783839024 
791453125 
794022776 
796597983 
799173752 
801765039 
804357000 
566954491 
809557568 
812156237 
814780504 
817400375 
820025356 
822656953 
825292672 


Cute. | Sq. Reat. |CubeRoot. 


—— 


29-5296461 
29-54657314 
295634910 
29:5303989 
29:5972972 
29°6141858 
29-6310648 
29-6479342 
29-6647939 
29-68164412 
29.6984843 
29-7153159 
29-7321375 
29-7489496 
297657521 
29-7825452 
29-7993299 
29-8161030 
29-8328678 
29-8496231 
29-8663690 
29-3831056 
29-8998328 
29-9165506 
299499583 
29-9666481 
29-95332337 
30-0000000 
300166626 
300333148 
30-0499584 
30-0665923 
30-0332179 
30:0998333 
30-1164407 
301330383 
30°1496269 
30° 1662063 
30-1827765 
30-1993377 
30-2158399 
30-2324329 
30-2489669 
30-9654919 
30-2820979 
39-2385148 
39-3150128 
30-3315018 
30-3479818 
39-3644529 
30-3809151 
30-3373633 
30-4138127 
3J-43,)2481 
30-4466747 
30-4630924 
30-4795013 
30-4959014] 
30-5 122926) 
30-5286750| 
30-5150487 
30-5514136 
39-5777697 
30-5241171 
30-6104557 
30-6267857 


9-604570 
9-608182 
9-611791 
9-615395 
9-619002 
9-622603 


9-746986 
9-750493 
9-753398 
9757500 
9-761000 
9-764497 
9-767992 


9:731947 
9°785429 
9-7385909 


) No. 


881721 
853600 
885481 
837364 
889249 
391136 
893025, 
894916 
896309 
898704 
900601) 
902500 
904101 
906304 
908209 
910116 
912025 
913936) 
915849} 
917764 
919631 
921800 
9235211 
9254441 
e 208 


T 
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964] 929296; 
965 931225 
966| 933156 
967| 935089 
968] 937624 


TABLE OF SQUARES, CUBES, AND ROOTS. 


— 


827936019 
830584000; 
833237621) 
835396833 
83356 1807 
841232334 
843308625 
846590536! 
849278123 
851971392) 
8541670349, 
857375000! 
860085351! 
862801408 
865523177) 
868250664, 
870983875, 
873722816 
876467493, 
879217912, 
831974079 
884736000 
887503681) 
00277128 
823056347 
§35841344 
898632125: 
901428696) 
904231063 
907039232 


—— 


39-6431069 
39-6594 194 
30:6757233 
30-6920185 
30-7083051 
30°7245830 
30°7408523 
397571130 
30-7733651 
30-7896086 
308258436 
30:8220700 
30 8382879 
30°8544972 
30-8706981 
30-8868904 
30-9030743 
30-9192497 
30-9354166 
30-99 15751 
30-967725 1] 
30-9238668} 

71-0000000. 
310161248 
31-0322413 
310483494 
31-0644491 
21-0805405 
31-0966236 
31-1126984 


9-792386 
9:795361 
9799334 
9:802304 
9-806271 
9-809736 
9813199 
9816659 
9820117 
9°823572 
9°827025 
9°830476 
9833924 
9°837369 
9-840813 
9-844254 
9847632 
9:851128 
9-854562 
9°857993 
9°861422 
9-861848 
9-868272 
9-871694 
9-875113 
9-878530 
9°881945 
9°8835357, 
9-883767 
9-892175 


Square.) Cube. | Sq. Root. CubeRoot. | No. Square. 


970 
971 
972 
973 
974 
975 
976 
Yi 
978 
SI 
980 
981 
982 
983 
934 
985 
986 
987 
288 
939 
990 
991 
292 
993 
994 
995 
996 
997 
998 
299 


-a 


940900 
942341 
944784 
946729 
948676 
950625 
952576 
954529 
956484 
958141! 
960400 
962361) 
964324 
966289 
968256 
970225 
972196 
74169 
976144 
978121 
980100 
982081 
981064 
986049 
988036 
990025 
992016 
994009 
996004 
998001 


912673060 
915498611 
918330048 
921167317 
924010424 
926859375 
929714176 
932574833 
935441352 
933313739 
9141192000 
94407614] 
946966168 
949862087 
952763304 
955671625 
953535256 
961504803 
964430272 
96736 1669 
970299000 
973242271 
976191488 
979146657, 
982107784 
935071875 
988047936 
991026973 
994011992 
997002999 


Cube. | Sq. Rvot. 


31-1448230, 
31-1608723 
31-1769145 
31-1929479 
31-2039731 
31-2249900 
31-2409987 
31-2569992 
31-2729915 
31288-1757 
31-3049517 
31-3209195 
31-3368792 
31-3528308 
31-3687743 
31-3847097 
31-4005369 
31-4165561 
31:4324673 
31-4483704 
314642654 
31-4801525 
31-4960315 
31-5119025 
31-5277655 
31-5436206 
31-5394677 
31-5733068 
31-5911330 
31-6069613 


645 


CaboRoor] 


9:898983, 
9-902333 


9-989990 
9-993326 
9-996666 


969] 933961 31°1287648; 9°895580 | 1000 31-6227766) 10-000000 


The following rules are for finding the squares, cubes, and roots of num- 
bers exceeding 1000. 

To find the square of any number divisible without a remainder, Rule.—Di- 
vide the given number by such a number from the foregoing table as will 
divide it without a remainder ; then the square of the quotient, multiplied by 
the square of the number found in the table, will give the answer. 

Example.—What is the square of 2000? 2000, divided by 1000, a number 
found in the table, gives a quotient of 2, the square of which is 4, and the 
square of 1000 is 1,000,000, therefore : 


909853209 1000000 ' 1000000000 


4 X I,000,000 = 4,000,000: the Ans. 


Another Example.—What is the square of 1230? 1230, being divided by 
123, the quotient will be 10, the square of which is 100, and the square of 123 


is 15,129, therefore : 
IOO Xx 15,129 = 1,512,900: the Ans. 


To find the square of any number not divisible without a remainder. Rule.— 
Add together the squares of such two adjoining numbers from the table as 
shall together equal the given number, and multiply the sum by 2 ; then this 
product, less 1, will be the answer. 

Lxample.—What is the square of 1487? The adjoining numbers, 743 and 
744, added together, equal the given number, 1487, and the square of 743 = 
552,049, the square of 744 = 553,536, and these added = 1,105,585, therefore : 


1,105,585 X 212,211,170 — I = 2,211,169; the Ans. 


To find the cube of any number divisible without a remainder. Rule.—Divide 
the given number by such a number from the foregoing table as will divide 


646 APPENDIX. 


it without a remainder ; then the cube of the quotient, multiplied by the cube 
of the number found in the table, will give the answer. 

Lxample.—What is the cube of 2700? 2700, being divided by goo, the quo- 
tient is 3, the cube of which is 27 and the cube of goo is 729,000,000, there- 


fore: 
27 X 729,000,000 = 19,683,000,c00: the Ans. 


To find the square or cube root of numbers higher than is found in the table. 
ule.—Select, in the column of squares or cubes, as the case may require, that 
number which is nearest the given number; then the answer, when decimals 
are not of importance, will be found directly opposite, in the column of num- 
bers. 

Example —What is the square root of 87,620? In the column of Squares, 
87,616 is nearest to the given number; therefore, 296, immediately opposite 
in the column of numbers, is the answer, nearly. 

Another example.—What is the cube root of 110,391? In the column of 
cubes, 110,592 is found to be nearest to the given number ; therefore, 48, the 
number opposite, is the answer, nearly. 

To find the cube root more accurately. Rule—Select from the column of 
cubes that number which is nearest the given number, and add twice the 
number so selected to the given number; also, add twice the given number 
to the number selected from the table. Then, as the former product is to the 
latter, so is the root of the number selected to the root of the number given. 

Lxample.—What is the cube root of 9200? The nearest number in the col- 
umn of cubes is 9261, the root of which is 21, therefore: 


‘9261 9200 

2 2 
18522 18400 
9200 9261 


AS 27,722 is to 27,661, so is 21 to 20°953 +, the Ans. 


Thus, 27,661 x 21 = 580,881, and this divided by 27,722 = 20-953 +. 

To find the square or cube rootofa whole number with decimals. Rule.-—Sub- 
tract the root of the whole number from the root of the next higher number, 
and multiply the remainder by the given decimal; then the product, added to 
the root of the given whole number, will give the answer correctly to three 
places of decimals in the square root, and to seven in the cube root. 

Example —What is the square root of 11-14? The square root of 11 is 
3:3166, and the square root of the next higher number, 12, is 3-4641; the for- 
mer from the latter, the remainder is 0-1475, and this by 0-14 equals 0-02065. 
This added to 3-3166, the sum, 3-33725, is the square root of 11-14. 

To find the roots of decimals by the use of the table, Rzule.—Seek for the 
given decimal in-the column of numbers, and opposite in the columns of roots 
will be found the answer, correct as to the figures, but requiring the decimal 
point to be shifted. The transposition of the decimal point isto be performed 
thus: For every place the decimal point is removed in the root, remove it in 
the number zwo places for the sguare root and ¢hree places for the cube root. 


THE REDUCTION OF DECIMALS. 647 


Examples.—By the table, the square root of 86:0 is 9:2736, consequently by 
the rule the square root of 0-86 is 0-:92736. The square root of g- is 3-, hence 
the square root of 0-09 is 0-3. For the square root of 0-0657 we have 
0.25632, found opposite No. 657. So, also, the square root of 0-000927 is 
0-030446, found opposite No. 927. And the square root of 8-73 (whole num- 
ber with decimals) is 2:9546, found opposite No. 873. The cube root of 0-8 
is 0-928, found at No. 800; the cube root of 0-08 is 0-4308, found opposite 
No. 80, and the cube root of 0-008 is 0-2, as 2-o is the cube root of 8-0. So 
also the cube root of 0-047 is 0: 36088, found opposite No. 47. 


RULES FOR THE REDUCTION OF DECIMALS. 


To reduce a fraction to its equivalent decimal. Rule.—Divide the numerator 
by the denominator, annexing cyphers as required. 
Example.—W hat is the decimal of a foot equivalent to three inches ? 
3 inches is =; of a foot, therefore : 


vz... 12)3-00 


-25 Ans. 


Another example.—What is the equivalent decimal of 4 of an inch? 


%.. . 8)7-000 


-875 Ans. f 


To reduce a compound fraction to its equivalent decimal. Rule.—In accordance 
with the preceding rule, reduce each fraction, commencing at the lowest, to 
the decimal of the next higher denomination, to which add the numerator of 
the next higher fraction, and reduce the sum to the decimal of the next higher 
denomination, and so proceed to the last; and the final product will be the 
answer. 

Example. —What is the decimal of a foot equivalent to five inches, $ and 7; 
of an inch ? 

The fractions in this case are, 4 of an eighth, 3 of an inch, and + of a foot, 
therefore : 


Foes a 4 ee) a0 


3: eighths. 
B... . a. 8) 35000 
PG inches. 
cao a O CRPE 12) 5 437500 
6453125 Ans. 


The process may be condensed, thus: write the numerators of the given 
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fractions, from the least to the greatest, under each other, and place each de- 
nominator to the left of its numerator, thus : 


se ame 2j I-O 
B Banas eee 8] 35000 
ot are A I2| 5437500 


"453125 Ans. 


To reduce a decimal toits equivalent in terms of lower denominations. Rule. 
—Multiply the given decimal by the number of parts in the next less denomi- 
nation, and point off from the product as many figures to the right hand as 
there are in the given decimal ; then multiply the figures pointed off by the 
number of parts in the next lower denomination, and point off as before, and 
so proceed to the end ; then the several figures pointed off to the left will be 
the answer. 

Lxample.—What is the expression in inches of 0-390625 feet ? 


Feet 0-390625 
12 inches in a foot. 


Inches 4-687500 
8  eighths in an inch. 
Eighths 5-5000 
2 sixteenths in an eighth. 
Sixteenth 1-0 
Ans., 4 inches, 2 and +g. 
Another example—What is the expression, in fractions of an inch of 
0-6875 inches? 


Inches 0-6875 
8 eignths in an inch. 


Eighths 5-5000 
2 sixteenths in an eighth. 


Sixteenth 1-0 


Ans., ¢ and zs. 


TABLE OF CIRCLES. 


(From Gregory’s Mathematics.) 


From this table may be found by inspection the area or circumference of a 


circle of any diameter, and the side of a square equal to the area of any given 


circle {rom I to 100 inches, feet, yards, miles, etc. 


If the given diameter is in 


inches, the area, circumference, etc., 


then feet, etc. 


set opposite, will be inches; if in feet, 


Side of Side of 
Diam. Area. Circum. equal sq. || Diam. Area, Circum. equal sq. 

25 ‘04908 78539 "22155 “75 90°76257 33:77212 9°52693 
5 -196351 1:57079 44311) 11: 9503317 3t 55751 9°74849 
“735, ‘44178! 235619 66467 25 9940195 35:31291 9:97005 
r "78539 3°14159 88622 25) 103-86890 36°12331} 10°19160 
29 122718 392699 1:10778 75 108-43403 36°91371{ 10°41316 
5 176714 471235 132934) 12 11309733 3769911} 10-63472 
TO 2710523 5:49773 155983 25 117-858581 33:49451| 1085627 
2° 3°14159 6:238318 177245 5 122:71816 3926990; 11:07783 
20 397607 7:06358 199401 ia 12767628 40-05539) 11-29939 
5 4:0373 7:85393 221556 13- 13273228 40-81070| 1152093 
"5 5193257 8:63937 243712 25 137:83646 4162610) 1174250 
3 706853 9:42477 2765368 5 14313881 42:4115)) 1196406 
PA 8:23576 10:21017 283023 PS 148°48934 43-19689) 12-18562 
5 9:62112 10:99557 3°10179)| 14: 153-93804 43-98229} 1240717 
"75 11:04466 11-78097. 3°32335 235 159°48191 44:76769} 12°62373 
4: 12°56637 12°56637 3°54496 a 165°12996 45-55309| 12:85029 
“20 14°18625 13-35176 3°766 16! 10) 170-87318 46°33349| 13-07184 
5 15:90431 14:13716 398802] 15- 17671458 47:12338| 1329340 
75 17°72054 14°92256 4°20957! 25 182°65416 47-90923) 13°51496 
5 19°63495 15°70796 4:43113 of 183-69190 48-69468) 13773651 
25 21°64753 16°49336 4°65269 -79 191°82783 49-48003} 13°95807 
5 2373329 1727875 487424 16: 20106192 50-2651418) 1417963 
79) 25°96722 18-06415 5°095380 25 207-394200 5105988) 1410118 
6 2827433 18°84955 ee D 213°82464 51-83527| 14:62274 
"25 30:67961 19:63495 533891 75 220:35327 5262167) 1484430 
5 3318307 2042035 5 aea 17 226-93006 53-40707| 15:06535 
"75 3578470 2120575 593203), 25 23370504 54-19247) 1528741 
T 33:18456 2199114 6: 20353] | 3 240°52818 54:97737| 15:50897 
25 41:28219 27°77654 6°42514 "75 24744950 5576326) 1573052 
“5 4417364 2356194 6°64670!. 18° 25446990 5654366) 1595208 
are) 47°17297 24°34734 6°86325 i 25 261:58667 57-33406) 1617364 
8 5026548 2513274 7:08981 9 26880252 53-11916; 1639519 
25 53°45616 23°91813 7:31137 "75 276°11654 53-90486| 1661675 
D 5974501 2670353 7:53292|| 19- 283°52873 59-69025] 16-8333] 
75 60:13204 2748893 775418 25 291-:03910 60-47565) 17-05936 
9: 63°61725 28-2741433 797604 5) 298°64765 61:26105! 1728142 
25 67°20063 2905973 & 19759} Wa 306:35 437 62:04645] 1750298 
5) 70°83218 29°84513 8:41915)| 20 314:15926 62°83185) 1772153 
Ro 7466191 30°63052 864071 25 322706233 63-61725) 1794609 
10- 7853931 31:41592 8:86226 5 330-06357 6440264) 18°16765 
29 8251539 32°20132 9-08382) (al S25 10209 65°1830i| 18-38920 
5 86:59014 2-958672 9:30538|! 21° 346:36059 65:9734t4| 1861076 


a ecco I 


650 APPENDIX. 

Side of | Side of 

Diam Area. Circum, equal sq. || Diam. Area. Circum. | equal sq. 
354°65635 66°75834| 18 83232) 38- 1134:11494| 1419-38052} 3367662 
8363-05030 67:54424| 19-05337 *25| 1149-08660} 120°16591) 3389817 
37134241) 6332964! 1927543! -5 1161-13612] 120:95131| 3411973 
380:13271 6911503, 1949699, “75! 117932442" 12173671! 3434129 
c 388°82117 69-90043| 1971854 | 39- 119459060) 122:52211| 3456285 
$ 327:60782 70:68583; 1994010. 25 1209-95495! 123°39751) 3£78440 
. 406-49263| 7147123; 2016166) 5 | 1225-41748! 12409290) 35-00596 
: 415°475°2 72°25663| 20-:38321) "5|;  1240°97818| 124:87830| 3522752 
25 42455679 73-04202) 20-60477 | 40: 1255°63704| 125-66370| 35 44907 

5 43373613 13 82712 20°82603 "25| 1272-39411) 126-44910| 35-6706 

“5 443:01365 7461282) 21:04783 5 128824933! 12723450, 35-8921 

2i 45238934 75-39822! 2126944 ‘75| 130420273) 128:01999| 36-1137 
“25| 46186320] 76-18362! 2149100 | 41: 1320-25431, 1238-80529, 36:33530 
5 471:43524 76-9683802! 2171255 "25| 1336-40406) 129°59069) 36-55686 
DE 481:10546 77-75441| 2193411 5 352:65198| 130°37609| 3677841 
25 490°87335 78-58381) 22°15567 75) 136899808) 131:16119; 36:99997 
25 500°7404] 79-3232 PPS rele || ave 1335:44236] 13194689] 3722153 
5 510°705 15 80-11061} 22759878 25) 1401-98480; 13273228! 37-44308 
AD 520°76306 80.89601) 22°82034 5 1418°62543 133-517683! 3766464 
<6: 530°92915 81-6383140! 23-04190 G5) 1435-36423; 1341-30308] 37-88620 
29 54118342 8246680! 2326345 | 45: 145220120 13508318] 3810775 
9 551-545836 8325220. 2348501; ‘25| 1469313635; 13587399) 33-32931 
TD 562°00147 84-03760! 23°70657' 5 1486°16967| 136:65928| 38:55087 
OE 572°55526| 8482300. 2392312 "75| 1503-30117] 137-444 67 3377242 
25 58320722 8560839, 24 14968 | 44 1520:53084| 138°23007, 38-9933938 
5 59365736 86:39379| 2437124 ‘25! 1537-85869 12901547] 3921554 
75| 60480567! 87-17919. 24:59279'| -5 | 155623471) 13980087! 39-43709 
28 61575216 87-96459' 2481435, "75| 157280890; 140:58627| 39-65865 
25 626°796582 8874999; 2503591 | 45. 1580:43129| 141:37166| 3988021 
5 637:93£65 89-53539| 2525746) 25; 160815182) 142°15706| 40-10176 
cb) 649-18066 90-32078, 25°47°02' oF 1625-97054| 142°914246! 40-32332 
29; 66051985 91:10613; 25700583. "751 1643 88744! 14372786) 40-54488 
25 67195721 9 39159) 2592213 | 46- 1661-90251] 14451326} 40-76643 
5 683:49275|  92:67698) 26°14369 25) 1680°01575! 145'29866| 40-98799 
"5 625:12646 93-46233, 2636525. 5 1698:22717| 14608405; 4120955 
20: 7106-85334 94-24777; 2658680 "75! 1716°53677| 146°86945; 41-43110 
25 718 639310 95-03317| 2680836 | 47- 173494454] 14765495) 4165266 
5 7130-61664 95-81857) 2702992 25| 1753-45948) 14844025! 4187422 
"5 742 64305 9660397; T257.: 5 177205460] 14922565) 4209577 
Bille 75176763 9738937! 2747363 "75\ 179075639) 15001104) 4231733 
25 7566-99039 98:17477) 2769459! 49- 1809 55736) 15079644) 42-53889 
5 779:31132| 9896016) 2791614] 25) 1828-45601} 151:°53181} 4276044 
“a 79173943 99:74556) 2813770: 5 1847°45282| 15236724! 4298200 
325 804:24771| 100-53096| 2845926" ‘75! 186654782) 15315264) 4320356 
25 816°86317| 101:31636, 2%°58081)| 49- | 1885°74099| 153°93804| 43-4231] 
5 29576891] 102-10176| 26°%0237'| 25! 1905:83233| 154°72343) 43-64667 
"5 81233861; 10288715) 2902333 | 5) | 1924-42184) 155°50883) 4786823 
33: 855:°29859| 10367255] 2921543 "75! 1943°90954| 15629423) 44:08978 
25 868°3C675| 10445795] 2946704!| 50- 1963-49540} 157:07963) 4431134 
5 891:41308| 10524335 29-6835860] ‘25| 1983:17944| 15796503) 44-53290 
TD 894:61759| 106:02875) 29391015| 9 2002°96166| 153:65012; 4475445 
at: 907-929027; 106°81415| 3013171! "5| 202284205) 15943582; 4497601 
25 921:32113) 107:59954| 30:35327'| 51. 204282062] 16022122) 4519757 
5 931:82016; 108:33494| 3057482 "25! 2062:8973] 161:00662} 4541912 
"5 94841736] 109:17034| 30°79638' 5 2083-07227] 16179202! 45:64068 
35 96211275! 10995574! 3101794! *75| 2103-34536] 162°57741) 4585224 
25 975°S0630; 110-74114 3123949) 52° 212371663) 163°36281| 46-08380 
25 98979803) 111:52653) 3146105 ‘25| 214418607) 164:14821) 46°30535 
°75| 100378794) 112:31193| 3168261 aS 216475368) 164°93361; 4652691 
26° 1017°87601| 113-09733; 3190416 ‘75| 2185-41947) 16571901]. 4674847 
251 1032-06227} 113-88273) 32:12572|| 53- 2206°18344| 166-590441) 46:97002 
25 1046-34670] 11466313! 32:34728 25) 2227-04557); 16728980; 47:19158 
"75| 1060:729230| 1115-45353) 32-56383 -5 | 2248-00589] 168:07520| 4741314 
1 37: 1075°21003| 116:23892| 3279039 *75| 2269-06433} 168-856060; 47:63469 
‘25| 103978903) 117-02432) 33-01195!| 5+ | 2290:22104| 16964600] 4785625 
5 1104'46616| 117:80972| 3323350 25) ° 2311-47538] 17043140! 4807781 
°75) 1119-24147) 11859572! 3345506 5 2332-82889| 171:21679] 4829936 


Arca | 


235 P2303! 
2375-82944 
2397-47698 
2419-22269 
2141-06657 
2463-0086 t 
2185-04887 
2507:18728 
2520-42337 
255175963 
2574-19156 
2596-72267 
2619-35196 
2642-07942 
2664 90505 
2687-82886 
2710-85084 
2733-97100 
2757-18933 
2780-50584 
2803-92053) 
2327-43338 
2851-04442 
2874-75362 
2898-56100 
2929-46656 
2946-47029 
2570-57220 
2994-77228 
3019-07054 
3043-46697 
3067-96157 
3092-55435: 
3117-24531 
3142-03444 
3166-92174 
3191-90722 
3216-99087 
3242-17270 
3267-45270 
3292-83088 
3318-30724 
3313-88176 
3369-55447 
3395-32534 
3421-19439 
3447-16162 
3473-22762 
31599-33060 
3525-65235 
3552-01228 
3573-47033 
3605-02665 
3631-68110 
3658-43373 
3685-28153 
3712 23350 
3739-28065 
4766-42597 
3793-66947 
3521-01115 
3848-45100 
3875-98902 
3903-62522 
3931-35959 
3959-19214 
3987-12286) 


TABEEMOF CIRCLES. 
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172-00219 
17273759 
173:57299 
174-3583) 
175° 14379 
175:92918 
176-7145 
177°49998 
17828538 
179-07078 
179-85617 
180:64157 
181-42697 
182 21237 
182-99777 
183-78317 
181-56856 
185°35336 
186:13936 
18692476 
18771016 
183°49555 
189°28095 
1990-06635 
19085175 
191-63715 
19242255 
193-20794 
193-993314 
19477874 
19556414 
195°34954 
197°13493 
197-92033 
198°70573 
199-49113 
20027653 
201-06 142 
20184732 
202 63272 
203°41812 
20420352 
20498392 
20577431 
206:55971 
207°34511 
2083-13051 
20891591 
209-70130 
210-48670 
211-27210 
212-05750 
21284290 
213-6230 
214-41369 
215-19909 
215-98 149 
21676939 
217:55529 
213:31068 
21212508 
21991149 
22069683 
22.1-48228 
222-2676 
223053071 
223 63347] 


Side of 
equal sy. 
48-52092 
4871248 
4896403 
49-18559. 
49-40715: 
49-62870 
49-85026 | 
50-07 182, 
50-29337 
50-51493 
50-736-49 
50-95304 
51-17960 
51-:40116 
5162271, 
51 84427 
52:06583 
52:28738 
52:50894 
5273050 
52-95205 
53°17364) 
5339517 | 
53-61 B72: 
53°83323) 
5405994. 
5428139 
54-5023935 
5472451 
5494606" 
5916762, 
55:33918 
5561073. 
5983223 
5605335 
5627540, 
56-49636| 
56-7185 2 
56:94007' 
5716163 
57°33319 
5760475 
57°82630 
58:04786 
5926942! 
5349097 
5971253 
58°93109 
59-15564 
59:37720 
59-59876 
59-8203 1 
60-04187 
60°26343; 
60°43498 
60°70654 
60-923 10 
61:14965 
61-37121 
61:59277 
61:81432 
62:03538 
6225744 
62°47899 
62°70055 
62-9221] 
63°14366 
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4015-15175; 
4043-27833 
4071-50407 
4099-82750 
4128-24909 
4156-76886 
4185-33681 
4214-10293 
4242-91722 
4271-82969 
4300-84031! 
4329-94916) 
4359-15615 
4388-46122 


4417:86466) 


4147-36618 
4176-06538 
4506-66374 
4536-45979 
4566-35 100 
4526 34640 
4626-436°6| 
4658-62571 
4636-91262 
4717-29771 
4747-78093 
4778-36242 
4809-04204 
4839-81983, 
4870-79579, 
4901-66993) 
4932-74295 
4963-91274 
4995-18140 
5026-51824 
5058-01325 
5089-57644 
5121-22781 
5152-99735 
5184-85506 
5216-81095, 
5218-86501 
5281-01725 
5313 26766 
5345-61624 
5378-06301 | 
5410-60794 
5443-25105 
5475-99234 
5508-83180. 
5541-76914 
5574-80525 
5607-95923 
5641-17139 
5674-50173 
5707-93023 
5711-45692 
5775-08178 
5808-80181 
5342-62602 
5876-54540! 
510:56296 
5944 67369 
5973-89260. 
6013-20168. 
6017-61494 
6082: 12337 


Circum. 


224-62337| 
2295-40527. 
2226-19467 
226:98006 
22776546 
22855086 
229-33626 
230-12168 
9230-20706 
23169245 
232-417785 
23326325 
231-041865 
231-83105 
23561944 
2364048 

237-190024 
237.97564 
233:76104 
239-514613 
240:33183 
24111723 
24190263 
24268893 
9243-47313 
24425332 
245 04422 
24532962 
24661592 
247400412 
248-189581 
2148-97121 
2419-75661 
25034201 
251-3274] 
952-1123] 
25289820 
253-63360 
25446900 
25525440 
256-03380 
25682579 
257-61059 
258-3599! 
259-18139 
259-96679 
260°75219 
261-53758 
262-32298 
263-10333 
263-8378 
264-67918 
265-46457 
26624937 
267-03537 
2657-82077 
2683-60617 
269-39157 
2700-17696 
27096236 
2971-74776 
27253316 
273°31856 
274-1635 
274:88935 
27567475 
27646015! 


equal sq. 
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63°36522 
63:°53678 
63:80833 
6102989 


65:13767 


66-62390 
6624546 
6646701 
66:68857 


779635 
63:01791 
6823347 
63:46102 


7178439 
72:00593 
1222749 
1244905 
1267069 
7289216 
T3 11372 
M2 33527 
7355683 
7377839 
7399994 
7422150 


7754485 
7776655 
77937 95 
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6116-72293 
6151-43476 
6186:23772 
6221-13385 
6256-13315 
6291-23563 


6463-19556 
6503-83219 
6539-66639 
6575:5 1977 
6511-53082 
6547-61005 
6633-°73745 
6720-06303 
6756-43678 
6792-9037 | 
6829-47831 
6866-14709 
6902-91354 
6939°77817| 


Circum. 


APPENDIX. 


Side of 
equal sq. 


aranana ey | aaa ee 


27724555 
27803094 
27381634 
279-60174 
230-337 14 
23117254 
281:95794 
2832-74333 
23352873 
28131413 
285:09953 
235°83493 
286:67032 
237-45572 
23824112 
239:02652 
28):81192 
29059732 
29133271 
29216811 
292-9535] 
2933:7339} 
29452431 
29530970] 


79-98193| 
80-20353 
80°42509 
80-64659 
80°85829 
81-03976! 
81-31132| 
8153237! 
8175113) 
8197539 
8210754 
82-41910 
82-6 1066 
82-86221 
83:3377 


99; 


83°30533)| 100 


6976-74097 
7013-80194 
7050-96109 
71083-21842 
7125-57992 
7163-02759 
7200°37944 
7238-22947 
7275-97767 
7313°82404 
7351-76859 
733981131 
7427-95221 
7466°19129 
7504-52853 
7542-96396 
7581-49755 
762012933 
165385927 
7697-68739 
7736-61369 
7775-63816 
7814-76031 
7353-98163 


Circum. 


296:09510 
296°88050 
297-66590 
298°45 130 
299-236570 
30002209 
300°80749 
3U1°53239 
302°37829 
303°16369 
303°94908 
304:73448 
305°51983 
396°30523 
30709068 
307°87603 
308°66147 
309°44637 
310°23227 
31101767 
31180307 
31258346 
31337336 
314:15926 


Side of 
equa} sq. 


The following rules are for extending the use of the above table. 

To find the area, circumference, or side of equal square, of a circle having a 
diameter of more than 100 inches, feet, etc. Rule.—Divide the given diameter by 
a number that will give a quotient equal to some one of the diameters in the 
table ; then the circumference or side of equal square, opposite that diameter, 
multiplied by that divisor, or the area opposite that diameter, multiplied by 
the square of- the aforesaid divisor, will give the answer. 

Example.—What is the circumference of a circle whose diameter is 228 
feet? 228, divided by 3, gives 76, a diameter of the table, the circumference 
of which is 238-761, therefore : 


238-761 
3 


716-283 feet. Ans. 


Another example-—What is the area of a circle having a diameter of 150 
inches? 150, divided by 10, gives 15, one of the diameters in the table, the 
area of which is 176-71458, therefore: 


176-71458 
I00 = IO x IO 
17,671-458co inches. Ans. 


To find the area, circumference, or side of equal square, of a circle having an 
intermediate diameter to those in the table. Rule.—Multiply the given diameter 


by a number that will give a product equal to some one of the diameters in 
the table ; then the circumference or side of equal square opposite that diame- 
ter, divided by that multiplier, or the area opposite that diameter divided by 
the square of the aforesaid multiplier, will give the answer. 


CAPACITY OF WELLS, CISTERNS, ETC. 653 


Example.—What is the circumference of a circle whose diameter is 63, or 
6-125 inches? 6-125, multiplied by 2, gives 12-25, one of the diameters of the 
table, whose circumference is 38-484, therefore : 

2)38 -484 


19:242 inches. Ans. 


Another example. —Wh»et is the area of a circle, the diameter of which is 3-2 
feet? 3-2, multiplied by 5, gives 16, and the area of 16 is 201-0610, therefore + 


5 X 5 = 25)201-0619(8-0424 + feet. Ans. 
200 


106 
100 


6I 
50 


Note. —The diameter of a circle, multiplied by 314159, will give its cir- 
cumference.; the square of the diameter. multiplied by -78539, will give its 
area; and the diameter, multiplied by -88622, will give the side of a square 
equal to the area of the circle. 


TABLE SHOWING THE CAPACITY OF WELLS, CISTERNS, ETC. 
The gallon of the State of New York, by an act passed April 11, 1851, is required to conform to 


the standard gallon of the United States government. ‘This standard gallon contains 231 cubic 
inches. In conformity with this standard the following table has been computed. 


One foot in depth of a cistern of 


pect diametern Will COMLAIN. e -eena eee eres s pau s 52-872 gallons. 
34 i aa E E R E E E 71-965 4 
4 : ee Ce er erat Ree a rere 93:995 5 
44 ne E EE o o n rete a8 118-963 4 
5 K he SG eee cee & 146-868 we 
54 as aE A E orate ee E 177°710 ue 
6 ee Sct: ee as ere 211-490 a 
64 a a Oe ik ee 218-207 £ 
7 4 Gy es es oe 2, 287-861 
8 NO E E a lo 375-982 i 
9 j Ea EE a eke) 475-852 ee 
I0 a OS RS cis Ae ee ee 587-472 ‘£ 
I2 ii “6S a AER eee A a 845-959 a 


Note.—To reduce cubic feet to gallons, multiply by 7-48. The weight ofa 
gallon of water is 8-355 lbs. To find the contents of a round cistern, multi- 
ply the square of the diameter by the height, both in feet, and this product by 
5-875. 


654 APPENDIX. 


TABLE OF WEIGHTS. 


MATERIALS USED IN THE CONSTRUCTION OR LOADING OF 


BUILDINGS. 
WEIGHTS PER CuBIcC Foor. 


Wood 


As per Barlow, Gallier, Jlaswell, Hurst, Rankine, Tredgold, 
and the Author. 


MATERIAL. 


WOODS. 


eece.suceoccoeoctoeoooo 
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* Virgina Red 
Cherry 


Spanishk eeek ee o 
Deal Christia mia 

REDS hA ree a. 
(Norway Spruce)..... 
Oe Wood. Wows cee eink 


ee 
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